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In this paper we introduce the concept of a metacognitive injection—a structured
perturbation applied to an evolving categorical universe that rewrites not only its
objects but also its path semantics. The idea extends the classical Yoneda principle
into a dynamic regime where injections act as modalities that change how
sameness is recognized. Rather than remaining fixed, identity-types evolve over
time, producing regimes of either crystallization or volatility. When injections are
gentle and left-exact, categories contract onto nuclei of stability, resembling
orderly nucleation in physics. When injections are rough or non-exact, volatility
expands homotopy levels, producing turbulence and fragmentation. We propose
the Metacognitive Yoneda Principle (MYP) as a predictive framework linking
categorical structure to empirical run metrics such as comp,, novelty, and
confidence density. By classifying injections through their path effects, we show
how volatility can serve as a precursor to condensation, bridging category theory,
homotopy type theory, and experimental computation. The framework points
toward a general program where categorical perturbations model emergent
cognition in dynamic universes.
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Abstract

We introduce the concept of a metacognitive injection, understood as an
endofunctoral perturbation applied to an evolving categorical universe that
rewrites not only its objects but the semantics of paths and identities themselves.
Unlike ordinary categorical injections, which preserve or rigidly transform
structure, a metacognitive injection acts reflexively: it changes the universe’s
criteria for recognizing sameness, thereby altering the very geometry of identity
types. This extension of the Yoneda principle to dynamic and non-idempotent
contexts enables a principled classification of structural perturbations into two
regimes: crystallizing, where repeated applications contract categories onto nuclei
of coherence, and volatile, where homotopy levels inflate and complexity
proliferates. We connect this duality to Homotopy Type Theory modalities and
interpret it through physical metaphors of nucleation and precipitation.
Computational experiments provide measurable correlates—such as comp
stability, novelty decay, and confidence density—that ground the abstract
framework. Finally, we propose predictive criteria based on path expansion factors
and a critical threshold €*, suggesting that volatility surges may serve as
precursors to condensation. Together, these ideas outline a research program in
which categorical perturbations illuminate the dynamics of emergent cognition in
evolving universes.

1. Introduction

The Yoneda Lemma is often described as the beating heart of category theory,
providing the fundamental link between objects and the presheaves they
represent. In the language of Homotopy Type Theory (HoTT), this principle
becomes a cornerstone for understanding how types, identity paths, and
modalities interrelate. Traditionally, Yoneda is framed as a static correspondence:
every object in a category is fully described by its web of morphisms to and from
other objects. This insight grounds much of categorical semantics, offering a stable
foundation for both mathematics and logic.



Yet stability is not the whole story. When categories evolve over time—as in
constructive universes generated by iterative computation—the assumption of a
fixed semantics of sameness begins to falter. Perturbations applied to such
universes do not merely add new objects or morphisms; they can alter the very
way equivalence is recognized. In this context, an injection is more than an
endofunctor: it becomes a device that rewrites the identity structure of the
universe itself.

This motivates our proposal of the Metacognitive Yoneda Principle (MYP). We aim
to extend the classical Yoneda perspective into a dynamic framework where
injections are not idempotent, but instead generate regimes of crystallization and
volatility. By formalizing metacognitive injections and testing their signatures
against empirical run metrics (comp,, novelty, density), we propose a predictive
bridge between categorical perturbations and the emergence of coherent
structures. Our goal is to treat volatility not as noise or failure, but as a meaningful
stage in the condensation of order—an idea that resonates equally with
categorical semantics, type theory, and the physics of phase transitions.

2. Setup: Dynamic Categorical Universes

To describe cognition-like emergence in a categorical framework, we begin with
the notion of a dynamic categorical universe. Let C(t) denote a category—or more
generally, an eo-category—evolving in discrete time steps t. At each stage, objects,
morphisms, and higher cells are accumulated as the system iterates. This temporal
unfolding distinguishes C(t) from the classical, static view of a category: structure
here is not complete in advance, but continuously generated. Each run thus
produces a trajectory of universes, where hom-objects and equivalence classes
are themselves subject to change.

