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versus NP problem.
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Reader's Note

This book does not claim a solution to the classical P versus NP problem. It begins from a large
archive of exploratory, often Al-assisted papers that tried to attack P versus NP through relativity,
quantum computation, temporal feedback, category theory, homotopy type theory, fractals, physical
parallelism, and other unconventional routes. Several of those papers made claims that do not survive
strict complexity-theoretic analysis. Rather than suppress those failures, the book treats them as
experiments.

The central question is: what would we have to change about computation, representation, or
physical law before hard search genuinely became easy?

Classical P versus NP remains open. Throughout the book, established theorems are separated from
conditional models, thought experiments, engineering tradeoffs, and new speculative synthesis. When
an augmented model is known to have a precise complexity characterization - for example postselected
quantum computation or Deutsch-style closed timelike curves - that characterization is stated explicitly
rather than translated into the misleading slogan that ordinary P equals NP.

The working theme is that computational difficulty often moves rather than disappears. A reduction
in elapsed time may cost exponential hardware. A compact analog device may rely on exponential
precision. A quick query may rely on enormous preprocessing. A fixed-point computer may receive its
power from altered causal law. The proposed Complexity Displacement Principle is offered as a
diagnostic heuristic, not as a proved conservation theorem.

The goal is therefore twofold: to provide enough historical and technical background that the reader
can understand why P versus NP is so resistant, and to preserve the imaginative value of the archive by
rebuilding its failed shortcuts into a comparative study of computational worlds.
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Prologue - The Moment the Answer Appears

There is a particular feeling that accompanies a proposed solution to a famous unsolved problem.
For a few minutes - sometimes a few hours - the landscape seems to reorganize itself. A trick that
looked cosmetic becomes structural. Two ideas from different fields suddenly align. An equation that
previously described physics starts to look like an algorithm. A topological equivalence begins to
resemble a complexity collapse. A feedback loop seems to turn verification into discovery.

The archive behind this book contains many such moments.

One attempt puts a computer in relativistic motion. If external and internal clocks disagree, perhaps
an exponential computation can be made short for somebody. Another attempt uses quantum
superposition: if all assignments can be represented at once, perhaps SAT can be decided without
examining them sequentially. Another replaces search with a closed timelike loop: the answer travels
backward into its own computation and must be self-consistent. Another uses a topos in which objects
representing P and NP can be made equivalent. Another invokes homotopy type theory, hoping that a
path of equivalences can transform a hard search into an easy one. Another notices that an infinitely
detailed fractal can have a tiny generating description and asks whether "infinite work" can be
compressed into finite verification.

Taken one by one, several of these arguments overreached. Taken together, they pose a much better
question than the one they originally tried to answer.

What rule would we have to change before a computationally hard problem really becomes
easy?

That is the experiment of this book.
We will try to cheat.

We will cheat with faster clocks. We will cheat with more processors. We will cheat with quantum
amplitudes, postselection, nonlinear dynamics, and time loops. We will hide answers in real numbers
and initial conditions. We will let DNA molecules enumerate paths, let optical fields interfere, and let
Hamiltonians place solutions in their ground states. We will change representation, equivalence,
observer, and proof system. We will give the machine advice. We will imagine infinite computation
squeezed into finite observer time.

Some cheats fail immediately. Some work only because they spend an exponential resource that was
not being counted. Some define mathematically legitimate computational models stronger than ordinary
computers. A few are astonishing precisely because complexity theory tells us how much stronger the
altered world becomes.

The recurring pattern is that difficulty behaves less like a stain that can be erased than like a cost that
can be displaced.

An exponential search can be traded for exponential hardware.

An online computation can be traded for an enormous precomputed table.
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Algorithmic work can be traded for precision in an analog constant.
Sequential depth can be traded for spatial parallelism.

Search can be traded for a physical fixed-point law.

Sampling can be traded for postselection on an exponentially unlikely event.
A path through a state space can be traded for an extremely small spectral gap.

The book will eventually propose a deliberately cautious heuristic called the Complexity
Displacement Principle:

When an apparently generic hard computation becomes dramatically easier after a change of
model, look for the resource, information, or physical law into which the difficulty has been
displaced.

This is not offered as a theorem. It is an audit method. Sometimes a genuinely better algorithm really
does exploit structure and reduce total computational work. Sometimes the new model truly is more
powerful and the displacement is into an added primitive. Sometimes the work has been hidden by
definition.

The distinction is the entire game.

P versus NP remains unsolved in the standard classical model. The Clay Mathematics Institute
continues to list it among the unsolved Millennium Prize Problems. A correct resolution would require
mathematical work of a different order from the speculative constructions assembled here.

But an unsolved problem can serve as more than a target. It can serve as a calibration standard.

Because P versus NP is so precisely defined, every attempt to escape it forces us to say what has
changed. Did we change the machine? The representation? The allowed operation? The error model?
The hardware scale? The causal structure? The meaning of a computational step? The amount of
precision? The initial information? The observer's access to the answer?

Those questions turn failed proofs into useful experiments.
The book therefore has two stories.

The first is historical. It begins with Hilbert's dream of mechanical decision, passes through Church
and Turing, the birth of complexity theory, Cobham and Edmonds on feasible computation, Cook and
Levin on NP-completeness, Karp's network of reductions, and the later discovery of barriers such as
relativization, natural proofs, and algebrization. This background is not ceremonial. Without it, the
cheats have nothing solid to push against.

The second story is experimental. We take the standard model and violate one assumption at a time.
The experiment becomes most interesting when the violation succeeds.

Ordinary quantum mechanics does not generically turn NP into P. But quantum computation with
postselection has the power of PP. Certain idealized nonlinear modifications of quantum mechanics
would allow polynomial-time solutions to NP-complete and #P problems. Deutsch-style closed timelike
curves elevate polynomial-time computation all the way to PSPACE in the Aaronson-Watrous model.
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Malament-Hogarth spacetime proposals ask whether general relativity could permit forms of
hypercomputation beyond ordinary Turing limits.

Those are not proofs of P = NP. They are arguably more revealing. They show that computational
complexity can act as a spectroscopy of physical law. Change an axiom, and the complexity landscape
responds.

There is also a third, more personal layer to the archive. Much of the material was produced through
human-AlI collaboration. That makes the collection a record of a new kind of mathematical temptation.
Generative systems are extraordinarily good at proposing bridges among distant concepts. They are also
extraordinarily good at producing locally plausible continuations after the decisive proof obligation has
quietly been assumed.

A sentence such as "construct an efficient equivalence from Type_NP to Type_P" can look like a
mathematical step while containing the entire unsolved problem. A phrase such as "the system
converges to the valid fixed point" can hide the question of whether convergence itself is efficient.
"Evaluate all possibilities in superposition" can omit the cost of extracting the correct one.

The archive therefore becomes a case study in epistemology as well as complexity theory: how do
we preserve creative speculation without allowing fluent analogy to masquerade as proof?

The answer adopted here is not to become less imaginative. It is to make the accounting harsher.
Every miracle gets a ledger.

Every new world gets a name.

Every hidden resource gets counted.

And every time the solution to P versus NP seems to appear, we ask one more question:

Where did the difficulty go?
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Chapter 1 - Before Complexity: Hilbert, Church,
and Turing

1.1 The older dream behind P versus NP

Long before anyone wrote the letters P and NP next to each other, mathematics was already haunted
by a more ambitious dream: that reasoning itself might be made systematic. The nineteenth century had
produced a sequence of triumphs in formalization. Geometry could be axiomatized. Algebra could be
abstracted. Logic could be written symbolically. By the opening decades of the twentieth century, it was
natural to wonder whether mathematics might eventually be organized so thoroughly that every
legitimate question could be settled by a definite method.

David Hilbert's program was not a crude fantasy that a machine would soon replace mathematicians.
It was a demand for clarity about proof, consistency, and procedure. In its strongest popularized form,
the dream suggested that mathematical truth might be domesticated: start with formal axioms, apply
explicit rules, and in principle arrive at an answer whenever a well-formed question had one.

The German word Entscheidungsproblem - decision problem - eventually became attached to one
central version of that hope. Could there be a mechanical procedure that takes an arbitrary statement of
first-order logic and determines whether it is logically valid? The question was not about whether a
clever mathematician might sometimes see the answer. It was about a uniform method that always
terminates with the correct verdict.

This distinction - insight versus procedure - will matter throughout this book. P versus NP is often
described informally as a question about easy and hard problems. But the deeper lineage is a sequence
of increasingly precise attempts to say what a procedure is, what resources it consumes, and what
cannot be done by any procedure of the allowed kind.

1.2 What counts as a mechanical procedure?

The difficulty in the 1930s was that the word "mechanical" was intuitive rather than mathematical.
One could say that a calculation follows fixed rules, uses only finitely much information at each step,
and requires no flashes of inspiration. But until that notion was formalized, impossibility claims
remained slippery. To prove that no algorithm exists, one first needs a definition broad enough that
every algorithm is captured.

Several mathematically different proposals appeared almost simultaneously. Alonzo Church used
lambda calculus and the notion of lambda-definability. Kurt Goedel and Jacques Herbrand worked with
recursive functions, later developed by Stephen Kleene. Emil Post described finite combinatory
processes. Alan Turing took a strikingly concrete route: he idealized a human clerk carrying out a
calculation with pencil, paper, finite attention, and a finite repertoire of actions.

Turing's 1936 paper, On Computable Numbers, with an Application to the Entscheidungsproblem,
introduced what we now call the Turing machine. The machine is austere: a finite control, an
unbounded tape divided into cells, a read/write head, and transition rules. Yet this minimal architecture
could imitate the stepwise structure of effective calculation with extraordinary generality.

10



HOW TO CHEAT P VS NP

The important historical point is not that Turing guessed the architecture of modern computers. A
laptop does not resemble an infinite tape. The point is that radically different formalisms for effective
computation turned out to agree on the same class of functions. That convergence gave extraordinary
credibility to what became known as the Church-Turing thesis: anything that is effectively calculable by
a mechanical procedure can be computed by a Turing machine.

It is a thesis, not a theorem, because "effectively calculable" begins as an informal notion. But the
thesis is supported by decades of equivalences among independently motivated models.

1.3 The first wall: undecidability

Once computation had been mathematized, impossibility could be mathematized too. Turing showed
that there is no general mechanical procedure solving the Entscheidungsproblem. Closely related
diagonal arguments imply the impossibility of a universal algorithm that takes an arbitrary program and
input and always decides whether that program eventually halts.

This was a conceptual shock. The barrier was not insufficient memory, engineering, funding, or
human cleverness. The barrier followed from the structure of formal computation itself. There are well-
posed questions whose answers cannot be produced by any algorithm in the standard sense.

For the story of P versus NP, however, undecidability is only the first wall. Most problems
encountered in ordinary algorithm design are decidable. A sorting algorithm terminates. A shortest-path
algorithm terminates. SAT is decidable: brute force can evaluate all possible assignments and
eventually answer yes or no. The problem is not whether an answer can be obtained at all. It is how the
required resources grow as instances become larger.

That transition - from can it be computed? to can it be computed efficiently? - marks the birth of
complexity theory.

1.4 Universal machines and the strange idea of software

Turing's universal machine contained another idea that would become foundational. Instead of
constructing a separate physical machine for every mathematical task, one machine could read a coded
description of another machine and simulate it. Program and data become objects of the same symbolic
universe.

This universality has a subtle consequence for later arguments about exotic computing. When
someone proposes a new device - quantum, analog, relativistic, optical, biological, categorical, or
something stranger - two questions must be separated.

The first is computability: can the new device calculate functions that no Turing machine can
calculate at all?

The second is complexity: even if it computes exactly the same functions, can it compute some of
them with asymptotically fewer resources?

Quantum computers, under standard quantum mechanics, are generally believed to change the
second landscape without changing the first. They do not appear to make the uncomputable
computable, but they can transform the efficiency of important tasks. Hypothetical hypercomputers, by
contrast, are designed to cross the computability boundary itself.

11
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This book will repeatedly ask which kind of boundary a proposed cheat is attacking.

1.5 Computation is not merely physics, and it is not independent of physics

Turing's machine is abstract. It does not specify transistor size, temperature, energy dissipation,
clock rate, or the speed of light. That abstraction is a strength. It lets us compare algorithms without
being distracted by a particular engineering generation.

Yet actual computation is performed by physical systems. A transition rule must be embodied in
matter or energy. Information must be represented. Signals must propagate. Noise must be controlled.
The computer occupies space and time.

This creates a productive tension. The mathematical theory deliberately ignores many physical
details, but a sufficiently radical change in physical law might alter which abstract operations are
realistically available. David Deutsch later emphasized this point in formulating a physical version of
the Church-Turing principle: the laws of physics constrain the universal simulators that can exist in our
universe.

The tension is exactly where many unconventional P versus NP arguments originate. Relativity
changes time. Quantum mechanics changes state space and measurement. Closed timelike curves
change causality. Nonlinear quantum mechanics would change state evolution. Infinite-precision analog
models change what a single stored quantity can contain.

