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Calculus, one of the most profound and influential mathematical innovations, is 
traditionally understood as a tool developed to address physical problems related 
to motion, gravity, and change. However, this paper explores an alternative 
history where calculus emerges not from practical necessity, but from pure 
abstract reasoning. We examine how key concepts such as limits, differentiation, 
and integration could have been developed a priori—independent of any physical 
applications—by mathematicians driven solely by the intrinsic properties of 
mathematical objects like infinite sequences and series. Through this exploration, 
we revisit the contributions of historical figures such as Archimedes and John 
Wallis, whose work on infinity and infinitesimals laid the groundwork for such an 
abstract development. Additionally, we speculate on how this alternative 
trajectory might have influenced the evolution of mathematical thought, 
emphasizing the importance of abstract reasoning in mathematical discovery. By 
considering this speculative history, we gain a deeper appreciation for the 
intellectual processes that drive mathematical innovation and the enduring power 
of pure thought in shaping the mathematical landscape. 
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Abstract 

This paper explores a speculative yet intellectually stimulating scenario: the 
development of calculus as an outcome of abstract mathematical reasoning, 
entirely independent of physical applications. Traditionally, the origins of calculus 
are deeply intertwined with the study of motion, gravity, and other physical 
phenomena, with Isaac Newton and Gottfried Wilhelm Leibniz credited as its 
primary developers in the 17th century. However, this paper challenges the 
conventional narrative by examining how calculus might have emerged purely 
from a priori considerations—driven by the intrinsic properties of mathematical 
objects such as infinite sequences, series, and functions. 

The central thesis of this paper is that calculus, as a formal mathematical system, 
could have been discovered through the study of infinite processes, limits, and 
the abstract concept of change, without any direct reference to the physical 
world. This hypothesis is supported by an exploration of the historical 
development of mathematical thought, focusing on the fascination with infinity 
and the behavior of infinite series, which were already prominent in the work of 
earlier mathematicians like Archimedes and Pierre de Fermat. By examining how 
the notions of differentiation and integration might naturally arise from purely 
theoretical considerations—such as the summation of infinite series or the rate of 
change in sequences—the paper presents a plausible pathway for the a priori 
development of calculus. 

The paper also delves into the formalization of these abstract ideas into a 
coherent system of calculus, discussing the role of limits, continuity, and 
infinitesimals in this framework. It considers how mathematicians could have 
developed these concepts independently of any physical interpretation, 
motivated solely by a desire to understand the mathematical nature of infinite 
processes and change. 

Furthermore, the paper speculates on the implications of such a development for 
the history of mathematics and the relationship between pure and applied 
mathematics. It examines how a purely abstract calculus might have influenced 
subsequent mathematical thought, potentially leading to a different trajectory in 
the evolution of mathematical ideas. 
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In conclusion, this paper underscores the importance of abstract reasoning in 
mathematical discovery, arguing that even without the external impetus of 
physical problems, calculus could have emerged as a product of pure thought. 
This exploration not only enriches our understanding of the origins of calculus but 
also highlights the deep interconnectedness between different branches of 
mathematical inquiry, demonstrating that the development of fundamental 
concepts like calculus could be rooted as much in the abstract contemplation of 
infinity as in the practical study of the physical world. 

 

1. Introduction 

1.1. Motivation for the Study 

Calculus, a cornerstone of modern mathematics, emerged in the 17th century as a 
revolutionary tool for understanding and solving complex problems in physics, 
astronomy, and engineering. Developed independently by Isaac Newton and 
Gottfried Wilhelm Leibniz, calculus provided a rigorous mathematical framework 
for analyzing change, motion, and the infinite. Newton, driven by the need to 
explain celestial mechanics and the laws of motion, applied calculus to solve 
problems related to gravity, leading to his groundbreaking work in classical 
mechanics. Meanwhile, Leibniz approached calculus with a focus on infinitesimals 
and differentials, laying the groundwork for its formal mathematical notation and 
theory. 

The historical development of calculus is deeply intertwined with these physical 
applications. Newton's Principia Mathematica, for instance, demonstrated how 
calculus could be used to describe the orbits of planets, the motion of objects 
under force, and other fundamental phenomena of the natural world. Leibniz's 
contributions, although more abstract, were still motivated by practical problems 
in geometry and mechanics. Together, their work transformed calculus into an 
essential tool for scientists and engineers, solidifying its place in both 
mathematics and the physical sciences. 

However, this paper poses a provocative question: Could calculus have been 
developed purely from a priori reasoning, without any reference to the physical 
world? Is it conceivable that calculus could have emerged solely from the abstract 
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contemplation of mathematical objects, such as infinite sequences, series, and 
functions? This question invites us to explore the nature of mathematical 
discovery and the potential for purely theoretical developments to lead to 
profound and practical mathematical systems. 

The motivation for this study lies in the desire to understand the extent to which 
abstract reasoning alone could have driven the development of calculus. By 
reimagining the history of calculus as a product of pure thought, independent of 
physical applications, we can gain new insights into the creative processes that 
underlie mathematical innovation. This exploration also challenges the traditional 
narrative of calculus as a tool primarily shaped by the needs of physicists and 
engineers, suggesting that its roots could have been just as deeply embedded in 
the abstract pursuit of mathematical truth. 

1.2. The Role of Abstract Thought in Mathematics 

Mathematics, at its core, is a discipline that thrives on abstract reasoning and the 
exploration of conceptual spaces that often extend far beyond the physical world. 
Throughout history, many mathematical concepts have been developed with little 
or no regard for practical applications, driven instead by a desire to explore the 
intrinsic properties of mathematical objects and structures. This section examines 
the role of abstract thought in the development of mathematics, highlighting 
historical examples where significant mathematical breakthroughs were achieved 
independently of physical motivations. 