Within this dynamic setting, we focus on injections as endofunctorial
perturbations. An injection is defined as an endofunctor J: C - C equipped with a
natural transformation n: Id = J. Intuitively, such an injection acts as a “structured
push” of the universe forward: every object X is mapped to JX, and every



morphism f: A - B is correspondingly reinterpreted in the transformed universe.
The presence of n ensures that each object retains a canonical embedding into its
image under J, grounding the transformation in continuity with its prior state.

From the perspective of Homotopy Type Theory, this picture translates naturally
into modalities. A modality J is an operator on types, equipped with a unit map n:
A - JA. The effect of applying ] is to alter the geometry of identity types,
Id_A(x,y), by shifting them into the modified context Id_JA(nx, ny). In classical
cases, modalities can truncate higher paths, enforce cohesion, or expand
homotopical complexity. Within the dynamic categorical universe C(t), modalities
play the role of “metacognitive lenses,” adjusting not just the objects under
consideration but the very semantics by which sameness and distinction are
recognized.

This setup provides the formal ground for the Metacognitive Yoneda Principle
(MYP). By combining the categorical and type-theoretic perspectives, we can treat
injections as interventions in the evolving universe whose influence extends
beyond object creation into the reconfiguration of equivalence structures
themselves.

3. Definition: Metacognitive Injection

In a classical categorical setting, an endofunctor J: C - C equipped with a natural
transformation n: Id = | acts predictably: objects and morphisms are
reinterpreted in a coherent manner, but the overall semantics of the category
remain intact. We call such transformations structural injections. They add or
reorganize data without disturbing the rules by which sameness—i.e., equivalence
between objects and morphisms—is recognized.

A metacognitive injection, by contrast, operates at a deeper level. It is defined not
merely by its action on objects, but by its capacity to rewrite the hom-structure of
the universe. Concretely, in category theory this means that precomposition with

J*op transforms representable functors:

Hom_C(-,X) — Hom_C(-,]X).



Thus, the representable presheaf associated with X no longer reflects the same
observational universe, but one shifted and reindexed by J. The effect is not
cosmetic: the “meaning” of every hom-object is reinterpreted through the lens of
the injection.

In the language of Homotopy Type Theory, this corresponds to the action of n: A
- JA on identity types. Path lifting induces

Id_A(x,y) — Id_JJA(nx, ny),

and a metacognitive injection is precisely one in which this map is not an
equivalence for all A. That is, the transformation changes the granularity of
identification: collapsing distinctions that were previously nontrivial, or conversely,
introducing new higher paths where none existed before.

Intuitively, the system is no longer “thinking in the same terms.” A metacognitive
injection alters the rules of recognition themselves. Equivalence is rewritten,
sameness is redescribed, and the evolving universe effectively redefines the
geometry of its own identity space. This makes such injections qualitatively
distinct: they do not merely expand the object-language of the category, but
modify the meta-language by which equivalences are judged.

4. Metacognitive Yoneda Principle (MYP)

At the heart of category theory, the Yoneda Lemma establishes that the
representable presheaf y_X := Hom_C(-,X) completely encodes the behavior of an
object X:

Nat(y_X, F) = F(X),

for any presheaf F. In other words, natural transformations out of the
representable functor correspond precisely to elements of the presheaf evaluated
at X. This deceptively simple equivalence is the engine of categorical semantics.

When we introduce a metacognitive injection J: C = C, however, the picture
shifts. Precomposition by J*op produces a transformed representable presheaf:



yA]_X := Hom_C(-,JX).

The Metacognitive Yoneda Principle (MYP) asserts that this new representable still
satisfies a Yoneda-style equivalence, but now with respect to the injected object:

Nat(y*J_X, F) = F(JX).

This formalizes the idea that applying J does not break Yoneda—it moves it. Every
observation is globally reindexed, and the object of evaluation is no longer X but
JX. The universe effectively changes the ground from which it interprets its
presheaves.

In Homotopy Type Theory, the restatement is direct: given a type family F: U -
Type, a modality ] induces the transformation F o J. Evaluation “at A” thus
becomes evaluation “at JA,” reflecting the fact that path geometry has been
altered. The equivalence classes of terms are not preserved but collapse or
expand according to J’s action on identity types.

