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Frequency entanglement is one of the most powerful and underused resources in photonic
guantum science. Unlike polarization entanglement, it naturally lives in a high-dimensional
space and can be engineered by shaping how two photons scatter, interfere, and exchange
energy. Yet many treatments of frequency entanglement remain abstract: we draw a joint
spectrum, claim “correlations,” and move on. This paper aims to make the concept operational
for a general physics audience by focusing on one concrete diagnostic: the Schmidt
decomposition of a biphoton state. The Schmidt picture is a singular-value decomposition for
two-photon spectral structure. It converts an arbitrary joint spectral amplitude into paired,
orthonormal frequency modes, each weighted by a coefficient that directly quantifies “how
many independent mode pairs” the state occupies. The result is a basis-independent way to
compare devices, tune parameters, and understand trade-offs between entanglement
dimensionality and success probability. Using a figure as a central visual anchor, we explain how
to read a Schmidt spectrum, how to interpret the spatial “lobe” patterns of higher-order modes,
and how these diagnostics connect to engineered two-photon interactions in waveguide-
coupled quantum dots. The goal is not to re-derive the full formalism, but to make the
entanglement content legible, measurable, and design-relevant.
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1. Introduction: Why Frequency Entanglement Is the Next Workhorse Resource

Frequency entanglement has been hiding in plain sight. Photons are naturally broadband
objects: even a “single-frequency” photon is, in practice, a wavepacket with a spectrum. When
two photons are created together or interact inside a structured optical system, their spectra
rarely remain independent. Energy conservation, dispersion, and the internal dynamics of the
interaction region imprint correlations across frequency. In much of quantum optics, those
correlations are treated as a feature of the source rather than a resource to be engineered. Yet
the same correlations that complicate interfacing and detection are also the raw material for
high-dimensional quantum information: more capacity per photon pair, richer interference
structure, and new kinds of gates whose action is best understood in the frequency domain. If
polarization entanglement was the workhorse of early photonic quantum science, frequency
entanglement is a candidate for the workhorse of the next phase, precisely because it scales
differently: it is intrinsically high-dimensional, compatible with single-mode spatial routing, and
can be shaped by device physics rather than bulk optics alone. This paper’s aim is practical: to
give a general physics audience an intuition for what “frequency entanglement” really means,
why a joint spectrum is not enough to quantify it, and why mode-based decompositions provide
a design-grade language that connects device parameters to entanglement dimensionality and
usefulness.

1.1 Frequency as a high-dimensional Hilbert space you get “for free”

A useful way to think about photonic frequency is to treat it not as a continuous label attached
to a photon, but as a basis for a genuine Hilbert space. A single photon is not merely “present”
or “absent”; it has a spectral wavefunction. In other words, the photon can occupy a
superposition of frequency components, and that superposition is physically real: it determines
coherence time, interference visibility, and how the photon couples to resonant systems. If you
discretize frequency into bins, each bin behaves like a basis state of a qudit. If you keep
frequency continuous, it behaves like a continuous-variable degree of freedom. Either way, the
space is large.

The phrase “for free” is not marketing; it points to a structural advantage. To get a high-
dimensional space in polarization, you need extra photons, extra paths, or extra degrees of
freedom. In frequency, the dimension is already there because realistic photons already have
bandwidth. The device or source does not need to create additional spatial modes to create a
larger Hilbert space; it needs only to shape correlations across a spectrum that already exists.
That makes frequency entanglement especially attractive for integrated photonics: you can keep
the light in a single spatial mode (or a small set of guided modes) while still having a high-
dimensional internal space to encode information.



There is also a deeper conceptual point. Frequency is conjugate to time. When you entangle
frequencies, you are implicitly entangling temporal structure: emission times, delays, and
interference histories become linked between the photons. This is one reason frequency-
entangled states often display striking two-photon interference phenomena even when single-
photon interference is weak or absent. Frequency entanglement is thus not only “more
dimension,” but also “more structure” in the sense that it couples directly to dynamical
processes: scattering, resonant absorption, dispersion, and timing jitter. For gate proposals
based on waveguide-coupled emitters and engineered scattering, that connection to dynamics
is exactly why frequency entanglement becomes the natural language.

1.2 Why joint spectra alone are not a quantitative entanglement measure

The joint spectral intensity plot, with its colorful islands and diagonal ridges, is the most
common visual for frequency correlations. It is useful, but it is also easy to over-read. A joint
spectrum is a picture of “where the probability weight lives” over pairs of frequencies. From
that you can often tell whether the photons are correlated or anti-correlated in frequency. What
you cannot reliably tell, from the picture alone, is how entangled the state is in the quantum-
information sense.

There are several reasons. First, a joint spectral intensity is typically an intensity-only object. It
discards phase information carried by the joint spectral amplitude. But entanglement is a
property of the full state, including phases. Two states can have similar intensity patterns yet
differ in entanglement once phases are included, because orthogonality and separability are
phase-sensitive in the amplitude-level structure.

Second, even when the full amplitude is known, “entanglement” should not depend on your
choice of basis. Correlation features in one basis can disappear in another. A state can look
strongly correlated in raw frequency coordinates but become nearly separable after a suitable
mode rotation, or vice versa. If your diagnostic depends on the particular axes or binning you
chose, it is not telling you the intrinsic entanglement content; it is telling you how the state
looks in your chosen coordinate system.

Third, the joint spectrum does not directly answer the operational question: how many
independent spectral modes are actually populated? In quantum information terms, that is the
difference between a state that effectively lives in a 2-dimensional subspace and one that lives
in a 20-dimensional subspace, even if both show “correlation stripes” to the eye. What matters
for capacity, multiplexing, and robustness is the effective dimensionality and the distribution of
weight across orthogonal mode pairs. The joint spectral intensity is a projection; it is not a mode
inventory.



Finally, a purely visual diagnostic is hard to compare across devices and experiments. Slight
differences in filtering, resolution, or dispersion can change the appearance of the joint
spectrum dramatically, even if the underlying entanglement metrics change modestly. If the
goal is to engineer a gate, tune a design, or compare platforms, you want a description that
survives those changes and yields scalar summaries when needed.

1.3 The promise of mode-based diagnostics for design and comparison

Mode-based diagnostics solve these problems by reframing the question. Instead of asking,
“What does the joint spectrum look like?”, they ask, “What is the minimal set of orthogonal
mode pairs needed to represent the state, and with what weights?” This is the spirit of the
Schmidt decomposition. It is the bipartite analogue of a singular-value decomposition: it takes a
complicated joint object and expresses it as a sum of independent paired components. Each
component consists of one mode for photon 1 and a matched mode for photon 2, and each pair
comes with a coefficient that tells you how much it contributes.

The benefits are immediate and practical.

First, the Schmidt coefficients are basis-independent in the right sense: they don’t change if you
merely relabel frequency coordinates or choose a different orthonormal mode basis within each
photon’s spectral space. They are intrinsic to the bipartite state. This turns “entanglement” from
a subjective visual impression into a quantitative statement.

Second, the Schmidt spectrum provides a design-grade knob-readout relationship. If a change in
device parameters causes the Schmidt spectrum to flatten (more significant coefficients), you
have increased effective entanglement dimensionality. If it steepens (one dominant coefficient),
you have reduced it. This is much more actionable than saying “the joint spectrum looks more
striped.”

Third, the associated Schmidt modes provide intuition about what kind of spectral structure the
device is producing. The lowest mode is often smooth and concentrated; higher modes typically
show increasing numbers of lobes and nodes, reflecting finer spectral features created by
scattering dynamics, resonances, or interference between pathways. That mode hierarchy
becomes a map between microscopic physics and macroscopic entanglement structure.

Fourth, mode-based diagnostics naturally connect to what you can do with the state. If most of
the weight is in the first few modes, you can in principle isolate and manipulate those modes
with realistic filtering or mode-selective frequency operations. If the weight is spread over many
modes with comparable coefficients, the state is high-dimensional but may be harder to
interface without loss. In other words, the Schmidt picture doesn’t only say “how entangled”; it
suggests “how usable” and “what engineering is required.”



Finally, because the Schmidt decomposition resembles tools physicists already trust
(eigenmodes, normal modes, principal components, SVD), it offers a bridge for a general physics
audience. It translates the unfamiliar language of “high-dimensional entanglement” into the
familiar language of “mode content.” That is exactly why the figure we discussed works so well
as an anchor: the bar chart is the spectrum of weights, and the insets are the shapes of
representative modes. Taken together, they function like a spectrometer readout for
entanglement itself: not merely showing that correlations exist, but enumerating the
orthogonal components that make those correlations irreducibly quantum.

In the sections that follow, we will make this translation explicit. We will treat the Schmidt
decomposition not as formalism for its own sake, but as the simplest way to read a frequency-
entangling device in the same spirit that one reads the mode spectrum of a resonator or the
eigenvalues of a stability problem: as a compact summary of what the system truly produces.

2. The Object of Interest: Two-Photon States in the Frequency Domain

To talk about frequency entanglement with any precision, we need to be clear about what the
“state” is. In many experiments and device proposals, we draw a two-dimensional color map
and call it the joint spectrum. But the actual object of interest is not a picture; it is a quantum
state living in the tensor product of two photonic frequency spaces. That state can be created
by down-conversion, four-wave mixing, or—in the class of systems motivating this paper—by
engineered two-photon scattering in a structured emitter—waveguide environment. In all cases,
the key feature is the same: a two-photon state is not merely “photon A at frequency w1 and
photon B at frequency w2.” It is a coherent superposition over many such pairs. Frequency
entanglement arises precisely when that superposition cannot be written as a product of one-
photon spectral states.

For a general physics audience, it helps to think of this as the frequency-domain analogue of a
familiar real-space two-body wavefunction. A pair of particles in 1D has a wavefunction {(x1,
x2). Here, the pair of photons has a wavefunction in frequency space P(w1, w2). Most of what
we need to say about correlations, separability, and mode decompositions follows the same
logic: when the two-body wavefunction cannot be factorized, the subsystems are entangled.
The only “optical” twist is that we often measure intensities more easily than amplitudes, and
that practical measurement choices can hide the phase information that matters for a fully
faithful state description.

2.1 From single-photon wavepackets to biphoton joint structure
A single photon in a waveguide (or free space) is rarely monochromatic. Even if it is produced by
a narrowband emitter, it still has some finite linewidth, and thus a finite spectral spread. The



clean way to state this is: a single photon is a wavepacket with a spectral wavefunction ¢(w). In
an idealized continuous-frequency description, that photon can be written as a superposition
over frequency eigenstates. Operationally, ¢(w) tells you what frequencies the photon can have
and with what complex amplitude. Its Fourier partner is the temporal wavepacket envelope:
narrower in frequency means longer in time, and broader in frequency means shorter in time.

Now consider two photons produced together or interacting together. The two-photon state is
described by a joint wavefunction y(w1, w2). This is not merely a convenient representation; it
is the object from which all two-photon frequency statistics flow. If you integrate | (w1, w2)|?
over w2, you get the single-photon marginal spectrum for photon 1; similarly for photon 2. If
you ask for conditional distributions—“given photon 1 has frequency w1, what can photon 2
have?” —those are also derived from p. And crucially, two-photon interference phenomena that
depend on coherence across different frequency pairs depend on the complex structure of |,
not just its magnitude.

Where does joint structure come from? In many sources, energy conservation and phase-
matching create correlations: the sum w1l + w2 may be constrained by a pump frequency,
producing a diagonal or anti-diagonal ridge in a joint plot. In scattering-based gates and emitter-
mediated interactions, joint structure can arise from conditional phase shifts, resonant delays,
or nonlinear pathways that effectively “couple” the two photons only when they are
simultaneously present. In either case, the state is not “two independent photons,” but a
coupled two-body object in frequency space.

