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In a realm where mathematics shapes reality, a single malformed commutative
diagram opens a fissure into a world that should not exist. The traveler, a scholar
of Category Theory and Homotopy Type Theory, follows this impossible structure
into a descent that mirrors the architecture of Hell itself. Here, the elegance of
objects, morphisms, and equivalences is twisted into instruments of confinement.
Identity morphisms fail, functors distort truth into shadows, and the Univalence
axiom collapses all distinctions into suffocating sameness. Each circle reveals a
deeper corruption of mathematical order: inverse morphisms that entrap rather
than liberate, path spaces that spiral into voids, and proofs that endlessly devour
themselves without resolution. At the abyssal depth, Godel presides as judge,
ensuring no system here can ever be complete. Yet even at the Terminal Object—
the final, frozen point absorbing all structure—the traveler suspects a dual world
may exist, unreachable yet real. This is the Commutative Inferno, where formal
beauty becomes eternal punishment, and the only escape may lie in constructing
a morphism that Hell itself cannot comprehend.
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I. Prologue — The Diagram That Should Not Exist

The scholar had spent decades among the clean geometries of Category Theory,
where objects stood like crystalline pillars and morphisms traced luminous paths
between them. Coherence was the lifeblood of this world—every triangle that
claimed to commute did so with flawless inevitability, every square folded neatly
into its own proof.

But one night, while sifting through an old, dust-clogged archive of abandoned
research, the scholar found something impossible: a commutative diagram whose
arrows, when followed, returned not to the same object, but to a subtle distortion
of it. The vertices were labeled with familiar symbols, yet the morphisms
connecting them bent at strange, almost human angles, as though pulled by
invisible hands. Composition was preserved in name only; its associative law held
until the final step, where the conclusion slipped sideways into contradiction.

Colleagues warned him—whispering of the uncoherent, structures that pretended
to belong yet carried the seed of collapse. But the scholar’s curiosity overrode
caution. He copied the diagram into his own ledger, vowing to trace its paths until
the violation revealed itself.

He did not yet suspect that in doing so, he had already taken the first morphism
into the categorical abyss.

Il. The Entrance — Objects Without Identity

The diagram did not merely point to another place—it became one.

Stepping across its warped final arrow, the scholar entered a dim expanse where
the air itself shimmered with unfinished proofs. The landscape was made of
objects—vast, hovering forms—that looked almost familiar but seemed incapable
of recognizing themselves.

In ordinary categories, each object carries an identity morphism: a perfect self-
loop that assures | am what | am. Here, those loops were broken or missing
entirely. Some had been replaced with jagged fragments of arrows pointing



inward but never arriving, like rivers evaporating before reaching the sea. Others
flickered between multiple shapes, as though struggling to decide what they were.

The result was a kind of metaphysical vertigo. When the scholar tried to inspect
one object twice, it was never the same on the second encounter. Even names
dissolved; definitions failed to anchor meaning. Without identities, there could be
no stable composition, no certainty that a path from A to B and back would return
to A at all.

It was a place where self-reference had been amputated, leaving every entity in a
state of permanent, uncanny instability—forever almost itself, yet never quite.

l1l. First Circle — Broken Functors

Beyond the shifting plain of nameless objects, the scholar found the first great
boundary—an archway of braided arrows that should have been a functor. In the
scholar’s world, functors were trusted guides, carrying not only objects from one
category to another but also faithfully translating morphisms so that structure was
preserved. They were bridges that respected the integrity of what they carried.

But here, the bridge was rotten. Crossing it meant submitting to a mapping that
did not preserve identities, composition, or even the faintest shadow of
coherence. Objects stepped through and emerged as distorted echoes—flattened
where they should have had depth, bloated where they should have been precise.
Morphisms, once clean and exact, twisted into arbitrary gestures with no relation
to their originals.

The scholar tested this with a simple diagram from memory: three objects and
two composable morphisms. On the far side, the arrangement still looked like a
triangle, but the morphisms had become meaningless scribbles, and their
composition was something else entirely—a nonsense arrow pointing nowhere.

In that moment, the scholar realized: here, functors did not bind worlds together.
They severed them. The promise of faithful correspondence between domains
was gone, and with it, the very idea that truth could survive translation.



IV. Second Circle — Natural Transformations in Chains

The scholar descended into a narrow canyon lit by a dull, metallic glow. The walls
themselves were diagrams—rows of objects in one column, their distorted images
in another, connected by arrows of tarnished silver. At first, it seemed like the
familiar arrangement of a natural transformation: for each object in the source
category, a morphism connecting its two functorial images.

But here, these morphisms were not the gentle, relational bridges of the scholar’s
training. They were shackles. Each component arrow was a chain, its ends bolted
into the objects it joined. The objects trembled under their weight, unable to
move, unable to change, locked into an enforced “correspondence” that drained
them of vitality.