One of the earliest examples of abstract mathematical reasoning can be found in 
the work of the ancient Greeks, particularly in the study of geometry. Euclid's 
"Elements," for instance, is a purely theoretical work that systematically develops 
the principles of geometry based on a set of axioms and logical deductions. 
Although geometry has clear applications in the physical world, Euclid's approach 
was primarily driven by a desire to explore the logical structure of space and the 
relationships between geometric figures, rather than by any specific physical 
problems. 

Similarly, number theory—a branch of mathematics concerned with the 
properties and relationships of numbers—has historically been pursued for its 
own sake, without immediate applications. The work of Pierre de Fermat in the 
17th century, for example, laid the foundation for modern number theory, driven 
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by curiosity and the challenge of solving difficult mathematical puzzles. It was not 
until centuries later that some of Fermat's theorems found applications in fields 
such as cryptography. 

Another example is the development of group theory in the 19th century by 
Évariste Galois. Galois' work was motivated by abstract questions about the 
solvability of polynomial equations, leading to the creation of a new algebraic 
structure known as a "group." At the time, group theory had no practical 
applications, but it has since become a fundamental tool in various branches of 
mathematics and physics. 

These examples demonstrate that abstract reasoning has always played a crucial 
role in mathematical development. The pursuit of pure thought, unburdened by 
the need for immediate physical applications, has led to some of the most 
profound and far-reaching discoveries in the history of mathematics. 

In this context, the question of whether calculus could have been developed 
purely a priori is not as far-fetched as it might initially seem. If mathematicians 
had focused on the abstract properties of infinite sequences, series, and 
functions, they might have arrived at the fundamental concepts of calculus—such 
as differentiation and integration—without ever considering their application to 
physical problems like motion or gravity. This paper aims to explore this 
hypothetical scenario, examining how the intrinsic logic and structure of 
mathematical objects could have led to the development of calculus as an 
abstract mathematical system, independent of the physical world. 

By examining the role of abstract thought in the history of mathematics, we can 
better understand the potential for purely theoretical developments to give rise 
to powerful and practical mathematical tools. This exploration not only enriches 
our understanding of calculus but also highlights the deep interconnectedness 
between pure and applied mathematics, demonstrating that the boundaries 
between these domains are often more fluid than they appear. 
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2. Theoretical Foundations: Infinite Processes and Series 

2.1. The Concept of Infinity in Mathematics 

The concept of infinity has long fascinated mathematicians, philosophers, and 
theologians, representing a bridge between the finite and the infinite, the known 
and the unknowable. The idea of infinity has undergone significant evolution 
throughout history, from its early roots in ancient Greek thought to its 
formalization in modern mathematics. This section explores the historical 
development of the concept of infinity and its foundational role in the 
development of calculus as a purely abstract mathematical system. 

The earliest recorded discussions of infinity can be traced back to the ancient 
Greeks, particularly in the works of Zeno of Elea and Aristotle. Zeno's paradoxes, 
which illustrate the problems of infinite divisibility and motion, forced early 
thinkers to grapple with the implications of infinity in the physical world. For 
instance, Zeno's famous paradox of Achilles and the tortoise highlights the 
seemingly paradoxical nature of infinite sequences and their convergence. 
Although these paradoxes posed challenges to the understanding of infinity, they 
also laid the groundwork for deeper inquiry into the concept. 

Aristotle, on the other hand, distinguished between actual infinity (a completed, 
infinite totality) and potential infinity (an endless process of becoming). Aristotle 
rejected the notion of actual infinity, instead accepting potential infinity as a valid 
concept in mathematics, particularly in his treatment of the continuum and the 
division of magnitudes. This distinction between actual and potential infinity 
would influence mathematical thought for centuries, shaping the way 
mathematicians approached problems involving infinite processes. 

In the medieval period, scholars such as Thomas Aquinas and later, 
mathematicians like John Wallis, expanded on Aristotle's ideas, slowly moving 
towards a more formal understanding of infinity. Wallis, in particular, played a 
crucial role in developing the concept of infinity in the context of mathematics. In 
his work "Arithmetica Infinitorum," published in 1656, Wallis introduced the idea 
of treating infinity as a legitimate mathematical concept, particularly in the 
context of series and products. His work laid important groundwork for the later 
development of calculus, as it provided a framework for understanding infinite 
processes and their applications. 
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As mathematical thought evolved, the need to rigorously define and manipulate 
infinite quantities became increasingly apparent. The notion of infinity 
transitioned from a philosophical concept to a mathematical one, especially in the 
context of sequences and series. By the 17th century, mathematicians began to 
recognize that infinite sequences and series could be systematically studied and 
that their properties could lead to significant mathematical insights. 

In this a priori scenario, the study of infinity would not be motivated by physical 
considerations but by the intrinsic properties of mathematical objects. Infinite 
sequences, for example, naturally arise when considering processes that continue 
indefinitely, such as the repeated division of a number or the summation of an 
unending series of terms. Similarly, infinite series emerge when these sequences 
are summed, leading to questions about convergence and the behavior of sums 
as the number of terms increases without bound. 

In this hypothetical development of calculus, infinity serves as a key concept 
around which the entire framework is built. The exploration of infinite sequences 
and series, driven by a desire to understand the mathematical properties of these 
objects, becomes the foundation for the eventual discovery of calculus. The focus 
on infinity as a purely abstract concept allows for the development of 
mathematical tools that are powerful and general, applicable to a wide range of 
problems, even if those problems are initially considered in purely theoretical 
terms. 

2.2. Summing Infinite Series: The Precursor to Integration 

The study of infinite series, and the challenge of summing them, represents a 
crucial step in the a priori development of calculus. Infinite series are sequences 
of numbers that, when summed, produce a value that may converge to a finite 
limit or diverge to infinity. The problem of determining the sum of such series—
especially those that converge—can be seen as a precursor to the concept of 
integration, one of the fundamental operations in calculus. 

Consider the classic example of the geometric series: 
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This series, which adds progressively smaller fractions, provides an early 
illustration of the concept of convergence. As more terms are added, the partial 
sums approach a finite limit, despite the infinite number of terms. In this case, the 
series converges to the sum of 2. The ability to sum such series, and to 
understand the behavior of their partial sums, requires a sophisticated 
understanding of limits—a concept that lies at the heart of both differentiation 
and integration in calculus. 