A helpful intuition: if a single photon is a “cloud” in frequency-time phase space, a biphoton
state is a “correlated cloud” in the product space. Entanglement is the statement that you
cannot assign a single independent cloud to each photon such that their product reproduces
the joint cloud.

2.2 Joint spectral amplitude versus joint spectral intensity

The joint spectral amplitude (JSA) is the complex function (w1, w2). The joint spectral intensity
(JSh)is |P(w1, w2)]% Most published plots, including many visually striking ones, show the JSI
because it is directly connected to coincidence counting: you measure photon 1 in a narrow
frequency window, photon 2 in a narrow window, and record how often the pair appears. Those
coincidence rates are proportional (up to normalization and experimental factors) to the JSI.

But the distinction is not technical trivia. It is the difference between a wavefunction and a
probability density. The JSA contains phase information: relative signs and phase twists across
the wl-w2 plane. The JSI discards that information.

Why does phase matter? Because separability and entanglement are properties of the quantum
state, not merely of the distribution of outcomes. Two different JSAs can yield very similar JSIs



while corresponding to different entanglement structures. Phases affect whether the state can
be decomposed into a small number of orthogonal mode pairs, and they affect interference in
any downstream operation that mixes frequencies, delays, or mode-selective transformations. If
you only know the intensity, you often know “where the probability lives,” but not “how
amplitudes add or cancel.”

There is an even more practical point. In many frequency-entanglement protocols, we want to
interfere or manipulate the photons using dispersive elements, modulators, quantum
memories, or frequency beam splitters. These operations act on amplitudes. If you only
characterize intensity, you may predict the wrong interference visibility or mis-estimate how
cleanly you can project onto a particular mode. For a design-oriented paper, this is why it is
safer to treat the JSA as the central object, while acknowledging that experiments often access
JSI more directly.

That said, the JSl is not useless. It often captures the dominant geometry of correlations and can
already indicate whether the state is likely to be strongly multimode. And, importantly for the
figure we are anchoring on, one can show “mode shapes” in terms of intensity patterns even
though the underlying modes are amplitude objects. The lobes you see are typically the
squared magnitude of mode functions that alternate in sign (or phase) across the plane; the
intensity makes the structure visible to the eye.

2.3 Correlation is not yet entanglement: what must be basis-independent

A recurring confusion in the literature and in informal discussions is to equate “correlation” with
“entanglement.” Correlation is a statement about statistics in a chosen basis: if measuring w1
tells you something about w2, the outcomes are correlated. Entanglement is stronger: it is the
statement that the state cannot be written as a product state, regardless of basis. In other
words, correlation can be basis-dependent; entanglement cannot.

A simple way to say it for a general physics audience is: classical joint distributions can be
correlated, but they do not automatically imply a non-separable quantum state. In quantum
mechanics, you can have a mixed state that produces correlated measurement outcomes while
still being describable as a statistical mixture of product states. Even within pure states, you can
choose a basis that exaggerates or hides correlations. So the visual presence of a diagonal ridge
in a JSlis not, by itself, a rigorous entanglement certificate.

What should be basis-independent? For a pure bipartite state, the intrinsic entanglement
content is fully characterized by the spectrum of the reduced density matrix of either
subsystem. Practically, that means: if you trace out photon 2, you get an effective state for
photon 1. If photon 1 is in a pure state after tracing out photon 2, then the two photons were
not entangled. If photon 1 is in a mixed state after tracing out photon 2, then the photons were



entangled. The degree of mixedness (quantified by entropies or purities) is basis-independent
and reflects true entanglement for pure biphoton states.

The Schmidt decomposition is the operational way to get that basis-independent spectrum in
the frequency domain. It is constructed so that the mode functions for photon 1 and photon 2
are orthonormal, and the coefficients are nonnegative and ordered. Those coefficients are
invariants of the biphoton state up to local basis rotations. When we say that a Schmidt
spectrum is “basis-independent,” we mean that if you apply any unitary transformation acting

III

only on photon 1’s frequency space or only on photon 2’s frequency space—any “local” change
of modal coordinates—the set of Schmidt coefficients is unchanged. That is exactly the property
you want for a diagnostic intended to compare devices and designs rather than measurement

conventions.

This leads to an important practical conclusion: the right question is not “Do | see correlations in
the joint spectrum?” The right question is “How many orthogonal mode pairs carry significant
weight, and how is that weight distributed?” That question is answered by the Schmidt
coefficients. Correlation plots can be a first glance. The Schmidt spectrum is the quantitative
statement.

In the next section, we take that step explicitly: we show how the Schmidt decomposition turns
the joint spectral amplitude into a ranked inventory of mode pairs, and how the resulting
spectrum becomes the natural “entanglement readout” for frequency-entangling devices.
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3. Schmidt Decomposition as the SVD of Biphoton Spectra

A2 =3.40e-01

A2 =1.56e-01

0.0

01234567289

k-th mode

Figure 1 | Schmidt-mode “entanglement spectrum” of a two-photon frequency state. Bars show
the squared Schmidt coefficients, 1%, versus mode index k(with Zk A% = 1), quantifying how the biphoton joint
spectral amplitude decomposes into orthonormal paired spectral modes. Insets show representative mode-pair
intensity patterns | uy (w;) vy (w,) |*for selected k(values of AZannotated), illustrating how higher-order modes
acquire increasing lobe/node structure due to orthogonality. Non-negligible weight persisting to higher kindicates
genuinely multi-mode (high-dimensional) frequency entanglement. Mohamed Meguebel, Maxime Federico,
Simone Felicetti, Nadia Belabas, and Nicolas Fabre, “Generation of frequency entanglement with an effective
guantum dot—waveguide two-photon quadratic interaction,” Optica Quantum 3(6), 617—632 (2025). DOI:
10.1364/0PTICAQ.571592. Also: arXiv:2505.10121.
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The single most useful conceptual move in this entire topic is to stop treating the joint spectrum
as an image and start treating it as a linear operator. Once you do that, the rest becomes
familiar physics: you ask for eigenmodes, singular values, and a compact description of “how
many degrees of freedom are really participating.” The Schmidt decomposition is exactly that
move for a biphoton state. It is the singular-value decomposition (SVD) of the two-photon joint
spectral amplitude, and it provides a basis-independent, quantitative summary of frequency
entanglement.

For a general physics audience, it may help to place the Schmidt decomposition alongside more
familiar decompositions:

¢ Inclassical optics, you decompose a field into orthogonal spatial modes (Fourier modes,
Hermite—Gaussian modes, cavity eigenmodes).

¢ In statistical physics or data analysis, you perform a principal-component decomposition
(PCA) or SVD to identify dominant correlated directions in a dataset.

e In quantum mechanics, you diagonalize a Hamiltonian to find energy eigenstates and
eigenvalues.

The Schmidt decomposition plays the same role here. It is the mode decomposition that
diagonalizes the “coupling” between photon 1’s frequency space and photon 2’s frequency
space.

3.1 The core factorization: paired orthonormal modes and their weights

Start with the joint spectral amplitude y(w1, w2), viewed as the amplitude for photon 1 to have
frequency w1 and photon 2 to have frequency w2. Think of this as a matrix-like object: w1 labels
rows, w2 labels columns. In discrete form (frequency bins), it is literally a matrix. In continuous
form, it is an integral kernel. Either way, the math you want is the same: the SVD.

The Schmidt decomposition states that any (square-integrable) biphoton amplitude can be
written as a sum of separable products of orthonormal modes:

Po1,02) = ) Ay (@) v(w2),
k=0

where:
e {u_k}is an orthonormal basis of modes for photon 1’s spectrum

e {v_k}is an orthonormal basis of modes for photon 2’s spectrum
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¢ the coefficients A_k are real and nonnegative, conventionally ordered A 0>A_ 1>2A 22>

e normalization is such that Zklz = 1 for a pure, normalized two-photon state

This is not an arbitrary expansion. It is the particular expansion that makes the correlations
“diagonal”: each u_k pairs with one and only one v_k. In that sense, it is the “normal mode”
basis of biphoton frequency correlation.

If you have ever used SVD on a matrix M, with M = U 3 VT, then A_k are the singular values (the
diagonal entries of 2), and u_k and v_k are the left and right singular vectors. Everything you
already know about what singular values mean—dominant contributions, low-rank
approximations, compressibility—carries over directly.

3.2 What the coefficients A_k mean physically
The A_k are not just algebraic weights. They are the clearest physical summary of how
“inseparable” the biphoton state is.

One immediate interpretation is probabilistic: A_k? is the fraction of the state’s total weight
carried by the k-th paired mode. If A_0?%is close to 1 and all others are near 0, the state is
essentially one separable product mode: photon 1isin u_0 and photon 2 isinv_0. If A\_0?%is not
close to 1, then no single product mode dominates; the state is an irreducible superposition of
multiple paired products.

III

A second interpretation is operational. Imagine you had an ideal “mode sorter” that could
project photon 1 onto the basis {u_k} and photon 2 onto {v_k}. Then the outcomes would be
perfectly correlated: whenever photon 1 is found in u_k, photon 2 is found in v_k, and the
probability of that paired outcome is A_k2. In that basis, the correlations are as sharp as they can

be. That is why the Schmidt basis is sometimes called the “correlation eigenbasis.”

A third interpretation links A_k to mixedness of the single-photon state. If you trace out photon
2, photon 1’s reduced state is a mixture of the modes u_k with weights A_k2. That means the
spectrum {A_k?} is literally the eigenvalue spectrum of the reduced density operator. In plain
terms: entanglement is what makes each individual photon look “incoherent” when you ignore
its partner, and the A_k? tell you exactly how that incoherence is distributed across modes.

So A_k do not merely describe the two-photon system; they tell you what any single photon
“looks like” once entanglement has robbed it of a pure spectral identity.

3.3 How “number of modes” becomes an entanglement measure
Once you have the Schmidt spectrum, “how entangled is the state?” becomes “how many
Schmidt modes significantly contribute?”
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There are several standard ways to collapse the whole spectrum into a single scalar, and the
most intuitive is the effective Schmidt number, often written as

1

2k

K =

This quantity behaves exactly like an “effective number of modes”:
e If only one mode contributes (A_0 = 1), then K= 1.
e If N modes contribute equally (\_k?=1/N for k = 1...N), then K= N.

e If the contributions are uneven, K lands between 1 and the count of visibly nonzero
modes, weighting larger modes more strongly.

For a general physics audience, you can think of K as the inverse participation ratio of the
Schmidt spectrum. It measures concentration versus spread. The more spread out the A_k? are,
the larger K is, and the more high-dimensional the entanglement is.

Another commonly used scalar is the entanglement entropy of the reduced state:

S=— Z 22 log (12).
k

Entropy is often more sensitive to the tail of small modes than K, and it connects directly to
information-theoretic capacity in idealized settings. But for “engineering intuition,” K often feels
more tangible: it answers the question, “How many mode pairs are effectively populated?”

The key conceptual point is that these measures depend only on A_k?, and A_k? are invariants
under local basis changes. That is exactly what you want: a number that reflects the intrinsic
bipartite structure, not your plotting choice.

3.4 Reading the Schmidt spectrum: steep decay, slow decay, and what they imply

A Schmidt spectrum is a bar chart of A_k? versus k, typically with k =0,1,2,... in decreasing order.
Learning to “read” that spectrum is like learning to read a power spectrum in turbulence or an
eigenvalue spectrum in PCA: the shape tells you compressibility and complexity.

o Steep decay (one big bar, then rapidly vanishing tail): the state is close to separable. You
can approximate Y(wl, w2) with one or two product modes. That means the state has
low entanglement dimensionality and is easier to interface with narrowband systems,
but it carries less high-dimensional resource.
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¢ Slow decay (several comparable bars before a long tail): the state is genuinely
multimode. Many orthogonal mode pairs are participating, and no single product
description captures the state. This is the regime of higher-dimensional frequency
entanglement.

e A “shoulder” (first few modes large, then a sharp drop): often indicates a dominant
physical mechanism producing a low-order correlated structure plus weaker fine
structure from dispersion, resonances, or secondary pathways.

e Along tail of small but nonzero modes: can mean either real physics (fine spectral
structure that is intrinsically multimode) or experimental/analysis artifacts (finite
resolution, noise floor, imperfect normalization). In real design contexts, distinguishing
those matters.