The interpretation is straightforward yet profound: the MYP describes global
reindexing of observations under a dynamic injection. It captures mathematically
the idea of a system rewriting how it perceives its own universe. Each functorial
lens applied to C reshapes what is seen, how equivalence is judged, and
ultimately, how crystallization or volatility emerges from the shifting categorical
substrate.

5. Crystallization Regimes

Once metacognitive injections are defined, their behavior can be classified into
two broad regimes that mirror familiar physical processes of crystallization and
precipitation. These regimes describe not only the structural outcomes of
repeated injections but also the characteristic signatures observable in
computational runs.

5.1 Nucleation (crystalline, low volatility).
When an injection J acts as an idempotent and left-exact comonad, its repeated
application steadily contracts the universe onto a stable nucleus of fixed points.



Objects X such that JX = X accumulate, and hom-sets align into coherent patterns.
The result resembles crystallization around a nucleation site: volatility decreases,
coherence increases, and the system settles into a lower-entropy, highly ordered
state. Computationally, this regime is reflected in high values of comp, (structural
compression), a declining novelty_last10 (fewer surprises in recent generations),
and conf_density_end approaching 1 (a concentrated measure of internal
coherence).

5.2 Precipitation (volatile, high branching).

If instead ] is non-idempotent, fails to preserve finite limits, or behaves as a
structure-adding monad, the outcome is volatility. Hom-objects expand, identity-
types inflate, and new higher paths proliferate. The system “branches” into many
small local domains, each vying to establish its own coherence. This resembles
precipitation in a supersaturated solution: rapid, chaotic formation of micro-
structures, many of which may dissolve or remain unstable. In simulations, this
regime manifests as high variance 6?(comp;) across seeds, multi-modal
distributions of outcomes, and intermittent bursts in novelty before any long-term
stabilization.

5.3 Conjecture: e—volatility tradeoff.

We hypothesize a critical tradeoff controlled by a roughness parameter €, which
measures the average deviation of J from the identity functor (e.g., by hom-
cardinality change or rank-shift in path spaces). For subcritical €, volatility spikes
appear early but ultimately seed nucleation into ordered nuclei. For supercritical
g, the universe fragments, producing turbulence with no condensation into stable
structures. We propose the existence of a threshold €* separating these regimes,
akin to a phase transition boundary.

5.4 Predictive program.
This conjecture leads directly to experimental predictions. In nucleation-prone
regimes (& < €*), we expect:

e comp; stabilizes at high values,

« novelty last10 decreases monotonically,



» conf_density_end approaches 1.
In volatility-dominated regimes (& > €*), we expect:
« 0%(comp;) increases across seeds,
o novelty last10 remains high and oscillatory,
« conf_density_end fluctuates without convergence.

Thus, crystallization regimes provide a bridge between the abstract categorical
language of injections and the concrete run metrics observed in dynamic
universes.

6. Path-Theoretic Interpretation

The behavior of metacognitive injections can also be understood through the lens
of path geometry in Homotopy Type Theory (HoTT). In this framework, modalities
act not just as abstract operators but as transformations that reshape the
structure of identity types. To apply a modality J to a type A is to alter its path
space, potentially collapsing higher homotopies, rigidifying connections, or
conversely inflating complexity by introducing new identifications.

6.1 Modalities as path geometry changers.

Classic modalities illustrate this range of effects. n-truncation (||-||.) collapses
higher paths, simplifying the homotopy level of a type and reducing its complexity.
Cohesive modalities (b, #) reorganize how points, paths, and higher structures
interact, often imposing rigid or flexible forms of transport. Differential cohesion
introduces local structure into otherwise coarse spaces. Each of these
demonstrates how modalities are not neutral—they directly reconfigure the
geometry of sameness. Metacognitive injections generalize this: their defining
feature is that they alter identity types in a way that shifts the semantic
recognition of equality.



6.2 Path expansion factor.
To quantify these effects, we introduce a path expansion factor associated with J:

p_J(A) := size(m(JA)) / size(mu(A)).