In a purely a priori context, the mathematician would be motivated by the need 
to rigorously define and manipulate such infinite sums. The question of how to 
sum an infinite series naturally leads to the exploration of infinitesimals—the idea 
that the terms in the series can be made arbitrarily small, yet still contribute to 
the overall sum. This notion of infinitesimals would be a crucial stepping stone 
toward the development of integration. 

In this scenario, the concept of integration would emerge from the abstract study 
of summing infinite series. The mathematician might first recognize that certain 
series could be summed by adding up infinitely small quantities (infinitesimals), 
and that this process could be generalized to apply to a wide range of 
mathematical functions. This leads to the formalization of integration as the 
process of summing an infinite number of infinitesimal elements to find the total 
accumulation of a quantity. 

For example, consider the problem of finding the area under a curve, a classic 
problem that in the physical world relates to calculating areas, volumes, and other 
quantities. In this purely abstract context, the mathematician would approach the 
problem by summing an infinite series of infinitesimally small rectangles that 
approximate the area under the curve. The sum of these infinitesimals would 
then give the exact area, formalizing the concept of the definite integral. 

In this way, the study of infinite series serves as a natural precursor to integration, 
providing a framework for understanding how to sum infinitely many small 
quantities to obtain a meaningful result. The mathematician’s exploration of 
infinite series leads to the discovery of the integral as a powerful tool for 
analyzing continuous quantities, all within the context of abstract mathematical 
thought. 
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This a priori development of integration underscores the intrinsic connection 
between the concepts of infinity, infinite series, and summation. It shows how the 
abstract study of these ideas could have led to the discovery of one of the most 
important operations in calculus, independent of any physical application. By 
focusing on the theoretical foundations of infinite processes, the mathematician 
would have been able to develop a rigorous and general theory of integration, 
paving the way for the complete system of calculus to emerge. 

 

3. Differentiation as an Abstract Concept 

Differentiation, one of the fundamental operations of calculus, is traditionally 
understood as a tool for analyzing how quantities change—most commonly 
applied to problems of motion, growth, or other physical processes. However, in a 
purely abstract mathematical context, differentiation can be conceived 
independently of any physical interpretation. This section explores how the 
concept of differentiation might emerge from the abstract study of infinite 
sequences and functions, focusing on its development as a mathematical tool for 
understanding the behavior of these entities. 

3.1. Rates of Change in Sequences 

To explore the concept of differentiation from an abstract perspective, we begin 
with the idea of sequences—ordered lists of numbers that may converge to a 
limit as the sequence progresses. A mathematician interested in understanding 
the behavior of such sequences might naturally inquire about the rate at which 
the terms of a sequence change. Specifically, how does the difference between 
successive terms evolve as the sequence progresses toward its limit? 
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In this way, differentiation can be understood as a natural extension of the 
mathematician's investigation into rates of change in sequences, formalized in the 
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language of calculus. The concept of the derivative, which measures the 
infinitesimal rate of change, arises from a desire to generalize the discrete 
differences between terms in a sequence to a continuous context, leading to a 
powerful tool for analyzing the behavior of functions. 

3.2. Differentiation without Physical Interpretation 

In the traditional development of calculus, differentiation is often introduced with 
physical interpretations, such as the slope of a tangent line to a curve or the 
velocity of a moving object. However, in this a priori scenario, differentiation is 
developed purely as an abstract mathematical tool, independent of any physical 
interpretation. 

The mathematician's focus is on understanding the behavior of functions and 
sequences in an abstract, theoretical context. Differentiation, in this framework, 
is conceived as a method for analyzing how a function changes, purely in terms of 
its mathematical properties, rather than as a description of any physical process. 

This abstract approach to differentiation is driven by the desire to explore the 
intrinsic properties of functions. For example, the mathematician might be 
interested in identifying where a function reaches its maximum or minimum 
values—problems that are naturally addressed by examining the derivative of the 
function. The condition f′(x)=0f'(x) = 0f′(x)=0 indicates points where the function 
does not change, which correspond to potential maxima, minima, or points of 
inflection. By studying the second derivative f′′(x)f''(x)f′′(x), the mathematician can 
further classify these points, determining whether they correspond to local 
maxima, minima, or other critical behavior. 

In this context, differentiation is seen as a versatile tool for probing the structure 
of functions, revealing how they behave under small changes in their inputs. The 
mathematician is concerned with the formal properties of differentiation, such as 
the rules for calculating derivatives (product rule, quotient rule, chain rule) and 
the implications of these rules for the analysis of functions. 
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In this a priori framework, the power of differentiation lies in its ability to 
generalize the concept of change, allowing the mathematician to systematically 
explore the behavior of a wide range of functions, from polynomials to 
transcendental functions, without ever invoking a physical analogy. 

This purely mathematical perspective on differentiation emphasizes its role as a 
fundamental tool for understanding the structure and behavior of functions 
within the broader framework of calculus. By abstracting away from any physical 
interpretation, the mathematician is free to develop a rigorous and general 
theory of differentiation, applicable to any context where the concept of change 
or variation is relevant. 

In summary, differentiation, as developed in this a priori context, represents a 
profound mathematical insight into the nature of change. Emerging from the 
study of rates of change in sequences and generalized to the analysis of functions, 
differentiation becomes a cornerstone of calculus, providing the mathematician 
with a powerful tool for understanding the behavior of mathematical objects in 
an abstract, theoretical framework. This approach highlights the intrinsic value of 
abstract reasoning in the development of mathematical concepts, demonstrating 
that even without physical applications, differentiation remains a central and 
essential component of mathematical analysis. 

 



13 
 

4. Formalizing Calculus: An Abstract Mathematical System 

The development of calculus as a mathematical system represents one of the 
most significant achievements in the history of mathematics. In this hypothetical 
a priori scenario, where calculus is developed purely from abstract reasoning 
without reference to physical applications, the formalization of calculus would 
involve systematically organizing the concepts of summation, differentiation, 
limits, and continuity into a coherent and rigorous framework. This section 
explores how such a formal system might emerge, focusing on the intrinsic logic 
of mathematical objects and the relationships between them. 