In the figure you provided earlier, the spectrum clearly shows a dominant first mode but also
substantial weight in several higher modes. The existence of meaningful weight out to k=5 and
beyond is precisely the claim that the output state is not “a slightly distorted separable pair,”
but a structured entangled biphoton state occupying multiple orthogonal paired modes.

3.5 Interpreting Schmidt mode shapes: lobes, nodes, and orthogonality in frequency space
The Schmidt modes u_k(w) and v_k(w) are one-dimensional spectral mode functions, but many
papers visualize “Schmidt mode structure” in a two-dimensional way—either by plotting
products u_k(w1)v_k(w?2) or by plotting joint spectral intensity patterns associated with each
mode. The lobed images in your figure are exactly this kind of visualization.

Why do higher modes show lobes and nodes? For the same reason higher spatial modes of a
cavity do: orthogonality forces them to have sign changes. The first mode is typically smooth
and single-peaked. The second and third modes must be orthogonal to the first, and the easiest
way to be orthogonal is to have one sign on one side of a node and the opposite sign on the
other. By the time you reach k = 5, you are looking at a function that oscillates several times
across the spectral support, producing many lobes.

A useful analogy is Hermite—Gaussian modes in a harmonic oscillator or Gaussian beam optics:
e The ground state is one hump.
e The first excited state has two lobes with a node in between.
e Higher excited states have more lobes and more nodes.

Schmidt modes often resemble this family when the underlying joint spectrum has
approximately Gaussian structure and the correlations can be approximated by quadratic forms.
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That is not guaranteed, but it is common enough that the visual analogy holds: lobes signal
“higher-order orthogonal corrections” capturing increasingly fine spectral structure.

Orthogonality here is not geometric in real space; it is orthogonality under an inner product
over frequency. Two different Schmidt modes integrate to zero overlap. That orthogonality is
what makes them “independent degrees of freedom” in the decomposition. It is also what
makes the Schmidt decomposition so powerful for interpretation: each mode pair is a clean,
nonredundant component of the two-photon state.

3.6 Practical note: why plots show intensity patterns even though phases matter

A subtle point that is worth stating explicitly—because it trips up even careful readers—is that
many visualizations show intensity patterns for Schmidt modes even though the Schmidt
decomposition is fundamentally about amplitudes and phases.

There are two pragmatic reasons.

First, intensity is what is easy to show and easy to recognize. If you plot |u_k(w)|? you get a
nonnegative distribution that visually displays where the mode “lives” in frequency. If you plot
u_k(w) itself, you must show sign (or phase) changes, which is harder to communicate in a
compact colormap without confusing the reader. Lobes are a compromise: they hint at sign
changes because a node between lobes suggests an underlying sign flip, even though the sign is
not explicitly shown.

Second, in experiments, intensity information is often what is most directly accessible. Joint
spectral intensities are measured via coincidence counting. Reconstructing phases typically
requires interferometric techniques, stimulated-emission tomography, or careful phase-
sensitive protocols. Because many papers want to connect theory to measurement, they show
intensity-level images that match what experiments can plausibly obtain.

The cost of this convenience is that intensity-only displays can hide phase structure that matters
for interference and for exact separability. But the Schmidt coefficients A_k*—the bar chart—are
still meaningful as long as they are computed from the full amplitude-level model (or from a
faithful reconstruction). In other words, the bar chart is the robust quantitative claim, while the
mode images are the intuition-building companion.

This is why the figure works so well pedagogically: the bar chart tells you “how much” of each
orthogonal paired mode is present, and the inset patterns give you an embodied sense of what
those modes look like—smooth at low order, increasingly structured at higher order—without
forcing the reader to parse phase plots. Taken together, they make the Schmidt decomposition
feel less like an abstract theorem and more like what it actually is: a mode inventory of biphoton
entanglement.
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4. Explaining the Figure: A Guided Tour for a General Physics Audience

This figure is doing two things at once, and it is worth stating them plainly before diving into
details. The left panel is a compact quantitative summary of frequency entanglement: it is the
spectrum of Schmidt weights, which are invariants of the biphoton state. The right panel is the
intuition engine: it shows representative mode patterns that explain what the “k-th mode”
actually means in terms of spectral structure. If you have never used Schmidt decomposition
before, you can treat this figure as a translation dictionary between an abstract statement (“the
state is multimode and entangled”) and a concrete visual picture (“the state needs a hierarchy
of orthogonal spectral patterns to be represented”).

A good reading strategy is: first read the bar chart as a ranked list of how many independent
mode pairs participate and with what strengths; then look at the insets to understand what
“independent mode pairs” look like in frequency space. The punchline is that frequency
entanglement is not merely a diagonal ridge in a joint spectrum; it is the occupation of multiple
orthogonal paired modes, and the distribution of weights across those modes quantifies both
the amount and the dimensionality of that entanglement.

4.1 The bar chart as an entanglement “power spectrum”

The most helpful analogy for the bar chart is a power spectrum or eigenvalue spectrum. In
turbulence you look at energy versus wavenumber; in PCA you look at explained variance versus
component index; in normal-mode analysis you look at participation of modes. Here you are
looking at A_k? versus mode index k.

Each baris A_k?, the squared Schmidt coefficient of the k-th paired mode. The bars sum to one,
so you can read them as a partition of “how much of the state” lives in each orthogonal mode
pair. The ordering is by size: k = 0 is the largest contribution, k = 1 the next, and so on. That
ordering matters because it tells you compressibility: how well can you approximate the full
two-photon state using only the first few mode pairs?

This is why “entanglement power spectrum” is not merely poetic. It is literally the spectrum of
the reduced state’s eigenvalues. If there were only one bar, the reduced state of either photon
would be pure and the biphoton would be separable. Multiple nonzero bars mean the reduced
state is mixed, and the mixture weights are exactly these A_k2. In other words, this bar chart is
not a heuristic; it is the quantitative statement of entanglement for a pure biphoton state.

When you see a spectrum like the one in the figure—one bar noticeably larger than the rest,
followed by a tail of smaller but non-negligible contributions—you should think: the state is not
maximally high-dimensional, but it is definitely not single-mode either. It is “partly
compressible” but still genuinely multimode.
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4.2 The first mode as the dominant separable-like component

The top inset corresponds to k = 0. Visually, it is smooth and simple: one dominant blob without
internal oscillatory structure. That is exactly what you should expect for the leading Schmidt
mode. The leading mode is the “best rank-1 approximation” to the full joint spectral amplitude:
if you were forced to represent the entire biphoton state as a product of one spectral mode for
photon 1 and one spectral mode for photon 2, the k = 0 term is the product you would choose.

This is why it is fair, for intuition, to call it “separable-like.” It is not saying the state is separable;
it is saying the first Schmidt term is the closest separable approximation to the full state. If A_0?
were extremely close to 1, then the approximation would be almost exact and the state would
be nearly separable. In this figure, A_0? is not close to 1. It is large, but it leaves substantial
probability weight for additional terms. That means: yes, there is a dominant “simple correlated
structure,” but it does not tell the whole story.

In practical terms, the first mode is often what survives aggressive filtering or coupling into a
narrowband interface, because it is smooth and tends to align with the dominant spectral
support. If your goal is to create a clean two-photon resource that couples well to other
systems, you might intentionally design or post-process to emphasize the first few modes. But if
your goal is to exploit high-dimensional entanglement, you want the weight to be more
distributed than this.

4.3 Higher modes as structured corrections carrying entanglement dimensionality

Now look at the k = 2 and k = 5 insets. They have multiple lobes separated by nodes. Those
lobes are not decorative; they are the visual footprint of orthogonality. The second, third, and
higher Schmidt modes must be orthogonal to the first, and the easiest way to achieve
orthogonality over a finite frequency bandwidth is to introduce sign changes across frequency.
When you square the amplitude to make an intensity plot, the sign changes manifest as distinct
lobes with near-zero boundaries between them.

Physically, you can interpret these higher modes as the “structured part” of the biphoton state.
They carry the finer spectral correlations that cannot be captured by a single smooth product
mode. If the system were producing merely a mildly correlated but nearly separable pair, you
would not see substantial weight in these oscillatory modes. Their existence with nontrivial A_k?
indicates that the device is not just shifting a phase or adding a small distortion; it is producing a
genuinely multimode joint structure.

This is the point where a general physics audience can borrow intuition from normal modes in
mechanical systems: the fundamental mode is smooth; higher modes are oscillatory and
encode more detailed spatial structure. Here the “space” is frequency, and the “shape” is the
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spectral pattern. The entangled state is a superposition of these “spectral normal modes,” and
the number of modes needed to represent it is the effective entanglement dimensionality.

4.4 What it means when the fifth mode still has visible weight

The presence of visible weight at k = 5 is not a small detail. It is a compact statement that the
entanglement is not limited to a couple of degrees of freedom. By the time you reach mode
index 5, you are looking at a mode with several oscillations across the spectral support. If \_52
were negligible, the state would effectively be captured by the first few low-order structures.
But when A_5?is still clearly nonzero, it tells you that the state contains higher-order spectral
structure that is not merely noise-level decoration.

There are two complementary interpretations:

e Resource interpretation: a non-negligible fifth mode suggests the state has access to a
higher-dimensional entangled space. This can be good if you aim for high-dimensional
encoding, dense information capacity, or richer two-photon interference.

e Interface interpretation: the same fact can be a challenge if you want to couple this state
into narrowband devices, quantum memories, or mode-selective operations. Higher-
order spectral modes are harder to capture without loss or distortion because they
require phase-stable, mode-matched spectral transformations. In that sense, visible
weight at higher k announces both opportunity and engineering burden.

Importantly, “visible” here should be read quantitatively: the bar chart tells you the exact
weight. The mode images tell you that the weight corresponds to genuinely structured modes
rather than some trivial broad background. When you see multiple lobes in k = 5, you know that
contribution represents a real orthogonal structure, not a minor variation of the fundamental
mode.

4.5 Two “quick reads”: separability test and effective dimension estimate
A figure like this can be read quickly once you know what to look for. Here are two fast
diagnostics that a general physics reader can apply without doing any additional calculation.

First quick read: the separability test.

Ask: is A_0? close to 1? If the first bar dominates and the rest are near zero, the state is nearly
separable in frequency. If several bars carry substantial weight, the state is entangled. This is not
merely a heuristic; for a pure biphoton state, more than one nonzero Schmidt coefficient is
exactly the criterion for entanglement. In practice, “close to 1” means “so close that the
remaining weight is below your experimental significance threshold.” Here, the spectrum clearly
fails that test: multiple bars are significant, so the state is not close to separable.
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Second quick read: the effective dimension estimate.

Ask: how many bars matter, and how evenly are they distributed? If the first few bars are all
comparable, the effective dimension is high. If one bar is dominant and the rest decay, the
effective dimension is moderate. A more refined version of this “by eye” estimate is to use the
idea behind the effective Schmidt number: if you have, say, three modes with weights around
0.2-0.3 each and a tail of smaller modes, you are in a regime where the effective dimension is
several, not dozens, but not one either. The exact number requires the formula, but you can still
learn a lot visually: slow decay and many nontrivial bars correspond to a higher effective
dimension.

Put differently: the bar chart tells you whether the state is compressible. If you can capture
most of the weight in the first one or two modes, it is low-dimensional. If you need many modes
to capture most of the weight, it is high-dimensional. The presence of substantial weight out to
k =5 is already enough to say: this is not a two-mode curiosity. It is a genuinely multimode
frequency-entangled state.