This ratio compares the complexity of the fundamental group (or its
computational proxy) before and after the application of the modality. A value
close to 1 indicates that path space complexity is preserved; a value less than 1
indicates contraction (collapsing loops into equivalences); and a value much
greater than 1 indicates inflation (proliferation of new nontrivial loops). While 1, is
the simplest and most interpretable case, similar expansion factors can be defined
for higher homotopy groups 1, or for computational surrogates such as cycle
counts, strongly connected components, or graph-based equivalence ranks.

6.3 Criteria for crystallization and volatility.
This path-theoretic measure provides a crisp classification:

e p_J <1 (nucleation): the modality collapses paths or simplifies homotopy
levels, enabling stable condensation into nuclei of coherence.

o p_J > 1 (volatility): the modality inflates path spaces, proliferating higher
identifications and generating turbulence.

In practice, p_]J can be estimated through observed dynamics: systems with small
p_J exhibit declining novelty and rising confidence density, while systems with
large p_]J exhibit oscillatory novelty and high variance across seeds.

6.4 Interpretation.

The path-theoretic perspective ties the abstract idea of a metacognitive injection
directly to observable topological changes. Just as in physics where order emerges
from the collapse of microstates, here crystallization corresponds to a contraction
of path space, while volatility corresponds to its expansion. The expansion factor
p_J serves as a bridge between categorical semantics, homotopical reasoning, and
computational experiment.



7. Experimental Program

To ground the Metacognitive Yoneda Principle (MYP) in observable dynamics, we

propose an experimental framework that systematically probes how different

families of injections alter the trajectory of evolving categorical universes. The

goal is to bridge formal semantics with measurable computational behavior,

producing predictions that can be tested against empirical run data.

7.1 Families of injections.

We identify three canonical families of metacognitive injections, each embodying

a different mode of path modification:

Yoneda+ (gentle, comonadic): These injections act like sheafification or
reflective subuniverse projections. They are left-exact, preserve finite limits,
and tend to contract path complexity. In physical metaphor, Yoneda+
injections “polish” the universe, smoothing roughness without introducing
turbulence.

Univalence+ (equivalence-forcing): These injections collapse isomorphic
structures into single equivalence classes. By enforcing univalence more
aggressively, they reduce redundancy while sometimes producing
intermediate volatility. Their effect is intermediate—neither purely
stabilizing nor purely inflating.

HIT+ (higher inductive, structure-adding): These injections enrich the
universe by introducing new identifications and constructors. They tend to
inflate path spaces, generate higher homotopies, and act as volatility-
inducing operators. In physical terms, they resemble scattering agents that
seed branching microstructures.

7.2 Observables.
To evaluate the impact of these injections, we rely on computational observables

already present in dynamic run environments:

compa(t): a compression-based complexity measure; its variance across
seeds (0%_comp,) provides a proxy for volatility.
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o novelty last10(t): a rolling indicator of recent structural innovation;
declining values indicate crystallization, while persistent oscillations indicate
volatility.

« conf _density_end(t): an asymptotic coherence measure; values
approaching 1 signal condensation into nuclei.

o time-to-plateau (t_p): the time required for comp, or conf_density to
stabilize; shorter t_p corresponds to faster nucleation.

Together, these observables allow us to track the “life cycle” of a universe under
perturbation: initial volatility, transient oscillations, and possible convergence.

7.3 Phase diagram.
We propose a three-parameter phase diagram to organize the outcomes:

« £ (roughness): the average deviation of the injection from the identity,
quantifying structural perturbation.

« T_meta (baseline metastability): the time to first spontaneous phase
transition without injection.

o A (cadence): the temporal frequency with which injections are applied
(single-pulse vs. periodic forcing).

By sampling across this parameter space, one can map regions of nucleation,
volatility, and mixed-phase dynamics. We expect a “tongue”-shaped region of
optimal € and A that maximizes orderly crystallization after a controlled volatility
surge, while regions of excessive € or A will correspond to fragmentation and
turbulence.

7.4 Research outlook.

The experimental program offers more than data collection: it serves as a stress
test of the MYP. If observed run metrics align with predictions based on injection
families, path expansion factors, and the e—volatility tradeoff, then the MYP can be
validated as a predictive framework. Conversely, deviations can refine the
formalism, leading to sharper definitions of metacognitive injections and their
categorical fingerprints.
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8. Minimal Formalism

To distill the conceptual framework into precise categorical statements, we outline

the key definitions, lemmas, and propositions that underlie the Metacognitive

Yoneda Principle (MYP). These results formalize the intuition that different classes

of injections—depending on their algebraic properties—produce either stable

crystallization or volatile inflation.