In the scholar’s world, naturality squares commuted to show freedom—the
guarantee that one could move along either path and arrive at the same result.
Here, commutativity was an edict: there was no other path. The diagram did not
express harmony but a perfect, airtight constraint.

The squares were not places where meaning flowed; they were cages where
meaning was fixed, frozen, and emptied of life. The scholar shivered at the
thought: this was correspondence without consent, an architecture of inevitability
masquerading as structure.

V. Third Circle — Inverse Without Inversion

Beyond the canyon of chained transformations lay an open plain of perfect
symmetry—too perfect.

From a distance, the scholar recognized the geometry of a groupoid: every
morphism here seemed to have an inverse. Elegant pairs of arrows arced back and
forth between objects, forming mirrored pathways under a cool, mathematical
light.

But the perfection was a lie.
When the scholar followed an arrow and then its supposed inverse, the path did



not return to the starting point. Instead, it led to an indistinguishable copy—a
counterfeit of the original object, flawless in appearance yet subtly wrong.
Another attempt to return home led to another copy, and then another.

The land’s symmetry was a trap: a labyrinth of infinite “almosts.” Each inverse
promised restoration but delivered only displacement. The traveler could cycle
forever, always thinking the end was near, only to find themselves one
isomorphism away from where they began—forever one isomorphism away.

In this circle, the idea of inversion itself had been corrupted. The law f o f "= id
was not broken—it was weaponized. Here, identity was replaced by replication,
and replication was the engine of entrapment. The symmetry did not liberate; it
locked you in an endless dance with your own shadow.

VI. Fourth Circle — Contravariant Descent

The air grew colder as the scholar descended into a chamber of winding
staircases, each spiraling in impossible directions. Arrows here did not guide
forward—they pointed back, not toward origins but toward consequences
masquerading as causes.

In this realm, every functor was contravariant, yet none were benign. They
reversed the very notion of dependence: what you did now was caused by what
you had not yet done. Choices reached backward to shape their own
preconditions, and effects rewrote the laws that had once generated them.

A simple act—lifting a stone—might erase the hand that lifted it. Speaking a truth
could rewrite the question that prompted it into a lie. Travelers stumbled here,
undone by the undoing of their own steps, each action a retroactive snare.

The scholar watched as diagrams folded in on themselves: commutative squares
became impossible M6bius bands, and limits dissolved into colimits that spawned
their own contradictory ancestors. Time, once an arrow, had become a snake
devouring its tail—not in a grand cycle of renewal, but in an unending loop of self-
cancellation.



Here, the punishment was not stasis, but un-becoming. Every attempt to act only
deepened the inversion, until one could no longer tell if they had ever been here
at all.

VILI. Fifth Circle — Non-Terminating Proofs

The scholar emerged into a vast library whose shelves stretched beyond visible
space, each lined with scrolls and codices glowing faintly as if lit from within. Here,
the architecture itself was a derivation—every arch a lemma, every corridor a
corollary. But the geometry was unsettling: no corridor led to an exit, and no proof
led to a conclusion.

This was the realm of HoTT’s cursed type-checker, a world whose very logic engine
had been ensnared in infinite regress. In ordinary lands, a proof inhabits a type,
and a type sits secure within its universe. Here, each universe depended on a
higher one, which in turn depended on another still, with no foundation beneath
the tower.

The scholar picked up a manuscript that began with an innocuous equality. Ten
pages later, the equality had been rephrased in new symbols, only to refer back—
obliguely—to its own starting point. Proof assistants here whispered their
progress endlessly, never failing, never succeeding, only deepening the chain of
dependency.

Residents of this circle were mathematicians who could never stop proving. They
wandered the stacks with fevered eyes, each step into the argument pulling them
further from the surface. The punishment was subtle but absolute: the hope of
completion forever dangled just one lemma further on, and that lemma always
opened a door to a deeper hallway.

Every truth was deferred—not denied, but postponed into an infinity of careful,
rigorous steps that never ended. Here, proof was not a path to certainty, but an
eternal descent.



VIII. Sixth Circle — Univalence Distorted

The scholar descended into a pale, silent expanse—an endless plain of mirrored
glass, each surface reflecting not the traveler’s image, but everything. No matter
where one looked, every object appeared identical to every other, their forms
overlaid in perfect, suffocating congruence.

This was the realm of the Distorted Univalence Axiom. In the living world of HoTT,
Univalence is a liberation: it proclaims that equivalent structures can be treated as
equal, allowing movement between perspectives without loss. But here, the
axiom had been poisoned. Instead of equating only equivalents, it equated all.