Taken together, these quick reads explain why this figure is so effective. It answers two
guestions at a glance that joint spectral plots often leave ambiguous: “Is the state entangled in a
basis-independent sense?” and “How many independent mode pairs does that entanglement
occupy?” The insets then complete the story by showing that those mode pairs are not arbitrary
labels, but distinct spectral structures—smooth at low order, increasingly oscillatory at higher
order—that collectively build the full biphoton state.

5. From Physics to Gate Language: Why a Two-Photon Interaction Creates These Modes

At first glance, it can feel like a category mistake to talk about a “gate” when what you have is a
piece of nanophotonics: a quantum dot coupled to a waveguide, or some other localized
guantum system interacting with traveling photons. In standard quantum information, gates are
unitary maps on a small, discrete Hilbert space. Here the Hilbert space is continuous
(frequency), the photons are wavepackets, and the interaction is described by scattering. So
why does “gate language” apply at all?

The answer is that scattering is itself a transformation on a quantum state, and in the frequency
domain it is naturally expressed as an operator that maps input spectral amplitudes to output
spectral amplitudes. In the one-photon sector, this map can often be summarized as a
frequency-dependent phase shift or amplitude attenuation: each frequency component gets
multiplied by a complex transmission coefficient. But in the two-photon sector, something
gualitatively new becomes possible. When the device supports a nonlinear pathway that
depends on having two photons present at once, the two-photon wavefunction is not
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transformed as a product of independent one-photon maps. Instead, it undergoes a joint
transformation that couples w1 and w2. That coupling is exactly what entanglement is: the
output cannot be written as “photon 1 transformed” times “photon 2 transformed.” The
Schmidt modes in the figure are the natural eigenmodes of this joint transformation, and the
Schmidt weights are the bookkeeping that tells you how strongly the joint action has mixed and
redistributed spectral structure.

In other words, the appearance of multiple Schmidt modes is not an after-the-fact diagnostic. It
is the signature that the device is acting as a genuinely two-body operator in frequency space.
Gate language becomes appropriate precisely because the device implements a controllable,
designable map in the two-photon subspace—one that can be used to generate and shape
entanglement as a resource.

5.1 Scattering as a frequency-domain transformation, not just a phase shift

If you come from a wave physics background, you are already comfortable with scattering
matrices. You send in an input field and you get an output field related by some linear map. For
a single photon, the same idea applies at the level of quantum amplitudes. If the system is
stationary (time-translation invariant), then frequency is a good label. The one-photon
scattering process is then often diagonal in frequency: each frequency component w is
transmitted or reflected with a complex coefficient t(w) or r(w). In that simple regime, scattering
looks like a frequency filter with phase: it reshapes the photon’s spectrum and adds dispersion-
like phase.

A critical point is that “diagonal in frequency” is not a deep law; it’s a feature of a linear, time-
invariant response in the one-photon sector. The moment you consider two photons interacting
through a nonlinear medium or a saturable emitter, you move into a richer space. The two-
photon input state is described by _in(w1, w2). A purely independent action on each photon
would map this as

Your(w, w2) = t(wq) t(wz) Yin(wq, w3),

which is still separable in the sense that the transformation factorizes. That kind of map can
change marginal spectra and even create classical-looking correlations if your input was already
correlated, but it cannot generate entanglement from an initially separable input.

A genuine two-photon interaction introduces an additional term that does not factorize—often
called a two-photon “bound-state” contribution in waveguide QED language, or more generally
a nonlinear scattering kernel. Then the output takes the schematic form:

WYou: = (independent one-photon response) + (correlated two-photon term).
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The second term couples w1l and w2. It is not a per-frequency phase shift. It is a joint amplitude
redistribution, often strongest near resonances where the emitter can temporarily “store”
excitation and mediate a conditional interaction between photons.

Once you see scattering as “an operator acting on the two-photon wavefunction,” it becomes
obvious why an SVD/Schmidt picture is natural: you want to know what orthogonal input mode
pairs are mapped into what orthogonal output structures, and how much of the output lives in
each coupled channel.

5.2 Energy-time constraints and why they generate correlated structure
Two-photon frequency structure is rarely arbitrary. It is shaped by constraints that are as old as
Fourier analysis: energy conservation, time ordering, and finite interaction times.

If the device is time-invariant overall, there will be constraints related to energy. In parametric
sources, energy conservation often forces wl + w2 to sit near a pump frequency, producing anti-
correlations. In scattering off a localized emitter, the relevant constraint is often that the overall
process respects stationarity, while the internal dynamics impose frequency-dependent phase
delays and resonance denominators.

Time enters because the interaction is not instantaneous. A quantum dot (or any localized
guantum system) has a finite lifetime and finite coherence time. If it absorbs and re-emits, it
introduces a temporal memory. Two photons arriving close together can interact through that
memory: the system’s state after interacting with the first photon affects how it responds to the
second. In frequency language, temporal memory translates into frequency coupling: a system
with internal time dynamics produces frequency-dependent response functions, and when
those dynamics are nonlinear in photon number, they produce non-factorizable joint spectra.

This is the key reason correlated structure shows up as multiple Schmidt modes. A purely
memoryless, linear filter would preserve a single dominant spectral mode for many inputs. A
system with temporal memory and two-photon nonlinearity effectively generates a hierarchy of
spectral features. The lowest mode reflects the broad “envelope” response; higher modes
capture finer interference features created by time ordering and resonance-mediated delays.
Those features are what you see as lobes and nodes in the higher Schmidt modes.

A simple intuition: any mechanism that makes the interaction depend on “how close in time the
photons are” will imprint correlations in frequency, because closeness in time corresponds to
broad structure in frequency and vice versa. Two-photon physics almost always introduces such
time-scale sensitivity, and thus correlated spectral structure is the rule, not the exception.
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5.3 The intuitive mechanism: the device reshapes the joint spectrum, not each photon
separately

A good way to explain the gate-like action without equations is to describe what the device does
to the two-photon wavepacket as a whole.

Imagine launching two independent single-photon wavepackets down a waveguide. If the
device were linear, each photon would experience the same frequency-dependent phase and
amplitude response, independently. The output would be the product of two individually
transformed wavepackets. You could fully understand the output by analyzing one photon at a
time.

Now introduce a mechanism by which the device’s response changes when two photons are
present simultaneously. For a quantum dot, this can happen because the dot saturates (it
cannot absorb two photons the same way it absorbs one), or because there exists a higher-lying
two-excitation pathway that becomes available only for two photons, or because destructive
interference cancels single-photon pathways while leaving a two-photon pathway resonant. In
any of these cases, the transformation no longer decomposes into “photon 1 response” times
“photon 2 response.”

Instead, the device applies a conditional action: it recognizes, in effect, the two-photon sector
and acts differently there. That conditionality is the gate feature. It does not merely rotate each
photon’s spectral mode; it carves and redistributes amplitude across the joint (w1, w2) plane.

This is why the Schmidt modes emerge. The output joint spectrum becomes too structured to
be captured as a single product of one-photon spectra. The state must be expressed as a sum
over multiple paired modes. Each additional Schmidt mode is evidence that the device has
created genuinely joint structure—not just two independent distortions.

For readers used to discrete qubits, a translation might be: instead of applying a phase shift to
each qubit separately, the device applies a phase (and more generally a mode transformation)
that depends on the joint occupancy of the two-photon sector. That dependence creates
entanglement. The difference is that here the “logical basis” is not |0) and |1); it is a set of
spectral modes, and the gate is a transformation in that modal basis.

5.4 What an “effective quadratic interaction” means in plain terms

The phrase “effective quadratic interaction” can sound forbidding, but the plain meaning is
simple: the device behaves as though it implements an interaction that is proportional to the
product of two field amplitudes, i.e., it only “turns on” in the presence of two photons.

In classical nonlinear optics, a quadratic nonlinearity is associated with second-order processes
(like second-harmonic generation). In quantum optics, “quadratic” language is often used more
broadly to mean “second order in the field” or “two-photon.” The point is not the microscopic
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origin of x*(2). The point is the scaling: the effect is negligible for a single photon but becomes
significant when two photons are present together.

In these waveguide quantum-dot proposals, the interaction is “effective” because it is not
literally a bulk material x*(2). It arises from the internal level structure and couplings of a small
guantum system. The system can be engineered so that single-photon transitions are off-
resonant or cancel by interference, while a two-photon pathway is near-resonant. In that
situation, the dominant nonlinear effect in the relevant frequency band is a two-photon
process: the system mediates a correlated scattering event that depends on the simultaneous
presence of two photons.

For intuition, you can think of it as a frequency-dependent version of a conditional phase shift:
¢ If one photon passes, it mostly sees transparency or a gentle phase response.

¢ If two photons pass close together, the system briefly enters a different dynamical
regime and imprints an additional joint response that cannot be assigned to either
photon alone.

That joint response is what produces the correlated term in the two-photon wavefunction, and
that is what populates multiple Schmidt modes. In the same way that a nonlinear coupling in a
mechanical system can excite higher harmonics and additional modes, a two-photon nonlinear
scattering process generates higher-order structure in the joint spectrum. The Schmidt
decomposition simply makes that structure legible: it turns “a complicated 2D pattern” into “a
ranked list of orthogonal mode pairs,” which is exactly what you want if you are going to
describe the device as a gate rather than merely as a scatterer.

The bridge to gate language is then straightforward. A gate is a controlled transformation in a
chosen basis. Here, the relevant basis is a set of spectral modes, and the controlled element is
photon number in the two-photon sector. The effective quadratic interaction is the mechanism
that makes the transformation genuinely two-body. And the Schmidt spectrum is the diagnostic
that tells you how many independent spectral degrees of freedom the gate has entangled.

6. Waveguide Quantum Dots as Engineered Nonlinearities at the Single-Photon Level

The device class behind the figure can be understood as a modern answer to an old problem:
how do you get a strong optical nonlinearity when you only have one or two photons? In bulk
media, nonlinearities are typically far too weak at the single-photon level. Cavities can enhance
interactions by storing light and increasing field intensity, but cavities introduce their own
constraints: narrow bandwidth, fabrication tolerances, and coupling losses. Waveguide
guantum electrodynamics offers a different route. Instead of trapping photons for a long time, it
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concentrates the interaction by forcing photons to pass through a small region where a
guantum emitter dominates the available optical channels. A quantum dot embedded near or
inside a nanophotonic waveguide is a particularly compelling realization: it behaves like an
“artificial atom” with discrete transitions, but it is also a solid-state device that can be
engineered and integrated.

What makes this platform relevant to frequency entanglement is that the physics is inherently
dynamical and spectrally structured. The emitter has resonances, linewidths, and coherence
properties. The waveguide defines a strong, directionally constrained coupling. When two
photons arrive within the emitter’s response time, the system cannot respond to each photon
independently. That non-independence is exactly the seed of a two-photon gate: a
transformation in the two-photon sector that cannot be decomposed into two separate one-
photon transformations. When such a transformation is engineered carefully, the output two-
photon state naturally becomes multimode in frequency, and the Schmidt spectrum becomes a
direct readout of “how strongly and in what manner the device acted as a true two-body
operator.”

6.1 Why waveguide coupling changes the game: strong interaction without cavities

A single emitter in free space typically interacts weakly with an incoming traveling photon. The
photon has many spatial modes it can occupy, and the emitter radiates into many modes as
well. Even if the emitter has a strong dipole transition, only a small fraction of an incident
wavepacket overlaps the exact mode that couples efficiently to that dipole, and only a small
fraction of the emitted light returns to the same mode.