The temptation is then to announce that a hard problem has been "solved." But a careful analysis
must ask whether the classical problem was solved or whether a different computational world was
defined.

1.6 Three levels of impossibility

It helps to distinguish three levels that are often conflated.

Level one: engineering impracticality. A computation may require a billion years on today's
hardware but still have an excellent asymptotic algorithm. Better engineering can matter enormously
here.

Level two: complexity-theoretic intractability. A problem may be decidable but appear to require
resources growing too rapidly with input size. P versus NP lives here.

Level three: uncomputability. No algorithm in the standard model solves the problem on all inputs,
no matter how much finite time one is willing to wait.

These levels are not separated by rhetorical intensity. They are separated by definitions. A million-
fold speedup can rescue an engineering problem while leaving its complexity class unchanged. A new
computational primitive can change a complexity class while leaving computability unchanged. A
genuine hypercomputer would cross the final boundary.

The book's "cheats" will be judged by which level they actually affect.

12
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1.7 Diagonalization: the prototype of a barrier argument

Turing's work also gave computer science a style of impossibility proof: diagonalization. The
general strategy constructs an object that evades every item in a supposed complete list. Related
diagonal arguments underlie many separations in computability and complexity.

But complexity theory soon discovered a frustrating fact. Techniques powerful enough to prove
some hierarchy theorems often fail to resolve P versus NP. The failure is not accidental. Later results on
relativization, natural proofs, and algebrization explain why broad families of apparently reasonable
methods are insufficient.

That history matters because a new P versus NP proposal cannot be judged merely by whether it
contains sophisticated mathematics. The question is whether its proof mechanism actually reaches
beyond known barriers.

1.8 The conceptual inheritance

By 1936, the central intellectual ingredients were in place: computation could be treated as a
mathematical object; universal simulation was possible; some problems were algorithmically
undecidable; and limits could be proved rather than merely suspected.

What did not yet exist was a mature theory of feasible computation. Turing machines told us what a
mechanical procedure could in principle do, not which procedures were practical in a scalable sense.

The next step required a second abstraction. Instead of asking whether a machine eventually halts,
researchers began asking how the running time grows with input size. That move would produce the
language in which P versus NP could finally be stated.

Sources and further reading

Alan M. Turing, "On Computable Numbers, with an Application to the Entscheidungsproblem"
(1936); the historical discussions surrounding Church's lambda calculus and recursive functions;
modern treatments of the Church-Turing thesis and physical computation.

From Computability to Computational Worlds

2004-09

1900 1965 1972 1985 :
Hilbert Cobham/Edmonds Karp Deutsch 155:‘%‘: CP.?(SZES:'LeSC;A%'E
formal decision polynomial feasibility reductions quantum computer algebrization
1936 1971 1975 1991 1998
Church & Turing Cook/Levin Relativization Deutsch CTCs Nonlinear QM
computability NP-completeness barrier Abrams-Lloyd

Figure 6. Historical timeline from computability to modern computational-world models.
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Chapter 2 - From Computable to Feasible: The
Birth of Polynomial Time

2.1 Decidable is not enough

A brute-force algorithm can be perfectly correct and perfectly useless. If a problem with input size n
requires examining 2/\n possibilities, then doubling n does not double the work. It squares the number
of possibilities. At n = 100, the distinction between a million operations and roughly 10A30 operations
is no longer an engineering detail.

This observation seems obvious today, but theoretical computer science needed time to develop a
stable language for it. Early work on computation focused heavily on whether functions were
computable at all. Once electronic computers made large-scale algorithm design a practical discipline, a
second question became unavoidable: which computable procedures scale reasonably?

The answer that emerged was not "fast in seconds.” Hardware changes too quickly for that. Nor was
it "small enough for today's typical instances." What researchers needed was a machine-independent
growth criterion.

2.2 Hartmanis and Stearns: complexity as a formal subject

In the 1960s, Juris Hartmanis and Richard Stearns helped establish computational complexity as a
mathematical field by studying time-bounded computation systematically. The core shift was simple but
profound: attach a resource bound to computation and classify problems according to the amount of that
resource required as a function of input length.

This turns running time into a mathematical object. If T(n) is the maximum number of steps used on
inputs of length n, then the asymptotic behavior of T becomes more important than the runtime of any
single example.

A machine requiring 1000n/2 steps is, asymptotically, different from one requiring 2/n steps even if
the exponential machine happens to win for tiny n. Complexity theory is deliberately interested in
scaling laws rather than isolated benchmark victories.

That abstraction will later protect us from several seductive cheats. A relativistic processor may
reduce seconds per step. A large parallel machine may perform many operations simultaneously.
Specialized hardware may have an excellent constant factor. None of those facts, by itself, changes the
asymptotic number of logical resources consumed by the algorithm.

14
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2.3 Why polynomial time became the working definition of feasible

Alan Cobham and Jack Edmonds independently helped crystallize the idea that polynomial-time
computation marks a robust notion of feasible algorithmic work. The idea is sometimes called the
Cobham-Edmonds thesis.

A polynomial-time algorithm has a running time bounded by n/k times a constant for some fixed k.
The exponent may be large and the constants ugly; practical feasibility is not guaranteed. But
polynomial time has several theoretical virtues.

First, it is stable under composition. If one polynomial-time procedure calls another polynomial
number of times, the resulting computation is still polynomial.

Second, standard reasonable machine models simulate one another with at most polynomial
overhead. A RAM machine, multitape Turing machine, or conventional programming language may
differ drastically in low-level detail, but the broad class of polynomial-time solvable problems is robust.

Third, polynomial versus exponential growth captures an important qualitative divide. For large n,
n/k and c¢n behave radically differently.

The category P - deterministic polynomial time - therefore became the canonical home of problems
considered efficiently solvable in classical complexity theory.

2.4 Edmonds and the idea of a "good algorithm"

Jack Edmonds's 1965 work on matching is historically important not only because it produced a
powerful graph algorithm but because it articulated a theory of efficient combinatorial algorithms.
Problems that looked combinatorially explosive could sometimes be solved by exploiting deep
structure.

This is a useful antidote to the most naive intuition about NP problems. A huge search space does
not prove hardness. Sorting n objects has n! possible orderings, but good sorting algorithms do not
enumerate them. Shortest paths pass through exponentially many possible route combinations, yet
Dijkstra-style and related algorithms avoid exhaustive enumeration.

Thus, the statement "there are exponentially many candidates" is never enough to establish that
exponential time is necessary.

P versus NP is difficult precisely because human ingenuity has repeatedly found structural shortcuts
that bypass obvious search spaces. A proof that P != NP must somehow rule out every possible shortcut,
including ones no one has yet imagined.

2.5 Machine independence and polynomial simulation

Suppose one computer model simulates another with a slowdown of nA3. Complexity theorists
usually regard the two models as equivalent for P-like questions. A polynomial overhead does not
change whether the overall resource bound is polynomial.

This gives us the first version of a theme that will later become "computational relativity." Some
changes of representation or machine are merely changes of coordinates. They alter details while

15
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preserving the broad complexity class. Other changes add genuinely stronger primitives and move us
into a different computational world.

The distinction is analogous in spirit - not mathematics - to choosing a different coordinate system in
physics versus changing the physical law itself. A coordinate transformation can make equations look
different without changing observables. A new force changes what systems can do.

For complexity, polynomial simulation plays the role of an invariance relation. If two models
efficiently simulate one another, then a claimed miracle produced solely by switching between them is
probably bookkeeping rather than a genuine collapse.

2.6 The exponent matters in practice, but not for the definition

Critics sometimes object that polynomial time is too generous. An n*100 algorithm is not practical.
That objection is correct as engineering and incomplete as theory.

Complexity classes are coarse. They are designed to separate broad growth regimes and to support
reductions and structural theorems. Within P, there is a vast hierarchy of practical difficulty. Linear,
near-linear, quadratic, and high-degree polynomial algorithms can have completely different usefulness.

The same warning applies in reverse. An exponential-time algorithm may work beautifully on all
realistic inputs because the worst cases are rare, the exponent is mild, preprocessing helps, or the
instances have special structure.

The definition of P is not a claim that every polynomial algorithm is good software. It is a
mathematical boundary around scalable deterministic computation under a standard resource model.

2.7 Input size is part of the problem

Complexity is measured against the length of the input representation. This apparently innocent fact
produces some of the most important traps in unconventional arguments.

If an integer N is written in binary, its input length is roughly log_2 N. An algorithm polynomial in
N may therefore be exponential in the number of input bits. If a geometric object is specified by a short
formula but expanded into exponentially many explicit points, complexity depends on whether the
formula or expanded list is taken as input.

Likewise, an analog device containing a real number with infinitely many significant digits may hide
an unbounded amount of information in what looks like one physical quantity. A lookup table may
answer queries in constant time while requiring exponential storage. A neural network may answer
rapidly after an enormous training process. A boundary condition may encode the desired solution
before the "computation" begins.

Resource accounting begins with representation.

2.8 Time, space, depth, and other resources

Time is only one computational resource. Space complexity measures memory. Circuit complexity
measures circuit size and depth. Parallel complexity asks how computation scales with many
processors. Communication complexity asks how much information separated parties must exchange.

16
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Query complexity counts accesses to an oracle or black-box function. Proof complexity measures
lengths of proofs in formal systems.

This plurality matters because a shortcut in one resource can be purchased with another. Exponential
parallel hardware can reduce wall-clock time. Massive memory can turn computation into lookup.
High-precision analog storage can hide information in digits. Preprocessing can move cost out of the
online phase.

A serious claim of computational improvement therefore needs a resource vector, not merely a
stopwatch.

2.9 The first hidden-resource principle

Already, before NP-completeness enters the story, we can formulate a rule that will guide the entire
book:

When a computation appears to become dramatically easier, ask which resource has been
increased, preloaded, idealized, or removed from the accounting.

Sometimes the answer is innocuous: a better algorithm truly uses fewer operations. Sometimes the
answer is engineering: more processors or a faster clock. Sometimes the answer changes the
computational model: an oracle, postselection, nonlinear dynamics, a CTC, or infinite precision.

The art is not to forbid such changes. The art is to name them.

2.10 From feasibility to verification

By the end of the 1960s, polynomial time had become a natural language for feasible computation.
But one further conceptual step was needed to formulate P versus NP.

Many hard-looking problems have a striking asymmetry. Finding a solution appears difficult, yet
checking a proposed solution is easy. A Hamiltonian cycle may be hard to discover, but once someone
hands you the sequence of vertices, checking it is straightforward. A satisfying assignment may be hard
to find, but verifying that it satisfies every clause is easy.

The formalization of that asymmetry would produce NP. And once Stephen Cook and Leonid Levin
showed that one problem could represent the difficulty of all of NP, complexity theory acquired its
central riddle.

Sources and further reading

Juris Hartmanis and Richard E. Stearns on computational complexity; Alan Cobham, "The Intrinsic
Computational Difficulty of Functions"; Jack Edmonds, "Paths, Trees, and Flowers" (1965) and related
work on matching; modern discussions of the Cobham-Edmonds thesis.
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Chapter 3 - Cook, Levin, and the Discovery of NP-
Completeness

3.1 The asymmetry between finding and checking

Consider a Boolean formula with variables x_1 through x_n. A satisfying assignment is a choice of
true or false for each variable that makes the formula true. If someone hands us an assignment, we can
evaluate the formula and verify the claim efficiently. But how do we find such an assignment if one
exists?

The naive method tries all 2/An assignments. For modest n, that may be acceptable. For large n, the
search space explodes. Yet the size of the search space alone does not prove there is no shortcut.
Perhaps some undiscovered structure lets us jump directly to a satisfying assignment.

The class NP captures the verification side of this asymmetry. Informally, a decision problem is in
NP if every yes-instance has a polynomial-size certificate that can be checked in polynomial time.
Equivalently, NP can be described using nondeterministic polynomial-time Turing machines.

The word "nondeterministic" causes unnecessary mystification. It does not mean quantum
mechanics, randomness, intuition, or a computer that literally guesses by magic. It is a mathematical
device for expressing existential search. A nondeterministic machine branches into possible
computational paths; the input is accepted if at least one branch accepts within polynomial time.

The certificate formulation is often more intuitive: NP is the class of yes/no problems where yes
answers possess efficiently checkable witnesses.

3.2 Cook's theorem

In 1971 Stephen Cook published The Complexity of Theorem-Proving Procedures. The result now
called the Cook-Levin theorem showed that Boolean satisfiability is NP-complete.

The phrase packs two claims together.
First, SAT is in NP. Given a truth assignment, checking it is easy.

Second, every problem in NP can be transformed into SAT by a polynomial-time reduction. SAT is
therefore at least as hard, under the reduction, as every problem whose yes answers have efficiently
checkable certificates.

The second claim changed the intellectual landscape. Before NP-completeness, one could regard
hard combinatorial problems as unrelated nuisances. After Cook's theorem, there was a universal
structure: if SAT has a polynomial-time algorithm, then every problem in NP does.