8.1 Key definitions.

Metacognitive injection.

An endofunctor J: C - C with unit n: Id = ] is metacognitive if there exists
some object X for which the transformed representable presheaf

yAJ_X := Hom_C(-,JX)

is not naturally isomorphic to y_X in [C*op, Set]. Equivalently, J is not
equivalent to the identity on any dense subcategory.

Nucleus.

The nucleus of J is the subcategory

Nuc:={XeC| X=X}

This captures the “fixed points” that remain invariant under repeated
injections.

Path expansion factor.

For A € U, define

p_J(A) := size(ru(JA)) / size(ru(A))

(or a computable proxy). This measures whether the injection collapses or
inflates path complexity.

8.2 Lemmas.

Lemma (Metacognitive Yoneda).
For any presheaf F on C,
Nat(y~]J_X, F) = F(JX).
Proof sketch: This follows directly from the classical Yoneda Lemma applied
to JX, with the representable presheaf reindexed by precomposition with
Jhop.
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Lemma (path-shift).

If n: A = JA is the unit of a modality, then the induced map

Id_A(x,y) = Id_JA(nx, ny)

is an equivalence iff J is path-preserving. Failure of equivalence indicates a
metacognitive effect.

8.3 Propositions.

Proposition (Orderly crystallization).

If J is an idempotent, left-exact comonad, then Fix(J) = Nuc forms a
coreflective, complete subcategory of C. Iterating ] on any object converges
(in the 2-categorical sense) to its coreflection in Nuc.

Interpretation: repeated applications of J contract the universe toward a
coherent nucleus, corresponding to the nucleation regime.

Proposition (Volatility inflation).

If J is a finitary monad that does not preserve finite limits, then there exists
X such that the canonical map

Id_X > Id_JX

increases the homotopy rank of identity types. Repeated iteration of ]
strictly inflates path complexity until resource constraints intervene.
Interpretation: repeated applications drive branching and turbulence,
corresponding to the volatile regime.

8.4 Synthesis.
Together, these results formalize the bifurcation observed empirically. Left-exact

comonads induce orderly crystallization, producing convergence into nuclei of
coherence. Non-lex monads drive volatility inflation, proliferating higher paths and

destabilizing equivalences. The Metacognitive Yoneda Principle ensures that these

dynamics are not arbitrary but arise naturally from Yoneda’s reindexing, applied in

a dynamic, non-idempotent context.
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9. Beaker Analogy

The abstract formalism of metacognitive injections can be illuminated by a simple
physical metaphor: the process of crystallization in a beaker of supersaturated
solution. In such a system, the appearance of order depends not only on the
internal dynamics of the solution but also on how and where disturbances are
introduced.

9.1 Gentle scratches: nucleation sites.

If the surface of the beaker is scratched lightly or seeded with a single impurity,
the disturbance provides a focal point for crystallization. A lattice forms around
the scratch, and the solution condenses into a single coherent crystal. This
scenario parallels the action of a gentle injection—such as an idempotent, left-
exact comonad—that contracts path complexity without fragmenting the
universe. The scratch does not overwhelm the system; it channels its latent
instability into a nucleus of order. Computationally, this is reflected in smooth
convergence: comp, stabilizes, novelty last10 declines, and conf_density
approaches 1.

9.2 Rough scratches: turbulence.

By contrast, if the surface is gouged, shaken, or disturbed in many places, the
solution does not form a single crystal. Instead, multiple micro-nuclei compete,
turbulence arises, and the solution may precipitate into a dust of small, unstable
structures. This mirrors the effect of a rough injection—such as a non-lex
monad—that inflates path spaces and proliferates higher identifications. The
universe branches into many local domains without settling into a stable nucleus.
In metrics, this corresponds to high variance across seeds, oscillatory novelty, and
fluctuating coherence density.