A waveguide changes this by drastically reducing the number of available optical channels. In a
one-dimensional or quasi-one-dimensional setting, the guided mode is not just one option
among many; it is the dominant pathway for both excitation and emission. When the emitter is
well coupled to the guided mode, an incoming photon is far more likely to interact, and the
emitter’s re-radiation is far more likely to be re-injected into that same guided channel. This is
often summarized as “large beta factor” language: a large fraction of the emitter’s radiation
goes into the waveguide mode rather than leaking into unguided modes. The upshot is that a
single emitter can impose a substantial, frequency-dependent scattering response on a single
photon passing by.

In practical terms, this means you can obtain effects that look “strongly nonlinear” without
relying on cavity buildup. The interaction strength is not primarily coming from storing light; it is
coming from mode confinement and channel control. The waveguide funnels the photon
through the emitter’s interaction cross-section in a way that free space does not. This geometry
is naturally compatible with integrated devices and broadband wavepackets, which is an
important reason frequency-domain gate ideas are attractive here: waveguides are inherently
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spectral devices, and the emitter-waveguide response is naturally described as a frequency-
dependent scattering operator.

Just as importantly, the waveguide setting makes the two-photon sector qualitatively distinct. In
free space, two photons can often “miss” the emitter in effectively independent ways. In a
waveguide, both photons are forced through the same channel, which increases the probability

III

that the second photon arrives while the emitter still “remembers” the first. That temporal

memory is the physical doorway to frequency entanglement generation.

6.2 Atomic-like level structures in quantum dots: why four levels matter

Quantum dots are often called artificial atoms because they have discrete optical transitions.
But unlike a simple two-level atom, a real quantum dot typically provides a richer manifold:
ground states, excitons, fine-structure splitting, charged states, biexcitons, and selection rules
that can be tuned by strain, magnetic field, or device geometry. That richness can be used as
engineering material. You do not merely accept a transition; you design an effective level
structure that supports the desired scattering pathways and suppresses the undesired ones.

Why does a four-level structure matter for a frequency-entangling gate? Because two-photon
effects are easiest to isolate when you can arrange interfering pathways. With only two levels,
one photon already drives the dominant resonance, and the second photon mostly encounters
saturation and simple conditional phase effects. You can get nonlinearity, but you have limited
freedom to shape it spectrally and suppress unwanted single-photon distortions.

With four levels, you can implement something closer to “nonlinear optics by interference.” You
can have two intermediate states, two optical transitions, and a route where the system can
undergo a two-photon transition that is resonant even when each individual one-photon step is
not. You can also create conditions analogous to transparency windows in atomic physics:
single-photon scattering channels can be reduced by destructive interference while leaving a
two-photon pathway intact. This is the key design motif behind many engineered two-photon
interactions: you want a system that is quiet in the one-photon sector but active in the two-
photon sector.

For a general physics audience, it is useful to think of four levels as providing two knobs you do
not get in a two-level system:

e You can control the relative phases and detunings of multiple excitation pathways.

e You can separate “single-photon resonance physics” from “two-photon resonance
physics” by placing them at different effective energies.

Those additional degrees of freedom are what make the resulting two-photon transformation
look like a gate rather than a messy filter. They give you a way to craft an interaction that is
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selective to the joint two-photon state, which is exactly what the Schmidt-mode picture reveals
in a clean, quantitative way.

6.3 How suppressing single-photon pathways can emphasize two-photon effects

If you want a device to act as a two-photon gate, a central challenge is that the one-photon
response is usually the loudest thing in the room. A resonant emitter tends to strongly reflect,
absorb, or phase-shift single photons. If your goal is to create a controlled, joint transformation
in the two-photon sector, a large uncontrolled one-photon distortion can swamp the desired
effect. In frequency language, the one-photon response can dominate the output spectral
structure, making the two-photon entangling contribution harder to isolate.

The engineering trick is to suppress or cancel the leading one-photon pathways while keeping a
strong two-photon pathway. There are several physical ways this can happen, and the paper’s
language of “effective quadratic interaction” is essentially a summary of the end result: the
lowest-order, linear response is reduced, so the first non-negligible term in the effective
interaction becomes second order in the field, meaning it only shows up prominently when two
photons are present.

At an intuition level, the suppression idea can be described like this. The system provides two
routes for a single photon to scatter. If those two routes have comparable magnitude but
opposite phase at the relevant frequencies, they can interfere destructively, leaving little net
single-photon scattering in the guided mode. That makes the system appear approximately
transparent to individual photons. However, two photons arriving together can access
additional routes that do not cancel in the same way. For example, a two-photon resonance can
become available through a virtual intermediate state, or the system’s internal occupation
dynamics can break the symmetry that enabled the single-photon cancellation. The result is a
situation where “one photon passes mostly unaffected, but two photons together experience
an additional joint response.”

In frequency space, this is a powerful recipe because it means the output joint spectrum is not
dominated by independent one-photon filtering. Instead, the output acquires a substantial
correlated component that couples the two frequencies. That correlated component is what
populates multiple Schmidt modes. If you successfully suppress the single-photon pathways, the
Schmidt spectrum becomes a more direct reflection of the engineered two-photon physics
rather than a trivial imprint of the one-photon transfer function.

This also explains a common trade-off. The more aggressively you suppress one-photon
scattering by interference, the more sensitive the cancellation can become to detuning,
dephasing, and fabrication variations. Two-photon gate behavior can be strong but also delicate.
In design terms, the Schmidt spectrum is a useful diagnostic precisely because it captures the
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net effect of these competing considerations: it tells you whether the desired correlated
transformation is actually dominating the two-photon output.

6.4 What “gate success probability” means operationally in a scattering device

In textbook quantum computing, a gate is usually described as a deterministic unitary. In
scattering-based photonic devices, the reality is more conditional. The device transforms an
input state into a superposition of outcomes: transmission, reflection, loss into unguided
modes, and sometimes internal excitation that later radiates incoherently. Even within the
“good” outcomes (say, both photons transmitted), the output state may be a sum of a desired
entangled component and an undesired distortion component. For this reason, proposals often
define a “success probability” tied to a specific operational criterion.

Operationally, “gate success probability” usually means something like this: given an input two-
photon state, what is the probability that the output lands in the desired channel and in the
desired form? The channel might be “both photons transmitted forward in the waveguide,” or
“both photons exit in a particular spatial port,” or “both photons remain in a selected spectral
band.” The form might be “the target frequency-entangled state,” or “the output projected onto
a computationally useful subspace.” In many designs, you accept that not every scattering event
yields the clean gate action, so you either postselect on the successful events or use heralding
strategies that identify them.

This is where the Schmidt picture becomes more than an entanglement measure; it becomes a
guality measure. A device can produce strong entanglement in principle but with low
probability of ending up in the clean, usable component. Conversely, a device can have high
throughput but generate only modest entanglement. Success probability is the number that
tells you where you are on that continuum.

For a general physics audience, it is helpful to phrase it in terms of a familiar scattering idea: the
device has a desired output channel and undesired channels. The success probability is the
branching ratio into the desired channel, possibly multiplied by the overlap of the produced
state with a target mode structure. In practice, both aspects matter:

e Channel success: how often the photons remain in the guided mode and in the correct
direction, rather than being lost or reflected into unwanted ports.

e State success: how often the output within that channel matches the intended
entangled mode structure, rather than being contaminated by residual single-photon
distortions or incoherent emission.

The central design message is that waveguide-coupled quantum dots can make two-photon
interactions strong enough to generate measurable frequency entanglement, but turning that
into a gate-like resource requires controlling both the physics and the bookkeeping. You want
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the nonlinear, correlated part of the two-photon scattering to be strong, and you want the
success probability into the clean output to be high enough that the state is not merely a
theoretical artifact. The Schmidt spectrum and the associated mode pictures are a concise way
to display the outcome of that engineering effort: they show not only that entanglement exists,
but how it is distributed across modes and thus how demanding the downstream interfacing
and verification will be.

7. Quantifying Entanglement From the Schmidt Spectrum

Once you have the Schmidt coefficients, the “how entangled is it?” question becomes almost
boring in the best way. The Schmidt spectrum {lambda_k~2} is already the eigenvalue spectrum
of the reduced single-photon state (for a pure two-photon state), so every standard
entanglement metric reduces to simple functions of these numbers. This is why the bar chart in
the figure is so powerful: it is not a stylistic visualization of correlation, but a complete
guantitative summary of bipartite frequency entanglement, up to local (single-photon) changes
of spectral basis.

7.1 Effective Schmidt number: the simplest “how many modes” summary
The most widely used single-number summary of a Schmidt spectrum is the effective Schmidt
number K, defined by

K=1/sum_k (lambda_k~4).

This is the inverse participation ratio of the weights lambda_k”2. It behaves exactly like an
“effective number of occupied mode pairs”:

o If the state is separable, only one coefficient is nonzero (lambda_0=1),soK=1.
e If N mode pairs contribute equally (lambda_k”2 = 1/N for k = 0..N-1), then K = N.

e If the spectrum is uneven, K lands between 1 and the count of visibly nonzero modes,
automatically down-weighting a long tail of tiny contributions.

A closely related quantity is the purity of either photon’s reduced state:
Purity P = Tr(rho_172) = sum_k (lambda_k~4) =1/ K.

This connection is conceptually useful for a general physics audience: entanglement is what
makes each subsystem mixed when you ignore the other, and the reduced-state purity is the
simplest mixedness measure. K is just the reciprocal of that purity.
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In design contexts, K is attractive because it is stable, interpretable, and easy to compare across
devices. It answers a blunt but essential question: “Are we basically in a one-mode world, a few-
mode world, or a many-mode world?”

7.2 Entanglement entropy: what it adds and what it obscures
Another standard scalar is the entanglement entropy of the reduced state:

S =-sum_k (lambda_k"2) log(lambda_k~2).

Entropy adds a different kind of sensitivity. While K is dominated by the largest weights
(because it uses lambda_k”4), S is more sensitive to how broadly the weight is distributed,
including contributions from smaller modes. That makes entropy useful when you care about
the “tail” of the mode distribution, not just the dominant few.

What entropy can obscure is engineering intuition. Two very different Schmidt spectra can yield
similar entropies, especially if one has a few moderately sized modes and another has many tiny
modes. Entropy also does not immediately tell you compressibility: a spectrum with one
dominant mode and a long faint tail may have a modest entropy but still be operationally
difficult if the tail matters for your application. Conversely, a spectrum with three or four strong
modes might have comparable entropy but be easier to harness with mode-selective
operations.

A practical reporting stance for general physics readers is: K gives you a mode-count intuition, S
tells you about spread, and neither alone tells you everything about usability. If you must pick
one number for quick comparisons, K is usually the cleanest. If you can report two, report both
KandS.

7.3 Robust comparisons across devices: why mode metrics beat qualitative spectra

Qualitative joint spectra are informative but fragile. They depend on plotting choices (axes,
binning), experimental resolution, filtering, and whether you are looking at intensity or
amplitude. Two devices can produce joint spectral intensity plots that look similarly “correlated”
but differ significantly in intrinsic entanglement once you compute the Schmidt spectrum,
because entanglement is a basis-independent property of the underlying state, not of the
picture.

Mode metrics help because they are tied to invariants:

e The set {lambda_k”2} does not change under any local spectral basis change applied
separately to each photon (any single-photon unitary in frequency space).

e KandS are functions only of {lambda_k”2}, so they inherit this invariance.
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e Reporting a few additional spectrum features makes comparisons more meaningful than
a single scalar.

For design and comparison, a compact “mode metric pack” that travels well across platforms is:
e lambda_072 (dominance of the best separable approximation)
e K (effective mode count)
e S (spread across modes)

e k 90 (the smallest m such that sum_{k=0}*{m-1} lambda_k”"2 >=0.90), i.e., “how many
mode pairs capture 90% of the state”

e optionally: the shapes or bandwidths of the first few Schmidt modes, because mode
shapes determine how hard the state is to capture and manipulate experimentally

This package is more robust than “the joint spectrum looks more diagonal” because it separates
intrinsic properties (mode weights) from presentation artifacts. It also aligns naturally with
engineering decisions: filters and memories care about mode shapes; multiplexing and coding
care about K; gate quality often cares about how quickly the spectrum decays.