The theorem turned SAT into a computational Rosetta stone.
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3.3 How a computation becomes a formula

The heart of the Cook-Levin idea is one of the most beautiful encodings in theoretical computer
science. Take a polynomial-time nondeterministic computation and describe its entire history as a finite
tableau. Rows represent time steps. Columns represent tape cells or local machine state. Variables assert
which symbol appears where, where the head is, and which state the machine occupies.

Then build a Boolean formula enforcing local consistency conditions:

e the first row represents the initial configuration;
eeach row legally follows from the previous row;
eexactly the appropriate symbols and states occur;
*some accepting configuration appears.

Because each transition depends only on local information, the consistency conditions can be
expressed with a polynomial-size formula when the computation lasts only polynomially many steps.

The satisfying assignments to that formula correspond to accepting computational histories.

This construction is far more than a trick. It says that computation itself can be compiled into
constraint satisfaction. SAT does not merely represent one family of logic puzzles. It can encode the
verification structure of every NP computation.

3.4 Levin's independent route

Leonid Levin developed a closely related theory independently in the Soviet Union, including
universal search and completeness ideas. For historical reasons, Western textbooks long emphasized
Cook, but the central theorem is appropriately called Cook-Levin.

The independent discovery is important. Complexity theory was reaching a conceptual attractor:
once polynomial time and efficient verification were formalized, the idea of universal hard problems
became almost unavoidable.

Levin's work also foreshadowed another theme of this book: universal search can systematically
allocate computational effort across candidate algorithms, but universality does not eliminate the
underlying complexity. A meta-algorithm may be within a multiplicative constant of the best program
in a certain description framework while that constant can itself depend exponentially on program
length.

Even universal cleverness has a bill.

3.5 Reductions: the currency of hardness

A polynomial-time reduction from problem A to problem B means, roughly, that any instance of A
can be efficiently transformed into an instance of B so that solving the B instance reveals the answer to
A.

This creates a partial ordering of difficulty. If A reduces to B and B has an efficient algorithm, then
A inherits one. Conversely, if A is believed hard and reduces to B, B is at least as hard as A under the
reduction.
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Reductions let complexity theory move from isolated algorithms to ecosystems. A new algorithm for
one complete problem propagates across an entire class. A lower bound on a suitably complete problem
would have similarly broad consequences.

This is why an alleged P = NP proof must eventually touch an NP-complete problem in an exact,
uniform, polynomially bounded way. It is not enough to make one special optimization instance easier
or to compress one representation. The reduction machinery forces universality.

3.6 Why SAT is a trap for superficial shortcuts

SAT is easy to state and easy to verify, which makes it a magnet for speculative solutions. Many
proposals follow a recurring pattern:

1. encode all 2/n assignments simultaneously in some physical or mathematical object;
2. apply a global operation;
3. claim the satisfying assignment can be read out efficiently.

The first two steps are often plausible in a formal sense. The third is where the hidden resource
enters. If the object is a quantum superposition, measurement limits accessible information. If it is an
analog waveform, resolving the answer may demand exponential precision. If it is a physical mixture,
the number of molecules may grow exponentially. If it is a geometric embedding, constructing or
reading the geometry may encode the original search.

SAT is unforgiving because it forces the complete accounting to be explicit.

3.7 NP-completeness does not mean "requires exponential time"

This is one of the most important corrections in the entire subject. NP-complete means that the
problem is in NP and every NP problem reduces to it in polynomial time. It does not mean that
exponential time has been proved necessary.

If P = NP, NP-complete problems have polynomial-time algorithms. If P != NP, they do not. Thus
calling a problem "NP-complete” is not itself a lower bound separating polynomial from exponential
time.

In everyday language, people often use NP-complete as a synonym for "hopelessly hard." That is
understandable and mathematically imprecise. Real SAT solvers routinely handle enormous industrial
formulas by exploiting structure, clause learning, preprocessing, and heuristics. Worst-case hardness
and practical solvability coexist.

3.8 Certificates and the epistemology of answers

The certificate view of NP has a philosophical appeal that partly explains the fascination of P versus
NP. It separates having an answer from finding it.

A proof can be easy to check and hard to discover. A cryptographic preimage can be easy to verify
and hard to invert. A schedule can be easy to inspect and hard to optimize. A scientific model can be
easy to test against a finite set of observations and hard to infer from them.
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This asymmetry invites metaphors from intelligence, creativity, physics, and even metaphysics.
What if nature "already has" the solution? What if a future boundary condition supplies it? What if a
topological equivalence identifies it? What if an Al recognizes it directly?

Those questions can be stimulating, but NP is precise about what counts. The certificate must be
polynomial in input length, and the verifier must run in polynomial time. The challenge is to turn
efficient recognition into efficient production without smuggling the answer into the model.

3.9 The first great compression of hard problems

Cook-Levin compressed an enormous range of computational tasks into one universal form. This is
the opposite of what many proposed P = NP shortcuts try to do. The theorem does not make hard
problems easy. It shows that their difficulty can be translated.

That translation principle will become central to our later "complexity displacement" idea. Difficulty
can move between representations while remaining difficulty. A scheduling problem becomes SAT.
SAT becomes integer programming. A logical proof becomes a circuit problem. A search space
becomes a physical state space.

Changing clothes is not the same as becoming easy.

3.10 The question finally appears

Once P and NP are defined, one inclusion is immediate:
P is contained in NP.

If a problem can be solved in polynomial time, then a proposed solution can certainly be verified in
polynomial time - one can simply solve the problem again or check the corresponding witness.

The mystery is the reverse inclusion:
Does NP fit inside P?

If yes, then efficient verification and efficient solution coincide at the level of decision problems. If
no, then there exist problems for which short, checkable witnesses cannot always be found by
deterministic polynomial-time computation.

Cook-Levin ensures that we do not need to solve the mystery separately for thousands of problems.
A polynomial-time algorithm for SAT would collapse the distinction. A proof that SAT is not in P
would separate the classes.

This is the fixed target against which every cheat in the rest of the book will be measured.

Sources and further reading

Stephen A. Cook, "The Complexity of Theorem-Proving Procedures” (1971); Leonid A. Levin's
early work on universal search and complete problems; the official Clay Mathematics Institute
description of P versus NP; modern presentations of the Cook-Levin theorem.
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Chapter 4 - Karp's Twenty-One Problems: When
Hardness Became a Network

4.1 From one strange theorem to a map of computation

Cook-Levin could have remained an elegant curiosity if SAT had been the only natural problem
known to possess its universal property. Richard Karp's 1972 paper changed that immediately. In
Reducibility Among Combinatorial Problems, Karp showed that a broad collection of familiar problems
were polynomial-time interreducible through chains of reductions from SAT.

The effect was psychological as well as mathematical. NP-completeness was no longer about an
artificial encoding of Turing-machine histories. It appeared in graph theory, scheduling, covering,
packing, logic, and combinatorial optimization. Problems that researchers had attacked separately were
suddenly connected by a hidden highway system.

Karp's original list contained twenty-one problems. The precise historical list matters less here than
the conceptual shock: computational hardness was portable.

4.2 A reduction is an engine, not an analogy

Interdisciplinary speculation often says that one problem is "like" another. Complexity theory
demands something much stricter. A reduction is an explicit algorithmic transformation with a provable
resource bound and a guarantee that yes and no answers are preserved in the required way.

This requirement protects us from seductive metaphors. A topological object may resemble a
constraint system. A quantum state may contain amplitudes indexed by candidate solutions. A neural
network may organize a landscape that looks like an optimization problem. None of those resemblances
automatically produces a complexity reduction.

The transformation itself must be efficient, and the decoding of the answer must also be efficient.

4.3 Hamiltonian cycle as a running example

A Hamiltonian cycle visits every vertex of a graph exactly once and returns to the starting vertex.
Given a proposed cycle, checking it is easy. Finding one can be hard.

A reduction from SAT to Hamiltonian cycle constructs a graph whose allowable traversals simulate
the choices and consistency conditions of a Boolean formula. The graph grows only polynomially in the
formula size. A satisfying assignment exists if and only if the constructed graph has the required cycle.

The ingenuity is in the gadgets: local graph structures that enforce logical behavior. Variables
correspond to choices, clauses correspond to obligations, and connections ensure consistency.
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This gadget viewpoint will matter later when we examine physical computation. Many proposed
physical solvers build a material system whose stable states encode candidate solutions. The central
question is then whether constructing the system is genuinely efficient, whether its dynamics reach the
desired state efficiently, and whether measuring that state is efficient. The physical device is, in effect,
another reduction target.

4.4 The traveling salesperson problem and the difference between versions

The traveling salesperson problem is often invoked casually as "an NP-complete problem," but one
should distinguish forms.

The decision version asks whether there exists a tour of total cost at most B. With suitable encoding,
this is NP-complete. The optimization version asks for the minimum-cost tour and is NP-hard. The
verification of a claimed tour and its cost is straightforward.

This distinction may look pedantic until a proposed solver returns an approximate route, a
probability distribution, or a physical state whose energy correlates with tour quality. Then the exact
problem specification becomes decisive.

A system that reliably produces tours within 1 percent of optimal may be commercially
revolutionary and irrelevant to an exact P = NP proof.

4.5 Reductions create consequence chains

Suppose an algorithm solves one NP-complete problem in time nA7. Polynomial reductions then
provide polynomial algorithms for all NP problems, although the resulting exponents and constants may
become large.

This is why one credible polynomial-time SAT algorithm would be historic even if useless in
practice. It would establish a structural theorem about computation.

The same consequence chain makes false proofs easier to diagnose. If a proposal says it puts a
particular NP-complete problem in P but the mechanism plainly depends on exponential hardware,
unbounded precision, or a nonuniform table, then the proposal has not achieved the classical
consequence its language implies.

The reduction network forces consistency across claims.

4.6 Completeness as a universal stress test

NP-complete problems make excellent stress tests for computational models because they
concentrate an entire class's difficulty into representative tasks. If a new model is claimed to "solve hard
problems," ask what it does to SAT.

Can it decide satisfiability exactly for every formula?

What is the input encoding?

What resources scale with n?

Does the solver require one physical component per candidate assignment?

How precise must initialization be?
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How long until the correct state can be distinguished from nearby incorrect states?
How is the output read?

These questions turn a vague claim of power into a complexity model.

4.7 Not every problem in NP is known to be complete

The remarkable spread of NP-completeness can create the false impression that NP contains only
easy problems and complete problems. Ladner's theorem shows otherwise conditionally: if P != NP,
then there must exist problems in NP that are neither in P nor NP-complete.

These NP-intermediate problems are mathematically guaranteed under the separation assumption,
although the canonical constructed examples are artificial. Natural candidates have historically included
problems such as graph isomorphism and integer factorization in certain decision forms, though their
exact status is subtler and can change as algorithms improve.

Ladner's theorem reminds us that the complexity landscape is not merely a two-level world.

4.8 Completeness beyond NP

The idea of completeness generalizes. PSPACE has PSPACE-complete problems. PP has PP-
complete problems. Counting class #P has #P-complete functions. Other classes have complete
representatives under appropriate reductions.

This becomes important when we change computational worlds. A Deutsch-style closed timelike
curve model does not merely make some NP problems easy; its polynomial-time power reaches
PSPACE. Postselected quantum computation corresponds to PP. Nonlinear modifications of quantum
mechanics have been shown, in idealized models, to give polynomial-time access to NP-complete and
#P-hard behavior.

Thus the book will not ask only whether a cheat reaches NP. We will ask which class becomes the
new effective frontier.

4.9 Karp's deeper lesson

Karp's reductions teach a lesson that can be stated without any notation:
Hardness is a relation among representations.

A graph problem can carry the same computational burden as a logic problem because one can be
efficiently encoded into the other. Computational difficulty is therefore not tied to the superficial
vocabulary of the task.

This is why exotic reformulations require suspicion. When SAT is translated into geometry, physics,
topology, or biology, the hardness may simply have traveled with the encoding.

The right question is not "does the new representation look simpler?" It is "where did the reduction
place the work?"
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4.10 The network that every shortcut must cross

By the mid-1970s, complexity theory had a robust notion of feasible computation, a class of
efficiently verifiable problems, universal complete representatives, and an expanding network of
reductions.

The P versus NP question had become difficult to evade by changing examples. If a shortcut worked
universally, reductions would spread it. If it worked only on a special representation or instance family,
the limitation had to be acknowledged.

That is the landscape into which our later physical and mathematical cheats will be introduced.

Sources and further reading

Richard M. Karp, "Reducibility Among Combinatorial Problems" (1972); standard texts on NP-
completeness and polynomial reductions; Richard Ladner's theorem on NP-intermediate problems.

Polynomial reductions make hardness portable
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A new representation is not automatically easier: the reduction can carry the difficulty with it.

Figure 7. A conceptual reduction network: NP-completeness makes hardness portable across representations.
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Chapter 5 - SAT, Search, Optimization, and the
Exactness Boundary

5.1 One phrase hides several computational tasks
When people say "solve SAT," they may mean different things.
The decision problem asks whether a satisfying assignment exists.
The search problem asks for a satisfying assignment when one exists.
The counting problem asks how many satisfying assignments exist.