4.1. The Development of a Mathematical Framework 

The process of formalizing calculus begins with the abstract concepts of 
summation and differentiation, which are rooted in the study of infinite 
sequences, series, and the behavior of functions. In this context, the 
mathematician's goal is to create a consistent and comprehensive mathematical 
system that can describe and analyze these abstract entities in a systematic way. 

1. Summation and Integration: 

The formalization of integration, as discussed earlier, begins with the abstract 
study of infinite series. The mathematician recognizes that the summation of 
infinitely many infinitesimal elements can be generalized to define the integral of 
a function. To ensure rigor and generality, the mathematician introduces the 
concept of the definite integral as the limit of a sum of infinitesimally small 
quantities. 
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This formal definition of the integral captures the essence of summing infinitely 
many small quantities, a concept that is central to the study of continuous 
quantities in mathematics. The mathematician ensures that the definition is 
rigorous by specifying the conditions under which the sum converges to a finite 
limit, thereby avoiding the pitfalls of divergence and ensuring that the integral is 
well-defined. 

2. Differentiation: 

Similarly, the formalization of differentiation involves defining the derivative of a 
function as the limit of the difference quotient, capturing the idea of the 
infinitesimal rate of change of the function. 

 

By formalizing the concepts of summation (integration) and differentiation in this 
way, the mathematician lays the groundwork for a coherent system of calculus 
that can be applied to a wide range of mathematical problems. This system is 
built on the intrinsic logic of mathematical objects and the relationships between 
them, independent of any physical interpretation. 

3. The Fundamental Theorem of Calculus: 

The culmination of this formalization process is the discovery of the Fundamental 
Theorem of Calculus, which links the concepts of differentiation and integration. 
This theorem states that differentiation and integration are inverse processes, 
providing a powerful unification of the two central operations of calculus. 
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The Fundamental Theorem of Calculus can be stated as follows: 

This theorem not only provides a direct method for evaluating definite integrals 
but also highlights the deep connection between the concepts of summation and 
change. In this abstract mathematical system, the Fundamental Theorem serves 
as a cornerstone, demonstrating the coherence and unity of calculus as a formal 
framework. 

4.2. The Role of Limits and Continuity 

The concepts of limits and continuity are foundational to the formalization of 
calculus, providing the necessary rigor to ensure that the operations of 
differentiation and integration are well-defined and consistent. In this a priori 
context, limits and continuity are introduced as abstract mathematical concepts, 
independent of any physical interpretation, to address the challenges posed by 
infinite processes and infinitesimal changes. 
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3. The Interplay Between Limits and Continuity: 

The concepts of limits and continuity are deeply interconnected, providing the 
foundation for the entire system of calculus. The limit concept allows the 
mathematician to handle infinite processes and infinitesimal changes in a rigorous 
way, while continuity ensures that functions behave in a predictable and smooth 
manner. Together, these concepts enable the formalization of differentiation and 
integration, transforming them into powerful tools for analyzing mathematical 
functions. 

In this a priori scenario, the introduction of limits and continuity is driven by the 
need to address the challenges posed by infinite sequences and series, as well as 
the need for a rigorous framework to define differentiation and integration. These 
concepts are not tied to any physical interpretation but are instead understood as 
intrinsic properties of mathematical objects, essential for the coherence and 
consistency of the formal system of calculus. 

Summary: 

The formalization of calculus as an abstract mathematical system involves 
systematically organizing the concepts of summation, differentiation, limits, and 
continuity into a coherent framework. This process is driven by the intrinsic logic 
of mathematical objects and their relationships, independent of any physical 
applications. The development of a rigorous system of calculus, grounded in the 
abstract concepts of limits and continuity, provides a powerful tool for analyzing 
the behavior of functions and sequences, demonstrating the potential for calculus 
to emerge purely from a priori reasoning. 

 

5. Historical Inspirations and Alternative Developments 

The development of calculus, as we know it, was deeply influenced by the 
mathematical and philosophical foundations laid by earlier thinkers. The concept 
of infinity, in particular, played a critical role in shaping the ideas that would 
eventually lead to the formalization of calculus by Newton and Leibniz. This 
section explores how historical figures like Archimedes and John Wallis 
contributed to the understanding of infinity and how their work could have 
provided the intellectual foundation for an abstract, a priori development of 
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calculus. Additionally, this section speculates on how the history of mathematics 
might have unfolded differently if calculus had been developed without reference 
to physical phenomena. 

5.1. Archimedes, Wallis, and the Concept of Infinity 

The idea of infinity, both as a concept and as a mathematical tool, has a long and 
complex history. Key historical figures such as Archimedes and John Wallis made 
significant contributions to the development of this concept, paving the way for 
later mathematical innovations, including calculus. 

1. Archimedes: 

Archimedes of Syracuse (c. 287–212 BCE) was one of the greatest mathematicians 
of antiquity, known for his profound contributions to geometry, physics, and 
engineering. While much of Archimedes' work was motivated by practical 
problems in mechanics and hydrostatics, he also made significant strides in the 
abstract study of infinity and infinitesimals. 

One of Archimedes' most famous contributions is the method of exhaustion, a 
technique he developed to calculate areas and volumes by approximating them 
with sequences of inscribed and circumscribed figures. The method of exhaustion 
involves summing an infinite sequence of quantities that successively 
approximate the area or volume in question. For example, to calculate the area of 
a circle, Archimedes would inscribe a polygon within the circle and gradually 
increase the number of sides of the polygon, approaching the area of the circle as 
a limit. 

Although Archimedes did not formalize the concept of a limit as we understand it 
today, his work laid the groundwork for the development of integral calculus. The 
method of exhaustion can be seen as an early form of integration, where the sum 
of an infinite series of infinitesimal elements is used to determine a continuous 
quantity. Archimedes' approach was rigorous and logical, driven by abstract 
mathematical reasoning rather than any direct physical application. 