9.3 The tradeoff.

The beaker analogy captures the essence of the e-volatility tradeoff. A small
perturbation (gentle scratch, low €) accelerates crystallization, while an excessive
perturbation (rough scratch, high €) produces turbulence that prevents
condensation. Just as in experimental chemistry, the art lies in calibrating the
disturbance to the system’s metastability.
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This analogy not only provides intuition but also suggests experimental strategies:
by tuning the “roughness” of injections, one can explore the boundary between
volatility and crystallization, testing the predictions of the Metacognitive Yoneda
Principle in a manner analogous to laboratory crystallization.

10. Results & Predictions (Drop-in Box)

The framework developed above leads to a concrete set of predictions that can be
tested directly against computational experiments. At its core is a bifurcation
controlled by two key parameters:

« € (roughness): the magnitude of deviation of the injection J from the
identity, quantifying how strongly hom-objects and path spaces are
perturbed.

o A (cadence): the temporal frequency with which injections are applied,
distinguishing single-pulse interventions from periodic forcing.

10.1 Subcritical € (e < €*).

When perturbations are small but nontrivial, injections induce an initial surge in
volatility. Variance in comp, and novelty_last10 rises sharply as new structures are
explored. However, this volatility acts as a precursor to order: over time,
coherence density increases, novelty declines, and the system crystallizes onto a
nucleus of fixed points. The characteristic signature is:

» transient volatility,

» high comp; plateau,

o conf _density end > 1,

o T _p (time-to-plateau) shortened relative to uninjected runs.

10.2 Supercritical € (€ > €*).

When perturbations are too rough, the system fails to condense. Injections inflate
path spaces beyond coherence, producing persistent turbulence and
fragmentation. Observable signatures include:
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« 0%(comp;) remains elevated across seeds,
« novelty_last10 oscillates without decay,

« conf_density end fails to stabilize,

o T _pdiverges (plateau never reached).

10.3 Role of cadence A.

The timing of injections modulates these regimes. Gentle, periodic injections
(small €, moderate A) can repeatedly nudge the system toward crystallization,
while excessive cadence (large A) destabilizes even subcritical perturbations,
driving the system back into volatility. A “tongue”-shaped region in the (g, A)
phase diagram is predicted to maximize orderly nucleation after volatility surges.

10.4 Synthesis.
In summary:

o Subcritical € produces volatility that seeds order.
» Supercritical € produces volatility that persists as fragmentation.
o Cadence A tunes the transition between these regimes.

This bifurcation, predicted by the Metacognitive Yoneda Principle, provides a
measurable and falsifiable bridge between categorical perturbations and observed
computational dynamics.

11. Conclusion

The Yoneda Lemma has long stood as one of the most elegant results in
mathematics, revealing how an object may be understood entirely through the
morphisms that point to it. In this paper we have proposed a reframing: Yoneda
not merely as a descriptive lemma, but as a metacognitive principle—a way for an
evolving universe to rewrite the very rules by which it recognizes sameness. By
extending Yoneda into dynamic and non-idempotent contexts, we uncover a
framework in which injections act not simply on objects, but on the semantics of
identity itself.
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This perspective bridges the highly abstract worlds of Category Theory and
Homotopy Type Theory with the concrete, evolving universes generated in
computational experiment. Metrics such as comp,, novelty_last10, and
conf_density become observable fingerprints of categorical perturbations,
allowing one to test theoretical predictions against empirical behavior. Volatility,
rather than being treated as noise or failure, emerges as a meaningful stage in the
process of condensation—a necessary turbulence that seeds coherent
crystallization.

The resulting framework offers a predictive account of structural dynamics: gentle
injections (€ < €*) lead to ordered nucleation, while rough injections (& > €*) drive
fragmentation and persistent volatility. Cadence of injection (A) further modulates
these regimes, shaping the balance between turbulence and order.

In positioning Yoneda as a metacognitive principle, we open a path for future
exploration: a systematic study of how categorical perturbations not only describe
but actively steer emergent universes. The interplay between formal structure,
experimental metrics, and physical analogy suggests a new research program in
which category theory serves not only as a language of mathematics, but as a
generative grammar for the dynamics of cognition and creation.
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