An optimization variant may ask for an assignment maximizing the number or weight of satisfied
clauses.

These problems are related but not identical. Complexity theory becomes confusing when a method
that performs well on one task is advertised as solving another.

5.2 Decision versus search

For many NP problems, decision and search are polynomially related by self-reduction. If we can
decide SAT in polynomial time, we can find an assignment by fixing variables one at a time.

Ask whether the formula remains satisfiable with x_1 = 0. If yes, keep that setting. If no, set x_1 = 1.
Repeat for x_2, x_3, and so on. A polynomial number of calls to a polynomial-time decision procedure
yields a witness.

This matters for claims about consequences. A constructive proof that SAT lies in P would not
merely answer yes/no questions; it would usually enable polynomial-time witness recovery as well.

5.3 Counting is harder terrain

Counting satisfying assignments defines the canonical #SAT problem associated with the class #P.
Counting can be significantly harder than decision under standard complexity assumptions.

Why introduce counting in a book about P versus NP? Because several exotic physical models that
appear only slightly stronger than ordinary computation jump unexpectedly far into counting
complexity. Postselection is one example: postselected quantum polynomial time equals PP, a class
deeply connected to counting gaps. Nonlinear quantum mechanics in the Abrams-Lloyd analysis
reaches NP-complete and #P problems under the altered dynamics.

When the rules change, the first class to collapse may not be NP alone.
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5.4 Exactness is the gatekeeper

Many natural problems have excellent approximate solutions. That is a triumph of algorithms, not a
failure of complexity theory.

Suppose an algorithm estimates the optimal traveling-salesperson tour within 5 percent. That may be
all a logistics company needs. But if the decision problem asks whether a tour of cost at most exactly B
exists, a 5 percent uncertainty can straddle the yes/no boundary.

The same issue appears in continuous relaxations. A hard integer problem may have an efficiently
solvable linear or convex relaxation. The relaxed optimum can provide bounds, guide branch-and-
bound search, or yield approximate solutions. It does not automatically decide the original discrete
problem.

Approximation is useful precisely because it changes the specification.

5.5 Gap problems and why approximation can become complexity

Complexity theory does not treat approximation as second-class. The PCP theorem and the theory of
hardness of approximation show that even obtaining approximate solutions within particular factors can
be NP-hard for some problems.

The key technique is often to create a gap: yes-instances have optimum above one threshold, while
no-instances have optimum below another. An approximation algorithm capable of crossing the gap
would distinguish the cases and thereby solve an NP-hard problem.

This demonstrates how exactness can be encoded into apparently approximate tasks.

It also gives us a diagnostic for speculative physical solvers. If a device returns a noisy energy,
amplitude, phase, or geometric quantity, how large is the separation between yes and no cases? Does
resolving that separation require exponential precision? If so, the hardness has moved into
measurement.

5.6 Worst-case versus average-case

P and NP are defined using worst-case resource bounds. An algorithm is in P only if it runs in
polynomial time on every input of length n, once n is sufficiently large.

Practical problems often come from distributions that avoid worst cases. SAT solvers exploit
industrial structure. Cryptographic assumptions usually require average-case hardness over carefully
chosen distributions. Machine-learning systems are trained and evaluated on distributions, not
adversarially every possible bit string.

A heuristic that solves 99.999 percent of instances quickly can be extraordinary and still fail to put
the problem in P if the remaining cases require superpolynomial time.

This difference is one reason "Al solved an NP-hard problem" headlines require care. Usually the
system solved useful instances, approximated an objective, or learned a distribution-specific heuristic.
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5.7 Parameterized complexity

Another way to refine hardness is to identify a parameter k separate from total input length n. Some
problems that are hard in general become tractable when k is small. Fixed-parameter tractability seeks
algorithms of the form f(k)n”\c, where the potentially explosive part depends only on k.

This framework formalizes a fact engineers use constantly: real instances may possess small
treewidth, bounded degree, few constraints of a difficult type, limited solution size, or another structural
parameter.

A physical or AI method can therefore be valuable by discovering hidden low-parameter structure.
Again, no P = NP claim is needed.

5.8 Phase transitions and hard instance regions

Random SAT exhibits phase-transition behavior as the ratio of clauses to variables changes. Very
underconstrained formulas tend to be satisfiable and easy. Very overconstrained formulas tend to be
unsatisfiable and often easy to certify. The difficult region lies near a transition where global
consistency becomes delicate.

Such phenomena are fascinating because they make hardness look like physics. Order parameters,
transitions, energy landscapes, and glassy behavior enter the discussion.

But phase-transition structure describes distributions and typical behavior, not the full worst-case
class. A polynomial-time algorithm for random instances near a particular density does not settle
classical P versus NP.

5.9 Proofs as certificates

SAT also connects computational complexity to mathematical proof. An assignment is a certificate
of satisfiability. What certifies unsatisfiability?

In coNP, no-instances of NP languages have short certificates. Whether NP equals coNP is itself a
major open question. Proof complexity studies formal proof systems for propositional tautologies and
asks how long the shortest proofs must be.

The search/verification gap therefore reappears inside mathematics: even when a short proof exists,
finding it may be difficult. Later, this will provide a rigorous counterpart to the archive's fascination
with the difference between knowing and discovering.

5.10 The exactness audit

Whenever a proposed shortcut is presented, the following questions should be asked before anything
else:

*]s the target decision, search, counting, or optimization?
¢[s the answer exact or approximate?

*What error probability is allowed?

*]s the guarantee worst-case, average-case, or empirical?
*What is the input representation?
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*Does witness recovery remain efficient?
*[s preprocessing included?
*What precision is required to distinguish yes from no?

Many dramatic claims become useful but modest the moment this audit is performed.

Sources and further reading

Standard treatments of SAT self-reducibility, #P, approximation algorithms, parameterized
complexity, random SAT, proof complexity, and the PCP theorem; Sanjeev Arora and Shmuel Safra's
work on probabilistic checking of proofs.
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Chapter 6 - The Complexity Landscape: P, NP,
coNP, PSPACE, PP, and BQP

6.1 P versus NP is one border in a continent

Popular discussions often draw two circles labeled P and NP and stop there. For the purposes of this
book, that picture is too small. The exotic models we will examine do not merely threaten one border;
they move computation through a larger landscape of classes.

A rough map helps us interpret what a supposed shortcut actually buys.

6.2 P and NP

P contains decision problems solvable by deterministic polynomial-time algorithms.

NP contains decision problems whose yes-instances have polynomial-size certificates verifiable in
deterministic polynomial time.

We know P is contained in NP. Whether the containment is strict is unknown.

The canonical complete problem for NP is SAT and its many variants.

6.3 coNP

coNP consists of complements of NP languages. If a language L is in NP, then its complement is in
coNP.

For SAT, the complement asks whether a Boolean formula is unsatisfiable. A satisfying assignment
is a short witness of satisfiability. There is no known analogous polynomial-size witness for every
unsatisfiable formula that is efficiently verifiable in a fixed universal proof system, unless major
complexity collapses occur.

It is unknown whether NP = coNP. A proof that P = NP would imply P = NP = coNP, because P is
closed under complement.

6.4 PSPACE

PSPACE contains problems solvable using polynomial memory, regardless of how much time is
required. Since a polynomial-time computation can touch only polynomially many tape cells, P is
contained in PSPACE. NP is also contained in PSPACE.

PSPACE includes problems that model long games, planning with alternation, and quantified
Boolean formulas. QBF - Boolean formulas with alternating existential and universal quantifiers - is
PSPACE-complete.
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PSPACE will become central when we discuss closed timelike curves. Aaronson and Watrous
showed that polynomial-time classical and quantum computation equipped with Deutsch-style CTC
access both have exactly PSPACE power.

That is not a vague "P = NP under time travel" statement. It is a precise characterization of a
different world.

6.5 Randomized classes: BPP and PP

BPP is the class of decision problems solvable in polynomial time by a randomized algorithm with
bounded error. The error can be driven exponentially small by repetition.

PP is much more permissive. A PP machine accepts if more than half of its random branches accept,
even if the advantage over one half is exponentially tiny. This makes PP a surprisingly powerful class.

Postselected quantum computation lands exactly at PP. That result will later serve as one of our
clearest examples of a tiny-looking change in allowed operations producing a large complexity jump.

6.6 BQP

BQP - bounded-error quantum polynomial time - is the standard class associated with efficient
quantum computation.

Shor's algorithm puts integer factoring and discrete logarithms in BQP. Grover's search algorithm
gives a quadratic improvement for unstructured search. Neither result shows NP is contained in BQP.

Indeed, oracle results and black-box lower bounds give reasons to doubt that ordinary quantum
parallelism generically collapses NP-complete search. The full unrelativized relationship between NP
and BQP remains unknown.

The distinction is crucial: quantum computers can be dramatically more powerful for particular
structures without being universal NP solvers.

6.7 #P and counting

#P is a class of counting functions rather than decision languages. A #P function counts the number
of accepting paths or witnesses associated with an NP-style verifier.

#SAT asks for the number of satisfying assignments. It can encode much more information than the
yes/no SAT question.

Counting classes appear repeatedly at the boundary between physics and computation because
amplitudes, partition functions, path sums, and probabilistic weights naturally aggregate over many
configurations.

A physical system may appear to "sum all possibilities at once," but extracting an exact count can be
computationally difficult. Once again, representing a quantity physically is not the same as reading it
with polynomial resources.
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6.8 EXP and hierarchy thinking

EXP contains problems solvable in deterministic exponential time. Time hierarchy theorems show
that giving a machine more asymptotic time genuinely increases what it can compute within such
hierarchies.

This is worth emphasizing because complexity theory is not merely pessimistic folklore. We can
prove many separations when the resource gap is large enough. The special difficulty of P versus NP
arises from the interaction between determinism, nondeterminism, and polynomial bounds.

6.9 Oracles and relativized worlds

An oracle is an ideal black box that answers membership questions for some language in one step.
We can define PAA and NPAA for machines equipped with oracle A.

Baker, Gill, and Solovay famously constructed oracles A and B such that PAA = NPAA while PAB =
NPAB. Therefore any proof technique that works identically relative to every oracle cannot resolve the
unrelativized question.

Oracles are not merely a technical nuisance. They are conceptual prototypes of hidden power. A
physical boundary condition, precomputed table, future message, trained network, or infinitely precise
constant can sometimes function like advice or an oracle if it supplies information not generated within
the counted computation.

6.10 The map is model-dependent but not arbitrary

Complexity classes are defined relative to computational models and resource bounds. This does not
make them subjective. Once the model is fixed, the definitions are exact.

Nor does model dependence make every distinction meaningless. Standard machine models that
simulate one another with polynomial overhead produce the same P. Standard quantum circuit and
quantum Turing-machine models define equivalent notions of efficient quantum computation under
suitable assumptions.

The useful distinction is between frame changes that preserve polynomial simulation and world
changes that add stronger primitives.

6.11 Why the larger map makes the book more interesting

If the only question were "does this trick prove classical P = NP?", most exotic proposals would be
dismissed in a paragraph.

The larger map lets us ask a better question: what computational class does the trick actually
generate?

Ordinary quantum mechanics gives BQP.
Quantum postselection gives PP.

Deutsch-style CTCs give PSPACE.
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Certain nonlinear modifications of quantum mechanics give polynomial-time access to NP-complete
and #P problems in the idealized theory.

Hypercomputational spacetime proposals aim beyond Turing computability itself.

Now the failed shortcuts become probes. Each one tells us which physical or logical axiom was
doing hidden computational work.
Sources and further reading

Standard complexity texts; Bernstein and Vazirani on quantum complexity theory; Baker, Gill, and
Solovay on relativization; Aaronson on postselection; Aaronson and Watrous on CTC computation.
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Chapter 7 - Decision, Search, Optimization, and
Counting: Four Different Questions

7.1 The innocent-looking word "solve"

Discussions of P versus NP often use the verb solve as if it named one activity. In complexity theory
it does not. A single combinatorial structure can support several computational questions with very
different logical forms. For a Boolean formula, one may ask whether a satisfying assignment exists,
find one if it exists, find the assignment that optimizes an additional score, count all satisfying
assignments, sample from the satisfying assignments, or certify that no satisfying assignment exists.
Those requests are related, but they are not interchangeable.

This matters throughout this book because many proposed shortcuts quietly move from one task to
another. A physical device may indicate that a solution exists without revealing it. A quantum state may
encode many candidates while measurement returns only a small amount of classical information. An
analog system may settle into a low-energy configuration without providing a scalable method for
preparing, reading, or certifying the ground state. A proof system may verify a claim without giving a
method for discovering the proof. Before asking whether computation has become easy, we must ask:
which computational problem became easy?

7.2 Decision problems and why complexity theory likes yes-or-no questions

The canonical formulation of P and NP uses decision problems. A decision problem is a language: a
set of finite strings for which the correct answer is YES. The Boolean satisfiability problem SAT asks
whether a formula has at least one satisfying assignment. Hamiltonian Cycle asks whether a graph
contains a cycle that visits every vertex exactly once. The decision form of Traveling Salesman asks
whether there is a tour of total cost at most a given threshold.