In this hypothetical a priori development of calculus, Archimedes' work on infinity 
and infinitesimals could have served as a crucial inspiration. His method of 
exhaustion, if further abstracted and generalized, might have led to the 
formalization of the integral as a mathematical tool for summing infinite series of 
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infinitesimals. Archimedes' emphasis on logical rigor and the pursuit of 
mathematical truth for its own sake would have provided a strong intellectual 
foundation for the development of calculus as an abstract system. 

2. John Wallis: 

John Wallis (1616–1703) was an English mathematician whose work on infinite 
series and products significantly advanced the mathematical understanding of 
infinity. Wallis is best known for his contributions to the development of calculus, 
particularly his work on the arithmetic of infinitesimals and his formulation of the 
Wallis product for π. 

In his seminal work, "Arithmetica Infinitorum" (1656), Wallis extended the ideas 
of infinite series and products, building on the work of earlier mathematicians 
such as Archimedes. Wallis introduced the idea of treating infinity as a legitimate 
mathematical concept, particularly in the context of sequences and series. He 
developed techniques for summing infinite series and products, which would later 
influence the formalization of integration in calculus. 

Wallis' work can be seen as an important step in the abstract development of 
calculus. His exploration of infinite processes and his willingness to treat infinity 
as a mathematical entity in its own right provided a conceptual bridge between 
the ideas of antiquity and the formal calculus of the 17th century. Wallis' 
contributions highlight the potential for an a priori development of calculus, 
driven purely by abstract reasoning about infinite quantities and their 
relationships. 

In this speculative scenario, Wallis' work could have been the catalyst for a more 
formal and rigorous development of calculus, focused entirely on the abstract 
properties of mathematical objects. His techniques for manipulating infinite series 
and his insights into the nature of infinitesimals would have been crucial in the 
construction of a coherent system of calculus, independent of any physical 
interpretation. 

5.2. What If? Speculations on Alternative Histories 

The history of mathematics is filled with moments of serendipity, where ideas 
converged at the right time and place to produce significant breakthroughs. 
However, it is interesting to speculate on how the history of calculus might have 
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unfolded differently if it had been developed purely from a priori reasoning, 
without reference to physical applications such as motion, gravity, or geometry. 

1. A World Without Newton and Leibniz: 

In our actual history, calculus was independently developed by Isaac Newton and 
Gottfried Wilhelm Leibniz in the late 17th century, driven largely by their need to 
solve problems in physics and geometry. But what if these two towering figures 
had never turned their attention to the problems of motion and change? Could 
calculus have emerged from a different line of inquiry, one rooted entirely in 
abstract mathematical thought? 

If calculus had developed without the influence of Newton and Leibniz, it is likely 
that the ideas of Archimedes and Wallis would have played a much more 
prominent role. Mathematicians of the 17th and 18th centuries might have 
focused on refining and formalizing the method of exhaustion, transforming it 
into a general theory of integration. Similarly, the work of Wallis on infinite series 
could have led to the development of differentiation as a method for analyzing 
the behavior of functions. 

In this alternative history, calculus might have emerged as a purely theoretical 
discipline, driven by the desire to understand the nature of infinity, continuity, 
and change in an abstract context. The resulting mathematical system would have 
been just as powerful and versatile as the calculus we know today, but it might 
have been developed with a different emphasis, perhaps more closely aligned 
with the traditions of classical geometry and algebra. 

2. The Impact on Mathematical Thought: 

Had calculus been developed in this purely abstract manner, the trajectory of 
mathematical thought might have been different in significant ways. For one, the 
relationship between pure and applied mathematics might have evolved 
differently. In our history, the development of calculus was closely tied to its 
applications in physics, leading to a deep intertwining of mathematical theory and 
physical science. However, in this alternative history, calculus might have been 
seen more as a product of pure mathematics, with its applications to physics and 
engineering emerging only later, as secondary developments. 
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This shift in emphasis could have had profound implications for the way 
mathematics was taught and understood in subsequent centuries. Calculus might 
have been presented primarily as a study of abstract mathematical objects, with 
its physical applications treated as special cases of more general principles. This 
perspective might have encouraged a more rigorous and formal approach to 
mathematics, with greater emphasis on logical foundations and the structure of 
mathematical theory. 

3. The Role of Infinity and Infinitesimals: 

In this speculative history, the concept of infinity might have played an even more 
central role in mathematical thought. The abstract development of calculus would 
have required a deep understanding of infinite processes, limits, and 
infinitesimals, leading to a greater emphasis on these concepts in mathematical 
education and research. The study of infinite series, sequences, and continuous 
functions might have become a dominant theme in mathematics, influencing the 
development of other areas such as analysis, topology, and set theory. 

Additionally, the abstract nature of this alternative calculus might have led to 
earlier and more widespread acceptance of non-standard analysis, a branch of 
mathematics that rigorously formalizes the concept of infinitesimals. In our 
history, non-standard analysis was developed in the 20th century by Abraham 
Robinson, but in this speculative scenario, similar ideas might have emerged 
much earlier, as mathematicians sought to provide a solid foundation for the 
infinitesimals that underlie the abstract calculus. 

4. The Relationship with Other Mathematical Disciplines: 

Finally, the development of calculus in this purely abstract manner might have 
influenced the relationship between calculus and other mathematical disciplines. 
For example, the connection between calculus and algebra might have been more 
fully explored, leading to the development of more sophisticated techniques for 
solving differential equations and analyzing functions. Similarly, the study of 
geometry might have taken on a more abstract character, with greater emphasis 
on the relationship between geometric objects and the infinite processes 
described by calculus. 
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In summary, while the development of calculus in our history was deeply 
influenced by its applications in physics and engineering, it is interesting to 
speculate on how this mathematical system might have evolved if it had been 
developed purely from abstract reasoning. The contributions of historical figures 
like Archimedes and Wallis suggest that such an alternative history is not only 
plausible but might have led to a different, yet equally powerful, understanding of 
calculus and its role in mathematics. By exploring these speculative scenarios, we 
gain a deeper appreciation for the richness and diversity of mathematical 
thought, and the many paths that could have led to the development of one of 
the most important tools in all of mathematics. 