7.4 Experimental proxies: what can be estimated from measured JSIs and what cannot

In theory, Schmidt coefficients come from the joint spectral amplitude psi(omegal, omega2),
including phase. In experiments, what you often measure most directly is the joint spectral
intensity JSI = | psi| 2. That gap matters.

What you can estimate fairly directly from JSI (with caveats):

III

e A “classical” mode count from intensity structure. If you take the square root of the
measured JSI as a stand-in for | psi| and perform an SVD on that nonnegative kernel, you
get a spectrum that often tracks the true Schmidt spectrum when the phase is flat or
slowly varying. This can be a useful heuristic for comparing tuning trends within the

same experiment, but it is not guaranteed to equal the true quantum Schmidt spectrum.

e Bandwidth-ratio proxies under model assumptions. For near-Gaussian JSAs, simple ratios
like marginal bandwidth divided by conditional bandwidth (sometimes called a Fedorov-
type ratio) can approximate K. These are valuable as quick estimates when the state is
close to Gaussian and phase structure is not doing anything exotic.

What you cannot determine from JSI alone, in general:

e The true Schmidt spectrum of the quantum state, because different JSAs with different
phase structure can produce the same JSI. Phase can change entanglement without
changing intensity patterns in an obvious way.
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e Whether apparent multimode structure in intensity corresponds to coherent mode
occupation (true Schmidt modes) versus incoherent mixing, unless you have additional
coherence information.

What experimental information helps bridge the gap:

e Two-photon interference measurements that are phase-sensitive. For example,
interference visibility in suitable configurations can provide access to purities of reduced
states, which relate directly to sum_k lambda_k*4 and therefore to K, in regimes where
the biphoton state is close to pure and the measurement is properly mode-matched.

e Tomographic or interferometric reconstructions of the JSA phase (or at least phase
differences) using techniques designed to recover complex spectral structure. These
approaches are harder than measuring a JSI, but they are what turn “correlation
pictures” into “state characterization.”

A good operational rule for readers is:

e JSlis an excellent way to see the gross geometry of correlations and to debug or tune
devices.

e Schmidt metrics computed from a full complex JSA are the correct way to state
entanglement quantitatively.

e When only JSl is available, you can report intensity-based proxies, but you should treat
them as estimates tied to assumptions, not as intrinsic entanglement invariants.

This is exactly why the figure’s format is so effective: the bar chart is a declaration of the
intrinsic mode weights (in the ideal model), while the mode images communicate the
gualitative structure those weights refer to. The next step in any experimental program is to
decide how much of that intrinsic picture can be accessed with the measurement toolbox at
hand, and what additional phase-sensitive information is required to make the entanglement
claim fully device-independent.

8. Design Trade-Offs: Entanglement, Purity, and Practical Utility

Once frequency entanglement is described in the Schmidt language, the design problem
becomes clearer and, in some ways, more unforgiving. The Schmidt spectrum tells you “how
many orthogonal mode pairs exist and with what weights,” but it does not automatically tell you
whether those mode pairs are easy to generate reliably, route through a photonic circuit, and
measure without destroying the structure that made them valuable. In practice, frequency
entanglement lives at the intersection of three constraints: how strongly the device can create
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correlated structure (entanglement dimensionality), how often the device produces the desired
output state (brightness or success probability), and how coherent and reproducible that state
is across experimental runs (purity and stability). The best design is rarely the one that
maximizes any single axis; it is the one that puts the entanglement where your downstream
operations can actually use it.

This section is best read as a set of “engineering realities” that explain why a beautiful Schmidt
spectrum in theory does not automatically translate into a high-performance resource in the lab
or in a quantum network. The same waveguide-coupled quantum dot physics that creates
strong two-photon interactions also introduces sensitivity to detuning, dephasing, and
fabrication variation. The same spectral richness that gives high-dimensional entanglement can
create mode-matching headaches. The goal is not to discourage the approach, but to clarify
what the Schmidt spectrum is really telling you: it is both a resource inventory and a warning
label about what must be controlled.

8.1 Dimensionality versus brightness: why you rarely get both maximized

A recurring pattern across photonic entanglement platforms is an apparent trade-off between
“how entangled” and “how many pairs per second.” In the present context, you can translate
this as a trade-off between Schmidt dimensionality and success probability/throughput.

High dimensionality usually means many non-negligible Schmidt modes. Physically, that
typically requires the device to generate fine spectral structure: multiple oscillations, sharp
features, or strong frequency coupling over a broad region. Those same ingredients often come
from resonant dynamics with long temporal memory or strong conditional scattering. But strong
resonance and long memory frequently come with costs:

¢ Increased sensitivity to loss channels. A quantum dot or emitter may have decay
channels that do not return to the guided mode. The longer the interaction “dwells” in
the emitter, the higher the probability of losing coherence or losing photons into
unwanted modes.

e Narrower operating windows. Stronger spectral structure tends to be tied to
narrowband features. If the input wavepacket or device environment drifts, you fall out
of the sweet spot more easily, which reduces the fraction of events that land in the
desired output.

e Greater postselection burden. If the “clean entangled component” is produced only for a
subset of scattering outcomes, success probability can be low even while the produced
state is strongly entangled when it does occur.

Brightness, on the other hand, is maximized when the system is forgiving: broad bandwidth, low
loss, minimal sensitivity to timing jitter and detuning, and high probability that both photons
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emerge in the desired channel. Those conditions often push you toward designs that are closer
to linear response and away from strongly structured two-photon dynamics—exactly the regime
where entanglement dimensionality tends to shrink.

In Schmidt terms, you often see the trade-off manifest as follows: pushing parameters to
increase the weight of higher-order modes (flattening the Schmidt spectrum) can reduce the
total probability that the photons remain in the “good” output channel and remainin a
coherent pure state. Conversely, designs that give very high success probability often produce a
Schmidt spectrum that decays steeply, implying low effective dimension.

The practical outcome is that optimization should be application-specific. If you are building a
metrology protocol that benefits from a modest number of clean modes at high repetition rate,
you do not need maximal K. If you are exploring high-dimensional entanglement for dense
encoding, you may accept lower success probability and invest in better heralding or
multiplexing.

8.2 Mode selectivity: when you want a few clean modes instead of many

It is tempting to treat “more Schmidt modes” as automatically better. But in many quantum
photonic applications, the best resource is not the highest-dimensional one; it is the one that
matches the operations you can actually perform.

A few clean modes can be preferable when:

¢ You need high interference visibility. Many protocols rely on interfering photons from
independent sources. That interference is extremely sensitive to mode mismatch. If your
state is distributed across many Schmidt modes with nontrivial phases, matching two
independent devices becomes much harder.

¢ You are interfacing with narrowband systems. Quantum memories, certain detectors,
and many atom-like interfaces have limited bandwidth. They naturally select a small set
of spectral modes. If your entanglement is spread across modes that these systems
cannot accept, the usable entanglement collapses after coupling.

¢ You want simple characterization and calibration. A two- or three-mode resource can be
fully characterized and stabilized with manageable effort. A high-dimensional resource
requires more elaborate mode sorting, calibration, and phase control.

In Schmidt language, “mode selectivity” means shaping the Schmidt spectrum intentionally.
Sometimes you want a spectrum that is steep (dominant first mode), because it ensures high
purity and high compatibility. Other times you want a controlled plateau across, say, the first N
modes, because that is the regime where you can use frequency bins as a high-dimensional
encoding basis.
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The design lever is not only the device itself; it includes how you choose the input wavepackets
and how you post-process the output. You can often trade raw entanglement dimensionality for
mode cleanliness by filtering, temporal gating, or spectral shaping. But every such operation is a
lossy projection in the Hilbert space, and loss does not simply reduce count rates—it can also
change the effective state by mixing in vacuum components or by changing the relative weights
of modes.

So the design question is: do you want maximal entanglement, or do you want maximal
entanglement in a controlled subspace? In practice, the second goal is more often the right one.

8.3 Matching to detectors, filters, and memories: “usable entanglement”

A useful concept for general readers is usable entanglement: entanglement that survives the
entire measurement-and-interfacing chain. A state can be strongly entangled at the output of a
device and yet deliver little usable entanglement after passing through realistic optics and
detection.

The limiting factor is mode matching. Detectors and filters are not neutral observers; they are
mode projectors. Even broadband detectors have spectral response functions. Filters explicitly
choose spectral bands. Quantum memories accept only certain temporal/spectral modes. A
mode-selective frequency beam splitter acts as a unitary in a particular modal basis. All of these
operations define which Schmidt modes are accessible and how they are mixed.

In Schmidt terms, the most operationally relevant questions become:

¢ How much of the Schmidt weight lies in modes that your system can capture? If your
memory accepts essentially one mode, then usable entanglement is bounded by how
much weight you can project into that single mode without destroying coherence.

e Canyou implement transformations that preserve orthogonality and phase across the
relevant modes? High-dimensional frequency entanglement often assumes you can
address and interfere frequency modes with phase stability. That requires frequency-
dependent control elements that are coherent and low-noise.

e Do your measurement processes preserve purity? Partial spectral resolution, time jitter,
and uncontrolled dispersion can effectively trace out degrees of freedom, turning a pure
entangled state into a mixed one. Once the state becomes mixed, entanglement can
degrade sharply.

A practical way to connect this back to the figure is: the presence of higher-order Schmidt
modes is a resource only if you can mode-match to them or deliberately compress them. If your
measurement chain effectively projects onto a single smooth mode, then most of those higher
modes appear as loss or decoherence. Conversely, if you have a mode sorter and coherent
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frequency manipulation, those same higher modes become extra parallel channels for encoding
and processing.

Thus, the same Schmidt spectrum can be “good” or “bad” depending on the downstream
toolchain. A design should be evaluated not only by K or entropy, but by overlap with the modal
acceptance of the full system.

8.4 Sensitivity to dispersion, dephasing, and spectral jitter in realistic systems

Frequency entanglement is inherently sensitive to phase. That sensitivity is both the feature and
the vulnerability. The joint spectral amplitude is a complex object, and the coherent
superposition across frequency pairs is what creates entanglement. Anything that introduces
uncontrolled phase variation or run-to-run variation in resonance conditions tends to degrade
the state.

Three practical noise mechanisms dominate many real systems:

Dispersion.

Dispersion imposes frequency-dependent phase shifts. In a purely single-photon context,
dispersion is often manageable; you can precompensate or treat it as a known unitary. In a two-
photon entangled context, dispersion can do more damage if it is uncontrolled or different
between the two photons. If both photons experience identical, stable dispersion, it is a local
unitary and does not change entanglement, though it can rotate Schmidt modes and complicate
mode matching. But if dispersion fluctuates, differs between paths, or is not well characterized,
it can effectively wash out coherent interference between frequency components, reducing
usable entanglement and flattening or distorting measured spectra.

Dephasing in the emitter.

A guantum dot is not an isolated atom. It sits in a solid-state environment with phonons, charge
noise, and spectral diffusion. Dephasing reduces coherence of the emitter’s response. In
scattering language, it can convert what would have been coherent elastic scattering into
incoherent emission. In frequency entanglement language, that means phase relationships
across the joint spectrum can degrade, and the output two-photon state can become mixed.
Even if the joint spectral intensity looks similar, the entanglement inferred from phase-sensitive
diagnostics can drop.

Spectral jitter and detuning drift.