Decision problems are mathematically convenient because reductions compose cleanly. A
polynomial-time many-one reduction transforms an instance x of one language into an instance f(x) of
another language so that x is YES exactly when f(x) is YES. Once the transformation is efficient, a
solver for the target language becomes a solver for the source language.

The reduction framework is one reason NP-completeness became such a powerful discovery. It
allows the hardness of thousands of superficially unrelated problems to be transported through a
common yes-or-no interface.

7.3 Search: finding the witness

NP is usually introduced through certificates or witnesses. For a YES instance X, there exists a
polynomial-size string w such that a polynomial-time verifier V accepts the pair (x,w). SAT's witness is
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an assignment. Hamiltonian Cycle's witness is an ordered list of vertices. Subset Sum's witness is a
selection of input numbers.

The associated search problem asks for the witness itself. For many standard NP-complete
problems, decision and search are polynomially interreducible by self-reduction. Suppose we have an
oracle that tells us whether a SAT formula is satisfiable. We can ask whether the formula remains
satisfiable after setting the first variable to 0. If YES, keep 0. If NO, set it to 1. Repeat. With only a
polynomial number of calls to the decision oracle, a full satisfying assignment is recovered.

This is a useful warning. A claimed device that only flashes YES or NO may still be
computationally powerful if it can be queried repeatedly on modified instances. Conversely, a one-shot
physical demonstration that some solution exists may be much weaker than a uniform algorithmic
decision procedure.

7.4 Optimization: best is harder to state than good

Optimization problems ask for the best feasible object according to an objective function. The
optimization version of TSP asks for the shortest tour. The decision version asks whether a tour shorter
than B exists. If edge weights have ordinary finite encodings, an efficient exact decision procedure can
often be used with binary search to recover the optimum value and then a corresponding solution.

But practical optimization introduces distinctions that P-versus-NP slogans conceal. Many
applications do not require the exact optimum. They require a route within 2 percent of optimal, a
schedule that meets deadlines, or a protein conformation that is biologically useful. Approximation
algorithms, heuristics, local search, branch-and-bound, and modern mixed-integer solvers can therefore
be enormously valuable without changing the worst-case status of the exact decision problem.

The difference between exact and approximate computation will recur in the archive. Several earlier
papers treated an approximation to an exponentially large expression as if it were an exact algorithm for
an NP-complete decision problem. That move is illegitimate unless approximation error can be
controlled tightly enough to preserve the YES/NO boundary for every relevant instance.

7.5 Counting: from NP to #P

Now make a seemingly small change to SAT. Instead of asking whether at least one satisfying
assignment exists, ask how many satisfying assignments exist. This is the counting problem #SAT and
it belongs to the class #P introduced by Leslie Valiant. The output is no longer one bit. It can contain
information about an exponentially large set of witnesses.

Counting exposes a crucial feature of complexity: verifying one witness is not the same as
understanding the whole solution space. A SAT instance may have zero satisfying assignments, one, or
nearly all 2/n assignments. Distinguishing these cases can be much harder than locating one witness.

Many quantities in statistical physics, reliability, Bayesian inference, and combinatorics are naturally
counting quantities. Partition functions sum contributions over enormous configuration spaces.
Probabilistic inference aggregates weights over many latent states. A system that efficiently finds one
legal configuration has not necessarily solved the counting problem.
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This distinction also clarifies why postselection and related nonstandard models are so striking.
Postselection can condition on an event whose ordinary probability may be exponentially small. That
ability is not merely 'faster searching'; it changes how probability mass over exponentially many
computational branches can be interrogated.

7.6 coNP and the asymmetry of positive and negative evidence

NP makes a promise about YES instances: if the answer is YES, a short certificate exists. What
about NO instances? The class coNP contains complements of NP languages. A problem is in coNP
when NO answers to the original NP-style problem have efficiently verifiable certificates in the
complemented formulation.

For SAT, a satisfying assignment is a compact witness of satisfiability. There is no known
comparably simple general certificate that an arbitrary Boolean formula is unsatisfiable, although
modern SAT solvers can produce formal unsatisfiability proofs that may be checked efficiently when
such proofs are not prohibitively large. The unknown relationship NP versus coNP is therefore part of
the larger architecture around P versus NP. If P=NP, then P=NP=coNP. But NP=coNP by itself would
not automatically give P=NP.

This verification asymmetry is conceptually important. Nature can sometimes present us with an
object that immediately demonstrates existence: a crystal with a structure, a route with a length, a
satisfying assignment. Nonexistence is different. To know that no alternative exists may require a
global argument.

7.7 Function classes and output complexity

Complexity classes built from decision problems have function analogues. FP contains functions
computable in deterministic polynomial time. FNP captures polynomially balanced search relations
with polynomial-time verification. Optimization classes and counting classes add other output
requirements.

The output itself can impose lower bounds. If a problem asks us to print all 2/n satisfying
assignments, no algorithm can finish in polynomial time simply because the output may have
exponential length. A purported 'O(1)' solution that stores exponentially much information in an analog
amplitude or physical field has not necessarily produced a polynomial-size classical output.

That observation leads directly to a recurring audit question in this book:

How many bits of usable answer must leave the device?

A machine can contain enormous internal complexity while providing only a tiny accessible readout.
Conversely, a device that emits an exponentially large object has paid at least an exponential output
cost.

7.8 Why these distinctions matter for every proposed cheat

A legitimate computational claim should specify at least four things: the input representation, the
output requested, the error tolerance, and the resource bound. Without them, 'solves SAT" or 'solves
TSP’ is too vague to classify.
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The archive repeatedly approached P versus NP from physics, geometry, and representation. Those
approaches become more useful once each is forced through this sharper vocabulary. Does relativity
accelerate a decision algorithm or merely alter elapsed time? Does a CTC return a witness, decide
existence, or compute a fixed point with a stronger complexity characterization? Does a fractal provide
an infinite object, a finite generator, or a membership test? Does a HoTT equivalence preserve a
resource bound or only an abstract mathematical equivalence?

The word solve hides these differences. The rest of the book will not.
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Chapter 8 - Reductions in Slow Motion: How One
Hard Problem Becomes Another

8.1 A reduction is an engineering blueprint

NP-completeness is often taught as a chain of named theorems: SAT is NP-complete; 3-SAT is NP-
complete; Clique is NP-complete; Hamiltonian Cycle is NP-complete; Traveling Salesman is NP-
complete. The names are easy to memorize and easy to underestimate. A reduction is not merely an
assertion that two problems are 'equally hard.' It is a constructive translation showing how a solver for
one problem could be repurposed to solve another with only polynomial overhead.

That translation idea is central to the book's later physical thought experiments. If a proposed exotic
machine truly solves one NP-complete problem uniformly and exactly in polynomial resources,
polynomial reductions let ordinary computers wrap that machine and solve every problem in NP. This
is why a claim about a single benchmark such as SAT has enormous consequences.

8.2 SAT to 3-SAT: preserving truth while changing syntax

SAT permits arbitrary Boolean formulas; 3-SAT restricts formulas to conjunctive normal form with
three literals per clause. At first the restriction sounds as though it should make the problem much
easier. The reduction shows otherwise.

Long clauses can be broken into chains of three-literal clauses by introducing auxiliary variables.
The new variables carry information about whether an earlier portion of the original clause has already
been satisfied. The construction increases the formula size only polynomially and preserves
satisfiability: the original formula has a satisfying assignment if and only if the transformed 3-CNF
formula does.

This example teaches two lessons. First, syntactic simplicity does not imply computational
simplicity. Second, auxiliary variables are not free magic. They enlarge the representation in a
controlled way. Polynomial reductions are permitted to add bookkeeping as long as the total description
remains polynomial in the original input size.

8.3 3-SAT to Clique: logic becomes geometry on a graph

A standard reduction transforms a 3-SAT instance with m clauses into a graph. Create one vertex for
each literal occurrence in each clause. Connect vertices belonging to different clauses when their literal
assignments are mutually compatible. Then ask whether the graph contains a clique of size m.

Why does this work? A clique of size m must choose one compatible literal occurrence from each
clause. Those choices jointly specify a set of noncontradictory literals satisfying every clause.
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Conversely, any satisfying assignment lets us choose one true literal from each clause, and those chosen
vertices form a clique.

The important point is not the particular gadget. It is that logical consistency has been encoded as
adjacency. A Boolean question has become a graph question without destroying the computational
structure.

This is exactly the kind of representational move that later archive papers sometimes misread.
Changing a problem's appearance can be dramatic. SAT can become a graph, a tour, a polynomial, an
energy landscape, or a spin system. But a polynomial-time representation change does not by itself
make the hard search disappear. If the translation is faithful, the hardness travels with it.

8.4 Hamiltonian cycle to Traveling Salesman

Take a graph G with n vertices and construct a complete weighted graph on the same vertices. Give
weight 1 to edges present in G and weight 2 to edges absent from G. Ask whether there is a tour of total
weight at most n.

A tour of weight n must use only weight-1 edges, so it corresponds to a Hamiltonian cycle in the
original graph. If G has a Hamiltonian cycle, the corresponding TSP tour has weight n. Again, existence
is preserved with a polynomial-size transformation.

This reduction reveals why physical analogies must be handled carefully. A TSP instance can be
represented as distances among cities, voltages in a circuit, phases in an optical network, or couplings in
a material. Unless the physics supplies a genuinely stronger computational primitive, the encoding
alone does not erase the reduction structure.

8.5 Reductions are directional

If A reduces to B in polynomial time, then a fast solver for B gives a fast solver for A. The reverse
need not hold. This directionality is frequently blurred in informal claims.

When every problem in NP reduces to B and B itself belongs to NP, B is NP-complete. When every
problem in NP reduces to B but B need not belong to NP, B is NP-hard. Optimization versions of NP-
complete decision problems are often described as NP-hard because their outputs are not simply YES or
NO.

The difference matters in physics. A proposed task can be harder than NP because it asks for a real-
valued quantity to extreme precision, a full count, a ground-state energy, or a global property of an
infinite system. Demonstrating difficulty for that task does not automatically settle P versus NP, and
demonstrating a physical shortcut for a restricted instance family does not automatically solve an NP-
complete language.

8.6 Many-one, Turing, randomized, and approximation reductions

The simplest textbook reduction computes one target instance f(x). Complexity theory also uses
richer reduction notions. A polynomial-time Turing reduction may adaptively query a target solver
many times. Randomized reductions may succeed with high probability. Approximation-preserving
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reductions transport guarantees between optimization problems. Parameterized reductions preserve a
designated parameter.

The exact reduction notion affects what conclusion is justified. A one-query physical experiment can
be weaker than an algorithm that may ask polynomially many adaptive questions. A solver with a 1
percent error rate may be useful under bounded-error reductions but cannot silently replace an exact
oracle without an error analysis. A device that approximates an energy within a constant additive
tolerance may not decide whether an encoded Boolean threshold differs by an exponentially small gap.

8.7 Gadgets: where hidden resources often enter

Reductions are built from gadgets - small structures whose local behavior enforces a logical
constraint. In computational physics, gadget constructions map logic into spins, particles, fields, or
interactions. They are powerful because they make a resource audit possible.

Suppose a physical system claims to solve SAT by relaxing to its minimum energy. We should ask
how many physical components represent n variables, how large the coupling strengths become, how
precisely those couplings must be set, how small the spectral or energetic gaps become, how long
relaxation requires, and how reliably the final state can be measured.

A polynomial-size logical gadget can hide exponential demands in precision or equilibration time.
Conversely, if every physical requirement remains polynomial and the device reliably returns exact
solutions on arbitrary instances, then the claim would be genuinely extraordinary.

8.8 Reduction chains as stress tests

A powerful way to test a proposed P-versus-NP shortcut is to transport a very different problem
through the reduction chain. If an optical SAT device is truly a polynomial-time exact NP-complete
solver, then it should be usable - after polynomial preprocessing and postprocessing - to solve
Hamiltonian Cycle, Clique, scheduling, exact cover, and thousands of other NP problems.

That universality is a stronger test than success on a hand-selected set of SAT benchmarks. It forces
the proposal to confront worst-case inputs and prevents domain-specific structure from masquerading as
a collapse of complexity.

8.9 Representation can help without changing the class

None of this means representation is unimportant. The right encoding can transform practical
performance by orders of magnitude. SAT solvers exploit clause learning. Integer programming solvers
exploit linear relaxations. Graph algorithms exploit sparsity and treewidth. Quantum algorithms exploit
algebraic structure. Machine learning can discover heuristics for distributions of instances.

But the reduction perspective imposes discipline: practical acceleration is not the same claim as a
worst-case class collapse. Representation is often where useful computation is won. It is also where
exaggerated P=NP claims are born.