 

6. Implications of an A Priori Calculus 

The development of calculus, as a purely abstract mathematical system without 
direct reference to physical applications, would have had profound implications 
for the trajectory of mathematical thought and philosophy. This section explores 
how such a development might have influenced the nature of mathematical 
inquiry, the relationship between pure and applied mathematics, and the broader 
intellectual landscape. 

6.1. Impact on Mathematical Thought 

If calculus had been developed a priori, based solely on abstract reasoning, it 
would likely have shifted the focus of mathematical thought towards a deeper 
engagement with the intrinsic properties of mathematical objects, independent 
of their physical interpretations. This could have had several significant effects on 
the evolution of mathematics and philosophy. 

1. Strengthening the Foundations of Mathematics: 

A calculus developed purely from abstract principles would have likely 
encouraged mathematicians to place a greater emphasis on the logical 
foundations of mathematics. The need to rigorously define concepts like limits, 
continuity, and infinitesimals would have driven the development of more robust 
formal systems, potentially leading to an earlier emergence of set theory and 
formal logic as central disciplines in mathematics. 
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In this alternative history, mathematicians might have been more inclined to 
explore the formal underpinnings of calculus, leading to a more rigorous approach 
to mathematical analysis. Concepts such as convergence, divergence, and the 
nature of infinity would have been scrutinized more carefully, potentially leading 
to the development of modern mathematical analysis and topology much earlier 
than they actually occurred. The work of later mathematicians such as Karl 
Weierstrass, who formalized the concept of limits and continuity, might have 
found its precursor in this earlier emphasis on rigor. 

2. Influence on Mathematical Philosophy: 

The abstract development of calculus could have also influenced the philosophical 
understanding of mathematics. Mathematicians and philosophers might have 
been more inclined to view mathematics as a self-contained, abstract system of 
thought, rather than as a tool primarily designed to describe the physical world. 
This perspective aligns with the views of mathematical Platonism, which posits 
that mathematical objects exist in an abstract realm, independent of the physical 
universe. 

A calculus developed a priori could have reinforced the Platonic view of 
mathematics as the discovery of eternal truths about abstract entities. 
Philosophers might have been more likely to emphasize the objective and 
timeless nature of mathematical knowledge, seeing it as a form of pure reasoning 
that transcends the material world. This could have led to a stronger philosophical 
tradition of mathematical realism, where mathematical objects and truths are 
seen as existing independently of human thought and physical reality. 

3. Encouraging Exploration of Pure Mathematics: 

The development of calculus from purely abstract principles might have also 
encouraged mathematicians to explore other areas of pure mathematics with 
greater vigor. With calculus as a model of how powerful mathematical tools can 
be developed without reference to the physical world, mathematicians might 
have been more inclined to pursue purely theoretical investigations in fields such 
as number theory, algebra, and geometry. 

This emphasis on pure mathematics could have led to earlier and more significant 
developments in these areas, as mathematicians sought to uncover the deep 
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structures and relationships inherent in mathematical objects. The influence of 
calculus as a paradigm of abstract reasoning might have inspired mathematicians 
to seek similar levels of rigor and generality in their own work, driving the 
development of more sophisticated and unified mathematical theories. 

6.2. The Relationship Between Pure and Applied Mathematics 

The relationship between pure mathematics and its applications has always been 
complex and dynamic. In the actual history of calculus, the interplay between 
theoretical developments and practical problems played a crucial role in shaping 
the discipline. However, if calculus had been developed a priori, without direct 
reference to physical applications, this relationship might have evolved in a 
markedly different way. 

1. Pure Mathematics as the Foundation: 

In this alternative history, pure mathematics would have likely taken precedence 
over applied mathematics, with the development of calculus serving as a prime 
example of how abstract reasoning can lead to powerful and versatile 
mathematical tools. This shift in emphasis could have redefined the way 
mathematicians and scientists approached the relationship between theory and 
practice. 

Pure mathematics might have been seen as the foundation upon which applied 
mathematics is built, with the abstract principles of calculus providing the tools 
needed to tackle practical problems only after they had been fully understood in a 
theoretical context. This perspective would have reinforced the idea that 
mathematics is a self-contained discipline, with its own internal logic and 
structure, and that its applications to the physical world are secondary to its 
intrinsic value as a system of thought. 

2. Delayed Applications of Calculus: 

If calculus had been developed without reference to physical problems, its 
practical applications might have been delayed or discovered independently by 
applied mathematicians and scientists. The use of calculus in physics, engineering, 
and other fields might have emerged as a later development, driven by the 
recognition that the abstract tools developed by pure mathematicians could be 
applied to solve real-world problems. 
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This delayed application of calculus could have led to a different trajectory in the 
development of applied mathematics and science. For example, the study of 
motion, gravity, and celestial mechanics might have progressed more slowly, as 
the mathematical tools needed to describe these phenomena were not 
immediately available. On the other hand, the eventual realization that the 
abstract calculus could be applied to these problems might have led to a period of 
rapid advancement, as scientists and engineers suddenly had access to a powerful 
new set of tools. 

3. The Potential for Divergence Between Pure and Applied Mathematics: 

In this alternative history, there might have been a greater potential for 
divergence between pure and applied mathematics. As pure mathematicians 
pursued increasingly abstract and theoretical investigations, their work might 
have become more removed from the practical concerns of applied mathematics 
and science. This could have led to a period where the two branches of 
mathematics developed along separate trajectories, with pure mathematics 
focusing on the internal logic and structure of mathematical systems, and applied 
mathematics concerned with solving concrete problems. 