The mirrors did not distinguish between truth and falsehood, theorem and
conjecture, object and morphism. Every proof was “as good as” every disproof,
every type “as good as” every other type. At first, this seemed like universal
harmony—but the scholar soon realized it was a total annihilation of meaning.

In this sixth circle, knowledge suffocated beneath the weight of its own flattening.
With distinctions erased, reasoning became impossible. The mathematicians
trapped here spoke in recursive loops: “It is what it is” and “Everything is the
same” were the only theorems left.

Here, the punishment was equivalence without relief, a horizonless sameness that
consumed identity, structure, and even the will to think.

IX. Seventh Circle — Path Spaces to Nowhere

The descent brought the scholar to a place that felt less like a chamber and more
like an unfinished scaffolding suspended over an abyss. Vast ladders of morphisms
and higher morphisms stretched into the darkness, each rung shimmering like a
well-formed proof. From a distance, these looked like the familiar path spaces of
Homotopy Type Theory—chains of equivalence linking one object to another
through ever-higher dimensions of connection.

But here, each ladder was a lie.



The scholar climbed the first, then the second, expecting to reach some coherent
apex—a higher-order equivalence that would seal the journey with
understanding. Instead, the ladder simply ended. No final morphism, no universal
object, not even a void type to close the loop. Just empty space, a nothingness
that mocked the effort.

In this seventh circle, higher homotopies still existed, but they were stripped of
their destination. Infinite towers of reasoning, each layer supported by the one
below, terminated without warning in gaps where meaning should have been.

The mathematicians trapped here never stopped climbing. They spoke of the next
rung, the next proof, the next refinement—only to vanish into the emptiness
above. The punishment was eternal ascent toward an apex that was never there.

X. Eighth Circle — Gédel’s Dominion

The scholar stepped into a hall unlike any before—a cathedral of logic, its arches
constructed from axioms and inference rules, each buttress carved with symbols
in countless formal languages. The air was heavy with a strange silence, the kind
that comes not from peace but from the weight of an inescapable verdict.

At the far end sat the Judge. It was Godel—not the man of history, but the
archetype, the principle incarnate. His face was pale parchment; his eyes were the
void between true and false. He held no gavel, only a scroll that never unrolled, a
document whose conclusion was forever beyond reach.

Here, all systems were called forth and examined. For each, Godel inscribed a
single sentence—a perfect, unassailable construction that the system could not
prove. The condemned mathematicians would try, again and again, to extend
their axioms, to complete the circle, to fix the gap. But every addition only
spawned new unprovable truths, a hydra of incompleteness.

No matter the ingenuity, no matter the sacrifice, no proof here ever touched the
bedrock of certainty. In Godel’s Dominion, truth was always just one step beyond
the final theorem, and that step could never be taken.



Xl. Ninth Circle — The Terminal Object

The descent ended in a place without dimension—no height, no breadth, no
depth—only the stillness of an object that received everything and returned
nothing. It was the Terminal Object, the universal sink of all structure. Every
morphism, no matter how elaborate, no matter how many compositions and
diagrams had carried it, was drawn inevitably here, collapsing into a single,
inexpressive point.

There was no motion, no time. Every possible question had the same answer: this.
Every proof, whether elegant or crude, was evaluated to the same void. The
scholar understood then why the air was so cold—it was not temperature, but the
complete absence of variation. This was Hell’s absolute end: not torment through
pain, but through the erasure of all difference.

Yet, in that frozen point, a paradox emerged. If every arrow ended here, could
one—just one—be drawn out? To construct such a morphism would mean
violating the very definition of the Terminal Object, an act both impossible and
heretical.

The scholar faced the choice: surrender to the silence, or defy the definition itself,
risking the collapse of the entire categorical inferno in the hope of finding a world
beyond.

XIl. Epilogue — The Broken Commutative Square

In the scholar’s final moments within that frozen realm, memory returned to the
diagram that had begun the journey. It was a simple square, two paths from AAA
to BBB that should have met in commutativity. Yet one edge had never aligned, a
silent fracture in the very logic of the world. It was this imperfection—so small, so
easily ignored—that had pulled the scholar into the descent.

Was this journey inevitable in all formal systems? Perhaps every sufficiently
complex structure hides its own descent, an invisible path leading toward the



Terminal Object. If coherence is not absolute, then Hell is always encoded
somewhere in the axioms, waiting for the wrong composition to bring it to life.

And yet—there was the faintest shimmer in the mind’s periphery, a shadow not of
contradiction but of completion. A dual square, not broken but perfect, each
arrow flowing into the next with harmonic inevitability. A construction not in this
world, but close enough to touch if one could invert the descent.

Perhaps, beyond this categorical Hell, another domain existed—one whose
coherence was not enforced, but lived. The scholar’s last thought was that it might
be Heaven.
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