The later chapters will deliberately change representations, machines, probabilities, causal
structures, and even physical laws. The reduction network gives us the baseline against which those
changes can be judged.
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Chapter 9 - Randomness as a Computational
Resource

9.1 Before quantum probability, there was ordinary randomness

Quantum computation is often introduced as the first place probability enters algorithms. Classical
randomized computation came earlier and supplies an essential baseline. A randomized algorithm is
allowed to flip coins during its computation. That permission creates several complexity classes
distinguished by what kinds of errors are tolerated.

Randomness is especially relevant to this book because it demonstrates a recurring theme: changing
the allowed resource can change practical and theoretical power without automatically collapsing NP-
completeness. It also prepares the ground for understanding why postselection is far more radical than
ordinary probability.

9.2 RP, coRP, ZPP, and BPP

In RP, a randomized polynomial-time algorithm never falsely accepts a NO instance, while a YES
instance is accepted with probability at least a fixed constant such as one half. Repeating independently
amplifies the success probability. coRP reverses the one-sided error. ZPP can be understood as
problems solvable with zero error in expected polynomial time, or equivalently as the intersection of RP
and coRP.

BPP allows bounded two-sided error: the algorithm returns the correct answer with probability, say,
at least two thirds on every input. Repetition and majority vote can drive the error probability
exponentially low with only polynomial overhead.

The exact constants are not sacred. What matters is a gap bounded away from one half. That gap lets
repeated trials convert a noisy answer into a highly reliable one.

9.3 Monte Carlo, Las Vegas, and the engineering meaning of error

A Monte Carlo algorithm has a bounded running time but may return a wrong result with small
probability. A Las Vegas algorithm always returns a correct result but has a random running time whose
expectation is bounded. Both styles are common in practical computing.

These categories remind us that 'polynomial time' is incomplete unless the correctness criterion is
also specified. A heuristic that succeeds on 99.9 percent of a benchmark distribution is extremely
useful. It is not, without further guarantees, a BPP algorithm for a worst-case decision problem. A
physical device that sometimes lands in the wrong state has to report how failure probability scales with
input size.
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9.4 Random sampling does not search all possibilities for free

One of the oldest temptations is to say: if we sample candidate solutions randomly and verify them
quickly, perhaps we can solve NP problems quickly. This works when satisfying assignments occupy a
substantial fraction of the search space. It fails spectacularly when there is a unique witness among 2/\n
candidates. The expected number of samples then becomes exponential.

The point is general. Randomness can avoid adversarial deterministic patterns, estimate quantities,
and explore large spaces efficiently when favorable measure or structure exists. It cannot be assumed to
concentrate on an exponentially rare solution.

This provides a classical analogy to a quantum misconception. Quantum superposition can place
amplitude over many candidates, but the difficult part is arranging interference so that measurement
yields useful information. Mere multiplicity of represented possibilities is not enough.

9.5 Derandomization and the surprising link to hardness

One of theoretical computer science's deepest themes is that randomness may be less fundamental
than it looks. Under suitable hardness assumptions, pseudorandom generators can stretch short truly
random seeds into longer strings that are indistinguishable from random for restricted classes of
computations. Results in complexity theory connect strong circuit lower bounds to derandomization,
suggesting that proving certain problems hard could imply that randomized polynomial time collapses
to deterministic polynomial time.

This relationship is philosophically striking. Hardness can generate pseudorandomness. The inability
of a computationally bounded observer to distinguish a constructed sequence from a random one
becomes a resource.

The lesson for this book is that observer capability matters, but it must be formalized. "Looks
random to us' is not the same as mathematical randomness; it is a statement about distinguishers and
resource bounds.

9.6 PP: when probability thresholds become extremely permissive

The class PP contains decision problems for which a polynomial-time probabilistic machine accepts
YES instances with probability greater than one half and NO instances with probability at most one
half. Unlike BPP, there need be no fixed gap away from one half. The difference may be exponentially
tiny.

That apparently minor relaxation makes PP much more powerful than BPP and connects directly to

counting. Whether the acceptance probability exceeds one half can encode comparisons between
exponentially many computational paths.

This is why Aaronson's theorem PostBQP = PP is so important later. Postselection gives a quantum
computer the ability to condition on a measurement outcome even when that outcome has fantastically
small probability. The resulting model does not merely 'get luckier.' It accesses a complexity class tied
to delicate differences among exponentially many branches.
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9.7 Probability as part of the resource ledger

Randomized claims should therefore be audited along several coordinates:

¢ [s the guarantee worst-case over inputs or averaged over a distribution?

¢ s the error one-sided or two-sided?

*Does the success probability remain bounded below by an inverse polynomial, or does it fall
exponentially?

*How many repetitions are required to amplify success?

¢ Can success be recognized when it occurs?

¢ s the distribution itself efficiently sampleable?

A proposal that solves an NP-complete problem with success probability 2A-n in polynomial time
has not produced a polynomial-time practical algorithm if there is no additional mechanism. Repeating
until success restores exponential cost. Postselection becomes extraordinary precisely because it refuses
to pay that repetition cost.

9.8 Randomness is a genuine resource, but not a magic word

Randomized algorithms transformed primality testing, hashing, optimization, numerical integration,
cryptography, and algorithm design. They are not a footnote. Yet decades of complexity theory have
taught us to state probabilistic resources precisely.

That precision will serve us when the book moves to quantum amplitudes, postselection, temporal
loops, and physical self-consistency. Every time probability appears, the question is not merely can the
desired event happen? It is with what probability, under what preparation, and at what amplification
cost?
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Chapter 10 - Circuits, Nonuniformity, Advice, and
the Cost of Building the Answer In

10.1 Algorithms are uniform; circuits can be custom-built

A Turing machine is a single finite program expected to handle inputs of every length. That
requirement is called uniformity. Circuit complexity takes another perspective. For each input length n,
imagine a Boolean circuit C_n built from gates such as AND, OR, and NOT. The circuit family
computes a language if C_n gives the correct answer on every n-bit input.

The distinction looks technical but exposes one of the most common hidden resources in
extraordinary computing proposals: customization. If we are allowed to build a completely different
machine for every input length - or worse, for every individual instance - information can be moved
from runtime into hardware design.

10.2 P/poly and polynomial-size circuit families

P/poly is the class of languages decidable by polynomial-size circuit families. It is called
nonuniform because the theory does not initially demand a single efficient algorithm that generates C_n
from n. The correct circuit may simply be supplied for each length.

Every language in P has polynomial-size uniform circuits, so P is contained in P/poly. The converse
is not known and is not expected in the strongest naive sense. P/poly is powerful enough to contain
some undecidable languages because a finite advice string for each input length can encode information
that no single algorithm computes uniformly.

That fact is a warning against equating small hardware with ordinary algorithmic efficiency. A
compact circuit family may contain externally supplied knowledge.

10.3 Advice strings: preprocessing turned into a formal resource

An equivalent viewpoint defines polynomial-time computation with polynomial advice. A
polynomial-time Turing machine receives, in addition to its input x of length n, an advice string a_n
depending only on n. The advice can be different for every input length but must have polynomial
length.

Advice formalizes a common engineering pattern: expensive work is done in advance and amortized
over many queries. Lookup tables, compiled models, trained neural networks, index structures, and
specialized hardware all contain forms of preprocessing. None is illegitimate. The mistake is to omit the
preprocessing cost while comparing only online response time.
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A database can answer a query in microseconds because hours of indexing occurred earlier. A
machine-learning model can classify rapidly because a long training process has shaped billions of
parameters. A custom circuit can evaluate quickly because its topology embodies prior design work.

10.4 Exponential hardware can buy shallow time

Suppose we want to evaluate every one of 2/n candidate assignments simultaneously. With 2An
processors, each candidate can be checked in polynomial time and a parallel reduction tree can combine
the results. Wall-clock depth may become polynomial while total hardware becomes exponential.

Circuit measures let us separate size from depth. A circuit may be enormously wide but shallow.
Parallel complexity classes such as NC study problems solvable by polynomial-size circuits of
polylogarithmic depth under suitable uniformity conditions.

This distinction will matter when the archive invokes light, quantum superposition, DNA molecules,
or many physical trajectories as 'parallel computers.' The right question is not whether many candidates
are represented simultaneously. It is how physical size, energy, communication, preparation, and
readout scale with n.

10.5 Circuit lower bounds and why they are so hard

One route to proving P != NP would be to prove sufficiently strong lower bounds against
appropriate circuit families. Researchers have achieved spectacular lower bounds for restricted circuit
models, but general lower bounds strong enough to separate major classes remain elusive.

This difficulty led Razborov and Rudich to the Natural Proofs barrier. Roughly speaking, a broad
family of combinatorial techniques for proving circuit lower bounds would, under standard
cryptographic assumptions, also yield algorithms capable of distinguishing pseudorandom functions
from truly random functions - contradicting the assumed security of those pseudorandom constructions.
The result does not say circuit lower bounds are impossible. It says many 'natural’ strategies face a
structural obstacle.

The barrier is one reason this book treats grand claims cautiously. P versus NP is not unsolved
merely because nobody has tried an ingenious encoding. Entire generations of techniques have
encountered mathematically understood limitations.

10.6 Uniformity as an anti-cheating rule

Uniformity can be understood as a rule preventing us from hiding infinitely much problem-solving
knowledge in an infinite sequence of custom machines. A uniform circuit family comes with an
efficient procedure that generates the circuit for input length n. The generator makes the family itself
computationally accountable.

This resonates with the Complexity Displacement Principle. If a fast online machine is obtained only
by a design process that requires exponential work, the difficulty has moved into construction. If a
device contains real-valued constants whose binary expansions encode answers to infinitely many hard
instances, difficulty has moved into fabrication precision and initial conditions.
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10.7 Instance-specific devices and the danger of benchmarking

A stronger form of nonuniformity appears when a physical apparatus is tuned for a specific instance.
Imagine wiring a network whose couplings directly encode one SAT formula, allowing it to relax, and
then declaring that SAT has been solved in constant time. Even if relaxation is fast, we must count the
time and precision required to configure the network from the input, and we must show that those costs
remain polynomial for arbitrary instances.

This issue is easy to miss in demonstrations. Small hard-coded instances can be impressive physics
without constituting a uniform computational algorithm. A scalable complexity claim requires a
scalable compiler from arbitrary input strings to the physical device.

10.8 Hardware is information

A circuit diagram, a set of coupling constants, a trained weight matrix, and an advice string all carry
information. Treating the hardware as free can make almost any online computation look trivial. In the
extreme, a lookup table containing the answer to every n-bit instance turns query time into a memory
access, at the price of an exponentially large table.

The proper audit therefore asks not only how long the final computation runs, but also:

*How large is the machine?

*How was it generated?

*How many bits of design information does it contain?
*What precision is required?

¢ Can one uniform procedure construct it for arbitrary n?

These questions will return in the chapters on analog computation, optical search, DNA computing,
and oracles. Nonuniformity is one of the cleanest examples of computational difficulty being exported
from runtime into the structure of the machine itself.
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Chapter 11 - Worst Cases, Typical Cases,
Approximation, and Parameters

11.1 NP-complete does not mean every instance is difficult

The phrase 'NP-complete problem' is often heard as 'every instance is exponentially hard.' That is
false. Many instances are trivial. A SAT formula containing a clause x and another clause not-x is
immediately unsatisfiable. A TSP instance with cities arranged on an obvious line can be easy.
Complexity classes describe asymptotic worst-case behavior of problem families under precise
definitions, not a mystical hardness attached equally to every input.

This distinction explains an apparent paradox of modern computing. Industrial SAT solvers
routinely handle formulas with millions of variables, while SAT remains NP-complete. Solver success
can exploit structure in real instances, sophisticated learning, decomposition, preprocessing, and the fact
that worst-case adversarial families need not dominate practical workloads.

11.2 Average-case complexity asks for a distribution

Average-case analysis studies expected resource use when inputs are drawn from a specified
probability distribution. The distribution is part of the problem. Without it, 'typical' has no mathematical
meaning.

This is especially important for physical and Al-assisted approaches. A neural heuristic trained on
one family of routing instances may perform extraordinarily well on that distribution and fail on
adversarially constructed inputs. Such a system can be scientifically and economically valuable without
resolving worst-case P versus NP.

Average-case hardness also matters to cryptography. Security requires that randomly generated keys
or instances be hard with sufficient probability, not merely that some isolated worst cases exist. Modern
cryptographic assumptions therefore live at the intersection of complexity and probability distributions.

11.3 Smoothed analysis: why noisy reality can be easier than adversarial mathematics

Smoothed analysis, developed to explain algorithms such as the simplex method, starts with an
arbitrary input and then adds small random perturbations. It asks whether tiny noise destroys the
pathological structure responsible for worst-case behavior.

This perspective is philosophically relevant to 'computational reality.' Physical systems are noisy.
Parameters have finite precision. Real data are not chosen by an omniscient adversary. A problem can
therefore be hard in worst-case discrete mathematics yet routinely manageable in a physical
environment.
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But noise is not a proof of P=NP. It changes the input model. The proper conclusion is conditional:
under a particular perturbation model, expected or smoothed complexity may be low.

11.4 Approximation changes the requested answer

For optimization problems, an approximation algorithm returns a solution within a guaranteed factor
or additive error of optimal. Some NP-hard problems admit excellent polynomial-time approximations.
Others are hard even to approximate within certain factors unless major complexity collapses occur.