However, this divergence might have also set the stage for a later reconciliation, 
where the insights gained from pure mathematics were gradually applied to 
practical problems, leading to a synthesis of theory and application. The eventual 
integration of pure and applied mathematics could have resulted in a more 
unified and comprehensive understanding of mathematics as a whole, with the 
abstract principles of calculus serving as a bridge between the two domains. 

4. A Different Perspective on Mathematical Applications: 

Finally, the development of calculus as a purely abstract system might have led to 
a different perspective on the role of mathematical applications. Rather than 
seeing applications as the primary motivation for mathematical development, 
mathematicians might have viewed them as natural extensions of abstract 
principles, where the inherent logic of mathematics finds expression in the 
physical world. 

This perspective could have influenced the way mathematics is taught and 
practiced, with greater emphasis on the underlying principles and structures that 
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give rise to mathematical tools, rather than on their immediate applications. 
Mathematicians and scientists might have been encouraged to explore the 
abstract foundations of their work, leading to a deeper understanding of the 
connections between pure mathematics and its applications. 

Summary: 

The development of calculus as an a priori system, independent of physical 
applications, would have had far-reaching implications for the evolution of 
mathematical thought and the relationship between pure and applied 
mathematics. This alternative history suggests that a greater emphasis on 
abstract reasoning and the logical foundations of mathematics might have led to a 
different trajectory in the development of mathematical theory and practice. By 
exploring these implications, we gain insight into the deep connections between 
mathematical ideas and the broader intellectual landscape, highlighting the 
enduring influence of calculus as one of the most powerful and versatile tools in 
mathematics. 

 

7. Conclusion 

The conclusion of this paper synthesizes the arguments and findings presented in 
the previous sections, reaffirming the central thesis that calculus could have been 
developed purely from abstract reasoning, independent of physical applications. 
This section also reflects on the broader implications of this hypothetical 
development, emphasizing the critical role of abstract reasoning in mathematical 
discovery and the evolution of mathematical thought. 

7.1. Revisiting the Central Thesis 

Throughout this paper, we have explored the possibility that calculus, one of the 
most significant achievements in the history of mathematics, could have been 
developed as an a priori system, driven purely by abstract mathematical thought 
rather than by the need to solve physical problems. We began by examining the 
historical context in which calculus was actually developed, recognizing the 
central roles of Isaac Newton and Gottfried Wilhelm Leibniz in formalizing the 
concepts of differentiation and integration within the framework of their 
respective studies of motion and infinitesimals. 
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However, we then challenged this traditional narrative by considering how 
calculus might have emerged from purely abstract considerations, such as the 
study of infinite sequences, series, and the behavior of mathematical functions. 
We argued that concepts like summation, differentiation, and integration could 
have been formalized as part of a coherent mathematical system grounded in the 
intrinsic properties of these objects, independent of any physical interpretation. 

Key historical figures such as Archimedes and John Wallis were identified as 
potential precursors to this alternative development of calculus. Archimedes' 
method of exhaustion and Wallis' work on infinite series provided early examples 
of how abstract reasoning about infinity and infinitesimals could lead to the 
formulation of integral calculus. By exploring these historical precedents, we 
demonstrated that the ideas underlying calculus were already present in 
mathematical thought, even before they were explicitly connected to physical 
phenomena. 

The paper also speculated on how the history of mathematics might have 
unfolded differently if calculus had been developed as a purely abstract system. 
We considered the implications for the relationship between pure and applied 
mathematics, suggesting that this alternative history might have led to a greater 
emphasis on the logical foundations of mathematics and a more pronounced 
distinction between theoretical and practical concerns. 

In summary, the central thesis of this paper is that calculus, as a formal 
mathematical system, could have been developed a priori, driven by the intrinsic 
logic of mathematical objects and their relationships. This hypothetical 
development not only challenges the conventional narrative of calculus as a tool 
born from physical necessity but also highlights the deep connections between 
abstract reasoning and mathematical innovation. 

7.2. The Significance of Abstract Reasoning in Mathematical Discovery 

The exploration of an a priori development of calculus underscores the profound 
importance of abstract reasoning in the discovery and development of 
mathematical concepts. Mathematics, at its core, is a discipline of pure thought, 
where ideas are pursued for their own sake, driven by the quest to understand 
the underlying structures and patterns that govern the mathematical universe. 
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The hypothetical scenario presented in this paper illustrates that the fundamental 
concepts of calculus—such as limits, continuity, differentiation, and integration—
could have emerged from a purely theoretical investigation into the nature of 
infinite processes and change. This reinforces the idea that mathematical 
innovation is not solely dependent on external stimuli or practical problems but 
can also arise from the internal dynamics of mathematical thought. 

Abstract reasoning allows mathematicians to explore the implications of 
mathematical objects and their relationships in a rigorous and systematic way, 
often leading to the discovery of powerful and versatile tools that can be applied 
across a wide range of contexts. The development of calculus, whether motivated 
by physical applications or by pure thought, exemplifies this process. The fact that 
calculus has become indispensable in fields as diverse as physics, engineering, 
economics, and biology attests to the universality and robustness of the abstract 
principles on which it is based. 

Moreover, the emphasis on abstract reasoning in mathematical discovery has 
important implications for the broader intellectual landscape. It challenges us to 
recognize the value of theoretical inquiry, not just as a means to an end, but as an 
essential component of human understanding. By pursuing abstract ideas, 
mathematicians contribute to the creation of knowledge that transcends the 
immediate concerns of the practical world, providing insights that can shape the 
future of science, technology, and philosophy. 

In conclusion, the development of calculus as an a priori system, independent of 
physical applications, highlights the central role of abstract reasoning in 
mathematical discovery. This perspective enriches our understanding of calculus 
as not merely a tool for solving problems but as a profound expression of the 
power of pure thought. As we continue to explore the boundaries of 
mathematics, the importance of abstract reasoning will remain a guiding 
principle, driving the evolution of mathematical thought and the expansion of 
human knowledge. 
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8. References 

In this section, we compile a comprehensive list of works that have informed and 
supported the arguments and ideas presented in this paper. The references 
include historical texts on mathematics, scholarly works that discuss the 
philosophical nature of mathematical discovery, and speculative literature that 
explores alternative histories of mathematical development. This diverse 
collection of sources provides a robust foundation for the exploration of calculus 
as a purely abstract mathematical system and its implications for the broader field 
of mathematics. 