If the device relies on resonance conditions (and most strong two-photon effects do), then
fluctuations in resonance frequency shift the scattering kernel from shot to shot. When you
average over many runs, the measured state becomes a mixture of slightly different states.
Mixtures reduce entanglement and distort Schmidt spectra. This is particularly punishing for
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high-order modes, which depend on fine spectral structure and thus are more sensitive to small
detunings.

These realities lead to a design principle: robust frequency entanglement favors regimes where
the desired Schmidt structure is not razor-thin in parameter space. If the gate only works when
detunings are tuned to within a tiny fraction of the linewidth, or when phonon-induced
dephasing is negligible, then the state you get in practice will be a degraded version of the ideal.

From a reporting perspective, this is why it is valuable to pair theoretical Schmidt spectra with
sensitivity analyses: how does the spectrum change under modest detuning, added dephasing,
and added dispersion? A design that produces slightly lower K but remains stable under realistic
noise can deliver more usable entanglement than a design that produces a spectacular K in an
idealized noise-free model.

In summary, the Schmidt decomposition is not only a way to celebrate entanglement. It is a way
to see where that entanglement lives and therefore what it will be vulnerable to. High-
dimensional frequency entanglement is a real resource, but it is also a high-resolution structure.
Like any high-resolution structure, it demands stable, well-characterized dynamics. Waveguide
guantum dots provide a pathway to generate it at the single-photon level, but the practical
utility depends on the full chain: device physics, loss channels, stabilization, and mode-matched
measurement and interfacing.

9. How to Use This Diagnostic in Your Own Work

Schmidt diagnostics are attractive because they look “theoretical,” yet they are one of the rare
tools that can be made genuinely practical. If you can obtain a joint spectral description of your
biphoton state—ideally the joint spectral amplitude, but often the joint spectral intensity—you
can extract a compact, basis-independent summary of entanglement content and communicate
it in a way that enables real comparisons across devices, sources, and operating regimes. The
key is to treat the Schmidt analysis as an experimental and numerical pipeline, not as a one-off
plot. When done carefully, it becomes a routine characterization step: you can track how design
changes shift mode weights, how filtering compresses the spectrum, and where your system’s
usable entanglement actually lives.

What follows is a workflow-oriented guide: how to go from data to coefficients, what can go
wrong, what checks keep you honest, and what to report so another group can reproduce your
conclusions.

9.1 A workflow: from measured joint spectrum to Schmidt coefficients
A practical workflow depends on whether you have access to the full complex joint spectral
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amplitude (JSA) or only its magnitude (the joint spectral intensity, JSI). The workflow is best

described in two tiers.

Tier A: You have a complex JSA (best case).

1.

6.

Acquire or reconstruct P(w1, w2), including phase. This might come from a phase-
sensitive reconstruction method, interferometric tomography, or a validated theoretical
model tuned to experimental parameters.

Define the spectral grid and inner product. Choose frequency axes (or detunings) with
consistent units and define the discretized sampling so that integration measures are
handled correctly. In practice, uniform binning in frequency is common, but if your data
are nonuniform you must incorporate weights.

Form the matrix representation. In discrete bins, define a matrix M where M_ij =
P(wl_ i, w2_j) times any needed bin-width factors.

Compute the SVD: M =U X Vt.

Extract A_k from ¥ and form A_k2. Normalize so that sum_k A_k? = 1 (within numerical
tolerance).

Optionally compute scalar summaries: K, entropy, and k_90-style metrics.

Tier B: You only have a JSI (common case).

Here you must be explicit about what you are extracting: it is an intensity-based proxy unless

you also have phase information.

1.

Measure JSI(w1, w2) as coincidence counts on a grid of frequency bins. Correct for
known detector efficiencies and filter transmission if those are strongly frequency
dependent; otherwise you are decomposing your measurement apparatus as much as
the state.

Convert counts to a normalized distribution over the measured window.

If you want a “Schmidt-like” proxy, take A(w1, w2) = sqrt(JSI) as a surrogate amplitude
magnitude and run an SVD on A. This yields a set of singular values that often tracks
trends in entanglement dimensionality but is not guaranteed to equal the true Schmidt
spectrum of the quantum state.

Report clearly that the result is an intensity-derived proxy and state the assumptions
under which it is expected to approximate the true Schmidt spectrum (for example,
approximately flat or slowly varying phase).
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In both tiers, the real conceptual step is the same: you are treating the joint spectrum as a
matrix-like object and extracting its singular values. The output is a ranked list of mode weights.
Those weights are what you compare across conditions, not the raw 2D plots.

9.2 Common pitfalls: resolution limits, windowing artifacts, and phase loss
Most failures in Schmidt analysis are not conceptual; they are numerical and experimental.
Three pitfalls dominate.

Resolution limits.

If your frequency bins are too coarse, you cannot resolve higher-order spectral structure. That
artificially steepens the Schmidt spectrum: high-k modes are merged into lower-k modes, and
your analysis will underestimate entanglement dimensionality. Coarse resolution can also create
spurious smoothness that makes the first mode look more dominant than it truly is.

At the opposite extreme, extremely fine resolution with low counts per bin can produce a noisy
“speckle” JSI, which can artificially populate many small singular values. That looks like a long
tail of tiny Schmidt modes, but it may be measurement noise rather than real physics.

Windowing artifacts.

Your measured joint spectrum always lives inside some finite rectangle in (w1, w2). Cropping
matters. Sharp edges in the measurement window introduce artificial structure in the SVD,
often generating oscillatory modes whose purpose is to represent the boundary discontinuity.
This is the same phenomenon as Fourier ringing, just in a different basis.

Windowing artifacts are especially pernicious when you compare two experiments with
different spectral ranges. A larger window can reveal additional correlations and increase
apparent mode count; a smaller window can compress the spectrum and reduce it. If your goal
is cross-device comparison, you must control the window definition.

Phase loss.

If you only measure JSI and treat sqrt(JSl) as a surrogate amplitude, you are implicitly assuming
that the phase structure does not strongly alter separability. That can be approximately true in
some regimes (near-Gaussian, weak phase variation), and badly false in others (strong
dispersive phase, interference between pathways). The danger is that you may conclude “this
state has K = 6” based on intensity, while the true amplitude-level Schmidt number is
significantly different.

The safe practice is to treat intensity-derived Schmidt spectra as trend diagnostics within a
single experiment or simulation family, not as absolute entanglement claims unless you have
additional phase-sensitive validation.
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9.3 Sanity checks: normalization, convergence, and stability under binning
Schmidt analysis is forgiving if you include a few checks. These checks are simple enough to
become routine.

Normalization check.

Ensure that your amplitude object is normalized. For a true JSA, you want the integral of | |2
over your chosen window to be 1 (or you must renormalize within the window and state that
you have done so). In discrete form, verify that sum_{i,j} | M_ij|? is consistent with your
normalization scheme. After SVD, verify that sum_k A_k? = 1. Large deviations usually mean a
discretization-weight error or an unaccounted bin-width factor.

Convergence check.

Increase resolution (more bins) and see whether the leading A_k? stabilize. For real states, the
first few coefficients should converge quickly as you refine the grid, while higher-k coefficients
may shift. If even A_0? changes significantly with modest changes in resolution, your data are
not adequately sampled.

Stability under binning.

Rebin the data (for example, combine 2x2 bins or shift bin edges slightly) and recompute the
spectrum. If your reported K or leading coefficients swing wildly, you are dominated by
discretization choices or noise. A robust Schmidt spectrum should be qualitatively stable under
reasonable binning changes.

Noise-floor test.

Estimate what singular values you would get from a noise-only matrix with the same count
statistics, or by bootstrap resampling your data. If the tail of your Schmidt spectrum is within
the noise floor, do not over-interpret small modes. In many real experiments, the meaningful
content is in the first several modes, while the tail is where noise and windowing live.

Window sensitivity check.

Repeat the analysis with slightly expanded or contracted spectral windows. If the spectrum
changes dramatically, your chosen window is clipping important structure or including regions
dominated by background. Report the window and justify it physically (for example, the
bandwidth of the source or the region where counts exceed background by a chosen threshold).

These checks turn Schmidt analysis into something you can trust. They also make your results
more persuasive because you can demonstrate that your “mode count” is not an artifact of
plotting choices.

9.4 Communicating results: what to report so others can reproduce comparisons
Because Schmidt decomposition is now common across platforms, the standards for reporting
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are rising. If you want your figures and numbers to be comparable and reproducible, it helps to
report a small, consistent set of items.

Report the measurement or reconstruction basis.

State whether you used JSA (complex amplitude) or JSI (intensity). If JSI, state whether you used
sqrt(JSl) as a surrogate amplitude and label all derived quantities as intensity-based proxies
unless you have phase validation.

Report the spectral window and resolution.
Give the frequency (or detuning) ranges for w1 and w2, the bin width, and any smoothing or
interpolation applied. If you used nonuniform bins, state the weighting scheme.

Report the key Schmidt metrics.

At minimum: A_0?, K, and optionally entropy S. Also consider reporting k_90 (number of modes
needed for 90% weight). If you want to keep it compact, a short table with these metrics across
operating points is more informative than multiple joint spectrum images.

Show the first few mode shapes.

Include representative mode patterns for k = 0, 1-2, and a higher mode if relevant. This helps
readers see whether the higher modes are genuine structured modes or boundary/noise
artifacts. It also supports claims about “mode selectivity” and “usability.”

State uncertainty or stability analysis.

If you have experimental data, include an uncertainty estimate for K and the leading A_k?, either
from bootstrap resampling, repeated measurements, or noise modeling. If you are using
simulations, include sensitivity to parameter variation (detuning, dephasing, dispersion) to show
that the spectrum is not a razor-edge artifact.

Finally, be explicit about what the Schmidt spectrum is being used for.

e Ifitis being used as a true entanglement metric, explain how phase information was
obtained or why phase can be neglected in your regime.

o Ifitis being used as a diagnostic for tuning and comparison, say so, and emphasize
trends rather than absolute claims.

The ultimate goal is a community norm where a Schmidt spectrum is as interpretable and
reproducible as a linewidth measurement or a Q factor. When reported with window,
resolution, and phase assumptions clearly stated, it becomes a universal language for
comparing frequency entanglement across platforms—exactly the kind of language that turns
“beautiful joint spectra” into design-relevant scientific communication.
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10. Outlook: Frequency-Entangling Gates as Spectral Mode Engineers

If you step back from the details, the core conceptual shift is surprisingly simple: we stop
thinking of these devices as “nonlinear scatterers that sometimes produce interesting
correlations,” and start thinking of them as mode engineers that implement controlled
transformations in a high-dimensional spectral Hilbert space. In that framing, “frequency-
entangling gate” is not a metaphor. It is an operational description: the device enacts a
repeatable map from input spectral modes to output spectral modes in the two-photon sector,
and that map can be characterized, optimized, and compared using mode-resolved invariants
like the Schmidt spectrum.

This matters because photonic quantum technology is increasingly bottlenecked not by the
ability to create some entanglement, but by the ability to shape entanglement into forms that
are compatible with routing, interference, multiplexing, and error-tolerant architectures.
Frequency is one of the few degrees of freedom where high dimension is naturally available
without spatial complexity. If gates can sculpt entanglement directly in that degree of freedom,
then “spectral mode engineering” becomes a design language as fundamental as beam splitters
and phase shifters were in earlier eras.

10.1 Why “gate” is the right word when the transformation is mode-selective

Calling a scattering device a “gate” can sound like an overreach if you imagine a gate must be a
deterministic unitary acting on a discrete qubit basis. But the essential meaning of a gate is
narrower and more physical: a gate is a controlled transformation that can be repeated,
composed, and described as an operator acting on a defined state space.

In this context, the defined state space is the two-photon spectral Hilbert space (or a chosen
subspace of it). The device’s action is not merely “add a phase” or “attenuate a band.” It is
mode-selective: it couples and reshapes joint spectral structure, not just the spectrum of each
photon independently. That is precisely what distinguishes a two-photon interaction from a
linear filter.