The distinction rescues many practical algorithms from the false binary 'either P=NP or optimization
is hopeless.' Logistics, scheduling, machine learning, and design often tolerate near-optimal solutions.
Approximation theory asks exactly how much quality can be bought efficiently.

The PCP theorem transformed this subject by linking probabilistically checkable proofs to hardness
of approximation. NP-completeness could be strengthened into statements saying, roughly, that even
distinguishing nearly satisfiable instances from substantially unsatisfiable ones can be NP-hard for
appropriate constraint problems. Hardness can survive approximation.

11.5 PTAS, FPTAS, and the price hidden in accuracy

A polynomial-time approximation scheme (PTAS) produces, for every fixed accuracy parameter
epsilon, a solution within a factor such as 1+epsilon of optimal in time polynomial in input size. The
polynomial's exponent may depend badly on 1/epsilon. A fully polynomial-time approximation scheme
(FPTAS) is polynomial in both input size and 1/epsilon.

This is another resource-accounting lesson. Saying 'arbitrarily accurate approximation in polynomial
time' can hide an enormous dependence on the demanded accuracy. In analog and physical proposals,
the corresponding hidden variable is often precision: how many bits of parameter control or
measurement are needed to distinguish the correct answer?

11.6 Parameterized complexity: hard problems can become easy when a structural
parameter is small

Parameterized complexity studies running time as a function of input size n and an additional
parameter k. A problem is fixed-parameter tractable (FPT) if it can be solved in time f(k) n/\c, where the
potentially explosive part is confined to k and the exponent ¢ does not depend on k.

This framework captures why many hard problems are tractable on structured instances. Graph
problems that are difficult in general may become manageable when treewidth is small. Constraint
problems may become easier when clause width, solution size, or another structural measure is
bounded.

The W-hierarchy provides parameterized analogues of intractability. The theory does not erase NP-
hardness; it refines the question. Which aspect of the instance carries the combinatorial explosion?
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11.7 Kernelization: compress before solving

A parameterized algorithm may preprocess an instance into an equivalent smaller instance, called a
kernel, whose size depends only on the parameter k. Kernelization makes explicit a strategy that recurs
throughout practical computing: remove irrelevant structure before applying an expensive solver.

This idea echoes the archive's interest in representation. Sometimes a large instance has a small
essential core. If that compression can be performed uniformly in polynomial time and preserves exact
answers, it is a genuine algorithmic achievement. But not every NP-complete problem admits a small
kernel under every parameterization; lower-bound techniques can rule out broad classes of compression
unless complexity assumptions fail.

11.8 Phase transitions in random constraint problems

Random SAT exhibits a celebrated threshold phenomenon. At low clause density, formulas are
typically satisfiable; at high density, typically unsatisfiable; near a critical region, instances often
become algorithmically challenging. This resembles phase transitions in statistical physics and partly
explains why SAT has attracted physicists.

Yet the analogy must be handled with care. A phase transition in a random ensemble is not the
definition of NP-completeness. It describes a distributional landscape. The hardest finite instances for a
particular solver can sit near such transitions, but worst-case complexity ranges over all encodings.

11.9 The useful middle ground between easy and impossible

Worst-case P versus NP is deliberately austere. Real problem solving occupies a richer middle
ground: distributions, parameters, approximation ratios, noise models, preprocessing, heuristics, and
empirical structure.

That middle ground is not a retreat from theory. It is where much of algorithm science happens. It
also gives this book a more precise way to salvage earlier speculative papers. A method that does not
collapse NP to P may still identify a valuable restricted regime, parameter, approximation, or physical
distribution.

The audit question therefore becomes: did the proposed cheat alter the computational class, or did it
find a favorable subproblem? Both can be interesting. They are not the same claim.
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Chapter 12 - Cryptography and the Productive
Assumption of Hardness

12.1 Hardness became a resource

Computational complexity is often presented as a theory of limitations. Cryptography turned
limitation into infrastructure. A cryptographic system can be useful precisely because some
computational task is believed to be difficult for an adversary. The inability to invert a function,
distinguish a pseudorandom generator from random, or recover a secret from public information
becomes a protective resource.

This shift changed the cultural meaning of P versus NP. If every efficiently verifiable combinatorial
problem were efficiently solvable in a sufficiently constructive way, much of modern cryptography
would be threatened. But the slogan 'P=NP breaks all cryptography' is too crude. The relationship
between worst-case NP-completeness and average-case cryptographic security is subtler.

12.2 One-way functions

A one-way function is easy to compute but hard to invert on average. Given x, computing f(x) is
efficient; given f(x) for a randomly chosen x, recovering any suitable preimage should be
computationally infeasible for an efficient adversary.

The average-case condition matters. A function that is difficult only on one pathological input is
useless for cryptography. Keys and messages are generated from distributions, and security must hold
against attacks on those distributions.

The existence of one-way functions would imply P != NP, but P != NP alone is not known to imply
one-way functions. This asymmetry is instructive. Worst-case separation is not automatically enough to
build cryptographic hardness where random instances are concerned.

12.3 Factoring is not known to be NP-complete

RSA popularized the link between computation and security, but it also generated a persistent
misconception: integer factoring is not known to be NP-complete. Its decision relatives lie in both NP
and coNP, and quantum algorithms can factor integers in polynomial time using Shor's algorithm
without implying that ordinary NP-complete problems become easy on quantum computers.

This is one of the clearest demonstrations that 'hard problem' and 'NP-complete problem' are not
synonyms. Complexity theory contains many forms of hardness, and quantum computation reshuffles
some boundaries without collapsing all of them.
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12.4 Public-key cryptography and trapdoors

A trapdoor function is designed to be easy to invert with secret auxiliary information and hard
without it. The asymmetry creates public-key encryption and digital signatures. The secret key is, in
effect, privileged computational structure.

This provides a benign example of what later chapters call advice or hidden information. A task can
be hard for one observer and easy for another because their resources differ. Complexity theory
ordinarily includes the algorithm and its explicit inputs when defining the resource model.
Cryptography intentionally engineers asymmetry between parties.

The lesson is not that complexity is subjective. It is that the computational world must specify who
has which information.

12.5 Pseudorandomness: computational indistinguishability

Cryptographic pseudorandomness is defined relative to efficient observers. A deterministic
generator expands a short random seed into a longer output that should be indistinguishable from truly
random bits by any feasible adversary in a specified class.

This concept is profound because it makes an observer-dependent statement mathematically precise.
Two distributions can be statistically different yet computationally indistinguishable to bounded
observers.

The archive often asks whether different observers can see different computational structures.
Cryptography shows the disciplined version of that intuition. Observer relativity becomes meaningful
only after the observer's allowed computation is specified.

12.6 Quantum computing changed the cryptographic map

Shor's algorithm threatens cryptosystems based on factoring and discrete logarithms if large fault-
tolerant quantum computers become practical. It does not solve generic NP-complete problems. The
appropriate response has been post-quantum cryptography: design schemes based on problems believed
hard even for quantum computers, such as selected lattice, code, hash, and multivariate constructions.

This historical episode is an excellent case study in changing computational worlds. The physical
model changed from classical probabilistic computation to quantum computation. Some previously hard
problems became polynomial-time solvable in the new model. Security had to migrate to assumptions
that survived the change.

Nothing about this required declaring classical P=NP. A richer machine changed the practical
hardness landscape while the formal classical question remained untouched.

12.7 If P=NP, what actually follows?

If P=NP, every language in NP would have a deterministic polynomial-time decision algorithm.
Search versions of many NP problems would then also become polynomial via self-reduction. Standard
constructions based on the hardness of NP search would face severe trouble.
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But asymptotic polynomial time can conceal huge exponents and constants. A proof of P=NP
accompanied only by an nA1000 algorithm would be mathematically revolutionary and practically
useless for many input sizes. Conversely, a proof that P != NP would not certify the security of any
particular cryptographic scheme. Specific average-case assumptions and concrete parameter choices
would still matter.

This distinction between mathematical class and engineering security is essential for avoiding
exaggerated claims.

12.8 Natural proofs and the strange feedback from cryptography to lower bounds

Razborov and Rudich found that broad classes of circuit lower-bound techniques conflict with the
existence of strong pseudorandom functions. In a striking reversal, the assumption that cryptography
works becomes evidence that certain apparently promising proof methods cannot establish the circuit
lower bounds researchers want.

Cryptography is therefore not merely an application downstream of complexity theory. It feeds back
into our understanding of why complexity separations are difficult to prove.

This is one reason the P-versus-NP problem is richer than a single missing trick. The field has
learned that large families of tricks run into barriers whose explanations themselves involve deep
computational phenomena.

12.9 Hardness as infrastructure and as warning

The modern world depends on engineered assumptions of computational hardness. At the same time,
cryptography teaches humility: hardness must be tied to a model, a distribution, an adversary, an error
probability, and a security parameter.

That disciplined vocabulary will help evaluate the extraordinary machines later in the book. If a
time-loop computer, analog oracle, or nonlinear quantum system changes the adversary's capabilities,
the correct question is not 'did mathematics become false?' It is 'which hardness assumption survives in
the new world?’
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Chapter 13 - Reversible Computation, Landauer's
Principle, and the Physical Cost of Forgetting

13.1 Computation is abstract, computers are physical

Classical complexity theory counts abstract resources such as steps, memory cells, circuit gates, and
random bits. Real computers also dissipate energy, occupy volume, emit heat, and obey
thermodynamics. The connection between information and physics became especially clear through
reversible computation and Landauer's principle.

These ideas provide needed background before the book begins asking whether relativity, exotic
spacetime, or altered quantum mechanics can buy computational power. Not every physical
improvement is a new complexity class. Some innovations reduce energy while leaving logical step
complexity essentially unchanged.

13.2 Logical irreversibility

A gate such as AND maps four possible two-bit inputs to one output bit. From the output alone, the
input cannot generally be reconstructed. Information has been erased. Ordinary programs perform
irreversible operations constantly: overwriting registers, discarding temporary values, resetting
memory.

A reversible gate, by contrast, implements a one-to-one mapping on computational states. Given the
output, the input can be recovered. The NOT gate is reversible. The controlled-NOT gate is reversible.
The Toffoli gate is a universal reversible logic gate.

Quantum evolution between measurements is unitary and therefore reversible, which is one reason
reversible computation sits naturally beneath quantum circuit theory.

13.3 Landauer's principle

Rolf Landauer argued in 1961 that logically irreversible erasure of one bit carries a minimum
thermodynamic cost of approximately kT In 2 of dissipated heat under ideal conditions at temperature
T. The principle does not say every logic gate must dissipate that much energy. It ties a minimum cost
to information erasure.

This corrected a common intuition that computation necessarily consumes energy simply because a
logical operation occurs. In principle, reversible transformations can approach arbitrarily low energy
dissipation if performed sufficiently slowly and carefully, although practical systems face many other
losses.
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13.4 Bennett and reversible simulation

Charles Bennett showed that irreversible computations can be simulated reversibly with controlled
overhead by retaining enough history to run the computation backward and uncompute temporary
information. Later work refined the time-space tradeoffs.

The conceptual result is important for complexity: thermodynamic irreversibility and algorithmic
hardness are different axes. Making a computation reversible may alter space, time, and energy
tradeoffs without turning exponential search into polynomial search.

This is another example of why a resource vector is better than a single word such as 'fast." A
method can improve one coordinate and worsen another.

13.5 Energy does not substitute automatically for steps

Could a massively energetic device solve an NP-complete problem by physically exploring all
candidates? In principle one can trade hardware and energy for parallelism, but if the number of
required physical branches grows as 2/\n, the total resource remains exponential. The computation may
be fast in elapsed time while consuming an astronomical amount of matter or energy.

Conversely, energy-efficient reversible hardware does not by itself reduce logical search complexity.
It can make the same computation cheaper thermodynamically.

The Complexity Displacement Principle will later generalize this observation: a claimed gain should
be accompanied by a search for the resource that paid for it.

13.6 The speed-energy-precision triangle

Physical computing often encounters tradeoffs among speed, energy, and precision. Lower-energy
operations can require slower adiabatic evolution. Faster switching can increase dissipation and noise.
High precision demands stabilization, calibration, and error correction.

Complexity theory usually idealizes these engineering details because polynomial-time classes are
intended to be robust across reasonable machine models. Exotic proposals challenge that robustness by
allowing parameters to scale aggressively - exponentially fine timing, exponentially small energy gaps,
or exponentially precise analog values.

Once such scaling appears, engineering resources become complexity resources.

13.7 Reversibility and search

Reversible computation can explore a search tree without irretrievably erasing intermediate states,
and quantum algorithms exploit coherent reversible evolution. But reversibility alone does not select the
correct branch. If all candidates are carried forward reversibly, a final mechanism still must amplify,
interfere, compare, or otherwise extract the desired result.