1. Historical Texts on Mathematics 

• Archimedes (trans. T.L. Heath). The Works of Archimedes with The Method 
of Archimedes. Cambridge University Press, 1897. 

o This collection includes translations of Archimedes' original works, 
such as his treatise on the method of exhaustion, which laid the 
groundwork for integral calculus through the rigorous approximation 
of areas and volumes using infinitesimals. 

• Euclid (trans. T.L. Heath). The Thirteen Books of Euclid’s Elements. 
Cambridge University Press, 1908. 

o Euclid's Elements is one of the most influential works in the history of 
mathematics, providing the foundation for geometric reasoning and 
influencing subsequent developments in mathematical thought. 

• John Wallis. Arithmetica Infinitorum. Oxford University Press, 1656. 

o Wallis’ Arithmetica Infinitorum explores the use of infinite series and 
products, making significant contributions to the development of 
calculus. Wallis' work on the concept of infinity and his formulation 
of the Wallis product for π are particularly relevant to the discussion 
of an a priori development of calculus. 

• Isaac Newton. The Principia: Mathematical Principles of Natural 
Philosophy. University of California Press, 1999 (original publication 1687). 
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o Newton's Principia is a seminal work that formalized the laws of 
motion and universal gravitation. While the focus of this paper is on 
an a priori development of calculus, Newton's application of calculus 
to physical problems is an essential reference for understanding the 
traditional narrative. 

• Gottfried Wilhelm Leibniz. Philosophical Essays. Hackett Publishing 
Company, 1989. 

o This collection includes some of Leibniz's key philosophical writings, 
which provide insight into his development of calculus and his 
broader philosophical views on mathematics, including the nature of 
infinitesimals. 

2. Modern Philosophical Discussions on the Nature of Mathematical Discovery 

• Imre Lakatos. Proofs and Refutations: The Logic of Mathematical Discovery. 
Cambridge University Press, 1976. 

o Lakatos' work explores the philosophy of mathematics, particularly 
the process of mathematical discovery and the development of 
mathematical proofs. His ideas about the fallibility and evolution of 
mathematical knowledge are relevant to the discussion of how 
calculus might have developed through abstract reasoning. 

• Philip Kitcher. The Nature of Mathematical Knowledge. Oxford University 
Press, 1983. 

o Kitcher examines the epistemology of mathematics, including the 
distinction between pure and applied mathematics. His work 
provides a philosophical context for understanding how an abstract 
development of calculus might influence the broader field of 
mathematical inquiry. 

• Mark Steiner. The Applicability of Mathematics as a Philosophical Problem. 
Harvard University Press, 1998. 

o Steiner’s book addresses the philosophical question of why 
mathematics, a discipline grounded in abstract reasoning, is so 
effective in describing the physical world. This work is particularly 
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relevant to the paper’s exploration of the relationship between pure 
and applied mathematics. 

• Penelope Maddy. Realism in Mathematics. Clarendon Press, 1990. 

o Maddy’s exploration of mathematical realism provides a 
philosophical foundation for the idea that mathematical objects and 
truths exist independently of human thought, a concept central to 
the notion of an a priori development of calculus. 

3. Speculative Literature on Alternative Mathematical Histories 

• Lewis Pyenson. The Young Einstein: The Advent of Relativity. Adam Hilger, 
1985. 

o Pyenson’s work, while focused on the development of Einstein’s 
theories, provides an example of speculative history in the context of 
scientific and mathematical discovery. This approach is analogous to 
the speculative exploration of an alternative history of calculus 
presented in this paper. 

• Carlo Rovelli. The Order of Time. Riverhead Books, 2018. 

o Rovelli’s book, while primarily a discussion of the nature of time, 
includes speculative discussions on the development of scientific and 
mathematical ideas. It serves as an example of how speculative 
thought can be applied to understanding the evolution of 
mathematical concepts. 

• David Berlinski. The King of Infinite Space: Euclid and His Elements. Basic 
Books, 2013. 

o Berlinski’s work is a speculative and philosophical exploration of 
Euclid’s Elements and its influence on the development of 
mathematical thought. This book provides a framework for 
understanding how abstract reasoning has historically influenced the 
evolution of mathematics. 
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4. General References on the History of Calculus 

• Carl B. Boyer. The History of the Calculus and Its Conceptual Development. 
Dover Publications, 1949. 

o Boyer's classic text offers a detailed history of the development of 
calculus, tracing its evolution from ancient times through the work of 
Newton and Leibniz. This work provides essential background for 
understanding the traditional narrative of calculus and how it might 
have unfolded differently. 

• Morris Kline. Mathematics: The Loss of Certainty. Oxford University Press, 
1980. 

o Kline’s book examines the history of mathematics and the 
philosophical shifts that have occurred over time. His discussion of 
the development of mathematical certainty and rigor is relevant to 
the paper’s exploration of the formalization of calculus as an abstract 
system. 

• Ivor Grattan-Guinness. The Fontana History of the Mathematical Sciences: 
The Rainbow of Mathematics. Fontana Press, 1997. 

o Grattan-Guinness’ comprehensive history of mathematics provides a 
broad overview of the development of mathematical ideas, including 
the rise of calculus. His work offers context for the speculative 
exploration of an alternative history of calculus. 

Summary: 

These references collectively support the exploration of calculus as a purely 
abstract mathematical system, offering historical insights, philosophical context, 
and speculative perspectives. The works cited encompass both the foundational 
texts of the mathematicians who contributed to the development of calculus and 
the modern scholarship that examines the nature of mathematical discovery and 
its broader implications. This diverse array of sources provides a rich foundation 
for understanding how calculus could have developed through abstract reasoning 
and the significance of this possibility for the history and philosophy of 
mathematics. 
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