Mode selectivity is what makes the gate concept concrete. If the device acted identically on
every spectral mode, it would be just a delay line. If it acted only on each photon separately, it
would be just a pair of single-photon transfer functions. The interesting physics happens
because the device distinguishes between different joint-mode components of the two-photon
state. In Schmidt language, you can literally see this: the output is distributed across multiple
paired modes with definite weights. A gate is “the right word” because you can point to a basis
(the Schmidt basis or any chosen modal basis) and say: the device performs a transformation
with a distinctive signature in that basis.
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Even if the gate is not fully deterministic—because of loss, reflection, or postselection—the gate
description remains valid in the same way that a probabilistic linear-optical gate is still a gate.
What matters is that the transformation in the successful channel is structured, characterizable,
and usable as a primitive in a larger circuit.

10.2 Toward programmable spectral entanglement: tunability and control knobs

The most exciting implication of the “mode engineer” framing is that it points toward
programmability. Not necessarily in the sense of universal, arbitrary unitary control over an
infinite-dimensional space, but in the sense of a tunable family of transformations whose action
on spectral modes can be shaped with accessible knobs.

In waveguide quantum-dot platforms, the natural knobs include:

¢ Detuning: shifting the photon carrier relative to transition frequencies changes where
the scattering kernel is strongest.

e Coupling strength to the waveguide: changing the fraction of emission into the guided
mode changes how coherent and how strong the interaction is in the useful channel.

e External fields: electric (Stark tuning), magnetic (Zeeman splitting), or strain tuning can
reshape the effective level structure and interference conditions.

e Input pulse shaping: the spectral envelope of the incoming photons determines which
modes are addressed and how strongly they overlap the device’s sensitive region.

e Polarization or spin selection: when available, it can choose different pathways through
the level manifold, effectively switching which nonlinear response is activated.

What “programmable spectral entanglement” would mean in practice is that by adjusting these
knobs, you could tune the Schmidt spectrum: flatten it to increase dimensionality, steepen it to
make a cleaner few-mode resource, shift the mode shapes to match a memory interface, or
align them with a frequency-bin encoding grid.

The Schmidt perspective makes this tunability measurable. Instead of saying “the spectrum
looks more correlated,” you can say “K increased from ~2 to ~6,” or “the first three modes now
carry 90% of the weight,” or “the dominant mode’s bandwidth matched our filter bank.” That is
already a form of programming: you are steering the transformation toward desired modal
outcomes.

A longer-term vision is to combine multiple such elements (or multiple passes through one
element) to build composite spectral transformations, analogous to how cascaded
interferometers build arbitrary spatial-mode transformations. If the primitive gate has a well-
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understood mode action, then composition becomes a design strategy rather than trial-and-
error.

10.3 Connections to multiplexing, cluster states, and scalable photonic architectures
Frequency entanglement is not just “more dimension.” It is also naturally compatible with
multiplexing and scalability because frequency channels can coexist in the same waveguide, the
same fiber, and often the same spatial mode without requiring additional physical routing
complexity.

This creates several natural connections to scalable architectures:

Multiplexing and parallelism.

A frequency-entangled state can be viewed as multiple paired channels existing simultaneously.
If those channels can be demultiplexed and processed coherently, you gain parallelism without
additional spatial hardware. That is attractive for increasing rates in quantum networking and
for implementing parallel entanglement distribution.

Frequency-bin encodings.

If you choose a discrete grid of frequency bins and engineer the state so that Schmidt modes
align with that grid (or can be rotated into it with low-loss transformations), then frequency
entanglement becomes a direct substrate for qudit-based protocols and high-dimensional
guantum key distribution. In that setting, the Schmidt spectrum becomes a guide to how many
bins are actually populated and how evenly.

Cluster states and spectral graphs.

Many photonic cluster-state proposals rely on repeated entangling operations that stitch
together many modes into a graph state. Frequency offers a large mode pool, and spectral-
mode entangling gates can—in principle—create edges between frequency modes without
needing a different spatial path for each node. The “gate as mode engineer” framing suggests a
route where cluster resources are generated by shaping joint spectral correlations in a
controlled, repeatable way.

Interfacing with integrated photonics.

Integrated platforms already excel at frequency manipulation: microring filters, electro-optic
modulators, and dispersion-engineered waveguides are routine. If the entangling element lives
in the same platform, the full stack—generation, entangling transformation, mode sorting, and
detection—can be integrated. That is important because high-dimensional spectral resources
become valuable only when you can coherently process them. Integration is the path to that
processing.

In all these architectures, the Schmidt picture remains central because it tells you whether the
entanglement you think you are generating is actually present in the modes your architecture
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can address. In scalable systems, the difference between “entanglement exists somewhere” and
“entanglement exists in the accessible subspace” is everything.

10.4 The broader message: entanglement becomes readable when modes become explicit
The broader message of this paper is that frequency entanglement stops being mysterious
when you choose the right language. The joint spectral map is seductive but ambiguous: it
shows correlation patterns, but it does not automatically tell you separability, dimensionality, or
usability. The Schmidt decomposition, by contrast, makes entanglement readable in the same
way that normal-mode analysis makes a vibrating structure readable: it converts a complicated
object into orthogonal components with ranked weights.

This has two consequences.

First, it upgrades the discourse. Instead of arguing about whether a joint spectrum “looks
entangled,” you can point to invariants: the weight distribution, the effective Schmidt number,
the number of modes needed to capture a given fraction of the state, and the shapes of the
dominant modes. Those quantities can be compared across devices, across papers, and across
generations of technology.

Second, it changes design intuition. Once you see entanglement as mode occupation, device
physics becomes a mode-shaping problem. A two-photon interaction is valuable not merely
because it is nonlinear, but because it is a structured nonlinearity that can sculpt the joint
spectrum into a desired mode distribution. That is exactly what the figure is silently
communicating: a gate is not just a switch; it is a spectral sculptor.

In that sense, frequency-entangling gates can be understood as a new kind of photonic
primitive. Traditional optics gives you elements that act linearly on modes. These devices give
you elements that act nonlinearly in a way that is still mode-resolvable and therefore
engineerable. The moment that becomes true, the field gains a new design language:
entanglement is no longer an opaque byproduct of complicated dynamics, but a quantity you
can read off a spectrum, tune with knobs, and optimize for utility.

That is the hopeful outlook: the future of photonic entanglement may depend less on
discovering ever more exotic sources, and more on learning to engineer and stabilize the modal
structure of two-photon transformations—so that the resource is not only present, but legible,
controllable, and scalable.

11. Conclusion: The Figure as a Compact Definition of “How Entangled”
If you wanted a single image to answer the question “How entangled is this two-photon
frequency state?” this figure is unusually close to ideal. The left panel (the Schmidt spectrum) is
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the quantitative definition: it tells you how the biphoton state decomposes into orthogonal
paired spectral modes and how the weight is distributed among those pairs. The right panel
(representative Schmidt mode patterns) is the interpretive bridge: it shows what those abstract
mode indices actually correspond to in frequency space, and why higher entanglement
dimensionality necessarily comes with structured, oscillatory mode content.

Most joint spectral plots show you correlation geometry. This figure goes further: it makes
entanglement readable and comparable. It converts “a complicated 2D pattern” into a ranked
inventory of mode pairs, which is exactly the language you need if you want to design devices,
compare platforms, or argue that a gate is doing more than imposing a fancy phase shift. In that
sense, the figure is not merely illustrating results; it is presenting a compact operational
definition of entanglement for frequency-domain biphoton states.

11.1 What the Schmidt spectrum tells you at a glance

The Schmidt spectrum is the bar chart of A_k2. For a general physics reader, the cleanest way to
interpret it is: each bar is the fractional weight of an orthogonal mode pair in the two-photon
state. The bars sum to one. The more bars that matter, and the more evenly weight is
distributed among them, the higher the effective entanglement dimensionality.

From a glance at the spectrum, you can read several things immediately:

e Separability versus entanglement. If only the first bar is present (A_0? = 1), the state is
essentially separable in frequency: one product mode captures almost everything. If
multiple bars are clearly nonzero, the state is not separable. This is not a vague
“correlation” claim; for a pure state, multiple nonzero Schmidt coefficients are exactly
the criterion for entanglement.

e Compressibility. The rate at which the spectrum decays tells you how many mode pairs
you need to approximate the state. A steep decay means the state is well-approximated
by a small number of paired modes; a slow decay means it is intrinsically high-
dimensional.

o Effective dimension. Even without doing the arithmetic, you can estimate whether the
effective Schmidt number K is closer to 1, to a few, or to many. A spectrum that retains
visible weight out to k = 5 is already telling you “this is not a one- or two-mode
resource.”

e Resource distribution. The spectrum tells you where the “resource” lives. If most weight
sits in the first mode, you have a resource that is easier to mode-match and interface but
less high-dimensional. If weight spreads broadly, you have a higher-dimensional
resource that demands better mode control.
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In short, the Schmidt spectrum is the entanglement answer in the same way a density-of-states
plot can summarize a complex material: it is a compact invariant that captures what matters.

11.2 Why the mode pictures matter for intuition and for engineering

The bar chart alone is quantitative, but it can still feel abstract. The mode pictures make the
abstraction tangible. They show that “mode index” is not a bookkeeping label; it corresponds to
real spectral patterns with increasing structural complexity.

For intuition, the pictures clarify a key fact: higher Schmidt modes must be orthogonal to lower
ones, and orthogonality in a bounded spectral region typically forces nodes and sign changes.
The first mode looks smooth because it is the best rank-1 approximation to the state. Higher
modes look oscillatory because they represent successively finer corrections that cannot be
captured by the smoother components. The lobes in the k = 2 and k = 5 examples are the visual
footprint of that orthogonality requirement.

For engineering, the pictures matter even more because mode shapes translate directly into
hardware requirements:

e Mode matching. A smooth first mode can be captured by simple filtering and coupling
into typical photonic components. Higher-order oscillatory modes require more precise
spectral shaping and phase-stable transformations to access coherently.

e Interface compatibility. Quantum memories, narrowband emitters, and some detection
schemes effectively project onto a small set of spectral modes. If your entanglement
weight is distributed across oscillatory modes that your interface cannot accept, much of
the nominal entanglement becomes unusable.

o Sensitivity. Fine spectral structure is inherently more sensitive to dispersion, detuning
jitter, and dephasing. Seeing that k = 5 has multiple lobes is an immediate reminder that
preserving that contribution requires stability at a correspondingly finer spectral scale.

The images therefore complement the spectrum in exactly the way a mode shape complements
an eigenfrequency list in mechanical engineering: the eigenvalues tell you what exists, the
eigenfunctions tell you what it will take to control it.

11.3 A final synthesis: from abstract correlations to design-relevant metrics

The final synthesis can be stated in one sentence: entanglement becomes a design parameter
once it is expressed in modes. Correlation images are descriptive but ambiguous. Mode
decompositions are diagnostic and actionable.

This figure embodies that transition. It replaces qualitative language (“strongly correlated,”
“highly entangled,” “complex joint spectrum”) with metrics that can be optimized and
compared:
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e The Schmidt spectrum provides a basis-independent quantification of entanglement
content and dimensionality.

e Scalar summaries like effective Schmidt number and entropy reduce the spectrum to
numbers you can track during tuning and across devices.

e Mode images indicate the practical complexity of the resource: how hard it will be to
capture, manipulate, and preserve the entanglement in real photonic systems.

Seen this way, the figure is not merely a result; it is a compact template for communicating
frequency entanglement in a way that general physics readers can understand and
experimentalists can use. It answers “how entangled” in a way that is simultaneously

conceptual, quantitative, and operational. And that, ultimately, is why it is such a good figure: i

turns entanglement from an abstract property into a readable spectrum of modes—an
inventory you can engineer.
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