That separation mirrors a recurring theme: representing many possibilities is not equivalent to
knowing which possibility is correct.
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13.8 Why this background matters for the later cheats

When a later chapter claims an apparent shortcut, we can now ask three separate questions:

4. Did the logical number of required transformations change?
5. Did only the physical energy or duration per transformation change?
6. Was information discarded, hidden in preparation, or transferred into another physical resource?

Relativity primarily changes relations among elapsed times. Reversible computing changes
dissipation and information erasure. Quantum computing changes the allowed state space and
interference rules. Nonlinear quantum mechanics would change those rules more radically. Closed
timelike curves change causal consistency conditions.

Keeping these distinctions explicit prevents physics from becoming a metaphor for complexity. The
physical law has to enter the computational model at a precise point.

55



HOW TO CHEAT P VS NP

Chapter 14 - Time, Space, and Hierarchy: Why
Complexity Has More Than One Axis

14.1 Faster and smaller are different questions

P versus NP focuses attention on time, but computational resources are multidimensional. A
program can use little memory for a very long time, or enormous memory for a short time. Parallel
algorithms can reduce elapsed depth while increasing total work. Randomized algorithms consume
random bits. Quantum algorithms use qubits and coherent operations. Physical devices add energy,
volume, precision, and communication.

Complexity theory developed separate classes precisely because no single resource captures all of
computation. The later 'cheats' in this book will make sense only if time is not treated as the whole
story.

14.2 The time hierarchy theorem

The deterministic time hierarchy theorem formalizes a simple intuition: given sufficiently more
time, a Turing machine can decide strictly more languages. Under standard technical conditions, there
are problems solvable in time roughly f(n) log f(n) that cannot be solved in time f(n).

This is important because it proves genuine separations among broad time classes even though P
versus NP remains open. Complexity theory is not incapable of proving lower bounds in principle. The
difficulty is proving the particular kind of separation between deterministic and nondeterministic
polynomial time.

The hierarchy theorem also shows why a universal claim that 'all computable problems are
essentially equally hard' cannot be right. Resource bounds create real strata inside computability.

14.3 The space hierarchy theorem

Analogous results hold for memory. More workspace allows a machine to decide languages
unavailable with less workspace. Space has a useful property: a machine with S(n) memory
configurations can revisit states, and repeated configurations can be exploited in analyses of
reachability and termination.

PSPACE, the class of problems solvable with polynomial memory, permits potentially exponential
time. This distinction becomes central when closed timelike curves enter the story. Aaronson and
Watrous showed that polynomial-time computation with Deutsch-style CTCs has the power of
PSPACE in their model. The surprising result is not that "'P=NP." It is that an altered causal primitive
promotes polynomial-time machines to a class defined by polynomial space.
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14.4 P, PSPACE, and EXPTIME

Known containments include
P subseteq PSPACE subseteq EXPTIME.

The deterministic time hierarchy theorem implies P is strictly contained in EXPTIME. We do not
know whether P equals PSPACE, but most complexity theorists expect strict containment. NP lies
between P and PSPACE, while coNP also lies within PSPACE.

These relationships matter for rhetoric. If an exotic model reaches PSPACE, saying merely that it
can solve NP-complete problems dramatically understates its modeled power. Conversely,
demonstrating that a physical system solves one difficult-looking instance does not place the system
anywhere in this hierarchy without a uniform scaling analysis.

14.5 Savitch's theorem and the cost of nondeterministic space

Savitch's theorem states that nondeterministic space S can be simulated in deterministic space
roughly S squared for sufficiently large S. Thus NPSPACE = PSPACE. In the world of polynomial
space, nondeterminism does not create a different class the way it might for polynomial time.

This contrast is conceptually useful. The effect of nondeterminism depends on which resource is
bounded. Complexity questions are relational: machine model plus resource measure plus input
representation.

14.6 The polynomial hierarchy

Between P and PSPACE lies a layered generalization of NP and coNP called the polynomial
hierarchy, PH. Its levels can be described by alternating existential and universal quantifiers over
polynomial-size witnesses. NP begins with an existential question: does there exist a witness? coNP
corresponds to a universal flavor: do all candidate counterexamples fail? Higher levels alternate these
quantifiers.

A typical second-level form looks like: does there exist an x such that for every y, a polynomial-time
predicate R(x,y) holds? Alternation captures games, robust optimization, mechanism design, and logical
formulas with nested choices.

If P=NP, the polynomial hierarchy collapses all the way to P. Many weaker-looking assumptions
also imply collapses to lower levels. Complexity theorists therefore use PH as a sensitive detector of
implausibly powerful algorithmic claims.

14.7 Alternation and games

Alternating Turing machines make existential and universal states explicit. Polynomial time with
unrestricted polynomially many alternations characterizes PSPACE. This gives PSPACE an
interpretation as the complexity of polynomial-length perfect-information games with alternating
choices.
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The interpretation connects naturally to causal and fixed-point machines. A new primitive that seems
to 'choose the right branch' may be doing something more powerful than nondeterministic guessing. It
may implicitly solve nested consistency or game conditions.

14.8 Completeness as a map inside each resource regime

NP has SAT. PSPACE has complete problems such as quantified Boolean formula (QBF).
EXPTIME has complete generalized games and simulation problems. Completeness lets one
representative problem stand for an entire class under appropriate reductions.

QBEF is especially illuminating. SAT asks whether there exists a Boolean assignment satisfying a
formula. QBF allows alternating quantifiers, for example:

exists x for all y exists z : phi(x,y,z).
That small syntactic extension lifts the canonical problem from NP to PSPACE-completeness.

The lesson for this book is sharp: computational power can change radically when the logical form
of allowed choice changes.

14.9 Resource tradeoffs are not class collapses

Suppose a device uses exponential memory to produce an answer in polynomial elapsed time. It may
be impressive parallel engineering, but it has traded space for time. Suppose another device uses
polynomial memory but exponential time. It occupies a different point in the resource landscape.

The later Complexity Displacement Principle generalizes this kind of bookkeeping beyond standard
theory. Before invoking new physics, complexity theory already teaches us to ask where time, space,
depth, randomness, and nonuniform information have gone.

14.10 The hierarchy perspective

P versus NP is famous because it sits at a uniquely important frontier, not because it is the only
unknown boundary. The larger hierarchy shows both what we know and what remains mysterious.

A proposed computational world should therefore be located on a map whenever possible. Does it
remain within BPP? Does it reach BQP, PP, PSPACE, or something beyond ordinary Turing
computability? If no theorem is known, can we at least identify which resource assumption changed?

This disciplined habit turns science-fiction-sounding machines into analyzable models.
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Chapter 15 - Before the Miracle: Backtracking,
Branch-and-Bound, Dynamic Programming, and
Heuristic Search

15.1 Exponential does not mean stupid

When people imagine an NP-hard problem, they often picture a program blindly enumerating every
candidate. Real exact algorithms are rarely so naive. They prune, memoize, propagate constraints,
decompose graphs, tighten bounds, learn conflicts, and choose variables strategically. The worst-case
running time may remain exponential while practical performance improves by orders of magnitude.

Understanding these ordinary methods is essential before judging extraordinary ones. A proposed
physical or Al shortcut should be compared not only with brute force but with the best algorithmic
structure already available.

15.2 Backtracking

Backtracking explores a search tree while abandoning partial assignments that can no longer lead to
a solution. In SAT, if a partial assignment falsifies a clause, that branch is dead. In graph coloring, if a
vertex cannot be assigned any legal color, the partial coloring need not be extended.

The effectiveness of backtracking depends on how early contradictions become visible. Variable
ordering can change the explored tree enormously. Yet there are families for which any backtracking
strategy of a restricted kind must still explore exponentially many branches.

Backtracking illustrates an important point: the conceptual search space may contain 2n candidates
even when an algorithm visits only a small fraction of them.

15.3 Constraint propagation

Constraint propagation derives consequences before branching. Unit propagation in SAT sets a
literal when a clause has only one remaining possibility. Arc consistency in constraint satisfaction
eliminates values that cannot be supported by neighboring variables. Propagation shrinks domains and
can expose contradictions without explicit enumeration.

Modern solvers interleave propagation with branching. The boundary between 'reasoning' and
'search’ is therefore fuzzy. Much of algorithm design consists of converting future search into present
deduction.

That idea will reappear in temporal and fixed-point thought experiments. A CTC-based model seems
to replace sequential exploration with a global consistency condition. Classical constraint propagation is
the ordinary, local version of the same ambition: eliminate impossible worlds before exploring them.
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15.4 Branch-and-bound

Optimization adds an objective. Branch-and-bound explores subproblems while maintaining a best
known feasible solution and bounds on how good each unexplored branch could possibly become. If a
branch cannot beat the incumbent, it is discarded.

The power comes from bounds. Linear programming relaxations, semidefinite relaxations,
combinatorial inequalities, and domain-specific estimates can prune enormous regions of search.

A fast bound does not automatically produce the optimum, but it can turn an impossible naive search
into a practical exact solver on structured instances.

15.5 Dynamic programming: trade repeated search for memory

Dynamic programming solves overlapping subproblems once and reuses their answers. The classic
Held-Karp algorithm for TSP runs in roughly O(n"2 2/n) time rather than enumerating n! tours. It
remains exponential, but the improvement is enormous.

This is a clean example of complexity displacement within ordinary algorithms. More memory is
used to avoid recomputation. Search is reorganized around subsets rather than permutations.

Parameterized algorithms often generalize this strategy. If a graph has small treewidth, dynamic
programming over a tree decomposition can make otherwise hard problems tractable.

15.6 Meet-in-the-middle

For problems such as subset sum, dividing variables into two halves and combining partial results
can reduce a 2/n search to about 2/(n/2) time at the cost of substantial memory. The exponent is
halved, not eliminated.

This matters because exponential improvements are not all-or-nothing. An algorithm can be
asymptotically exponential yet scientifically transformative. Claims should report the actual exponent
and resource tradeoff rather than use 'exponential' as a single undifferentiated category.

15.7 A* and informed search

A search chooses which partial path to explore using a cost-so-far term plus a heuristic estimate of
remaining cost. If the heuristic never overestimates, A can return an optimal solution. Better heuristics
reduce the explored state space.

Where does a strong heuristic come from? Often from a relaxed version of the original problem that
is easier to solve. The heuristic exports some of the work into a model that provides informative lower
bounds.

The concept is relevant to Al. Learned heuristics can guide combinatorial search remarkably well.
Their practical success does not imply P=NP because training cost, distribution dependence, worst-case
guarantees, and exactness remain separate questions.
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15.8 Local search and landscapes

Local search begins from a candidate solution and repeatedly moves to a nearby candidate with
better objective value. Simulated annealing sometimes accepts worse moves to escape local minima.
Tabu search uses memory to avoid cycling. Evolutionary algorithms maintain populations of
candidates.

These methods treat optimization as navigation through a landscape. The metaphor naturally invites
physics: energy minima, temperature, tunneling, relaxation. But the landscape can contain exponentially
many local minima and barriers. A physical system that descends energy does not automatically find
the global minimum efficiently.

15.9 Clause learning and the transformation of SAT practice

Conflict-driven clause learning (CDCL) made SAT solving vastly more powerful. When a branch
leads to contradiction, the solver analyzes the conflict and learns a new clause preventing a whole
family of related mistakes. Nonchronological backtracking jumps directly to the decision level
responsible for the conflict. Restarts avoid spending too long in unproductive regions while preserving
learned information.

This is more than clever engineering. It connects practical SAT solving to proof systems: a solver's
learned clauses can be viewed as constructing a proof of unsatisfiability.

15.10 Exact algorithms as a benchmark for exotic claims

When an unconventional device is said to solve an NP-hard problem, the comparison should
therefore include:

*best known exact algorithms,

e approximation algorithms,

e parameterized methods,

e preprocessing and kernelization,

emodern SAT/MIP/CP solvers,

eand the actual structure of the tested instances.

A device that beats naive brute force may still be far behind ordinary software. Conversely, a
physical system that systematically beats the best known methods on scaling-controlled worst-case
families would be genuinely interesting even before any asymptotic theorem was proved.

The scientific standard is not to demand a Millennium Prize proof before experimentation. It is to
avoid calling ordinary algorithmic ingenuity a collapse of complexity.
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Chapter 16 - Constraint Satisfaction: A Common
Language for Logic, Graphs, Scheduling, and
Physics

16.1 Many hard problems are the same shape

A constraint satisfaction problem (CSP) consists of variables, domains of possible values, and
constraints specifying which combinations of values are allowed. This simple template includes SAT,
graph coloring, Sudoku, scheduling, map coloring, many database queries, and large families of
optimization problems.

CSPs provide an ideal bridge between theoretical computer science and the physical thought
experiments in this book. A constraint can be logical, geometric, energetic, or causal. Solving means
finding a globally consistent assignment.

16.2 SAT as a Boolean CSP

In SAT, each variable has domain {0,1}. A clause is a local constraint on a small group of variables.
The global problem asks whether all local constraints can be satisfied simultaneously.

The local-versus-global tension is central. Every clause may be individually easy to satisfy while the
entire formula is inconsistent. The difficulty comes from compatibility across a network of overlapping
constraints.

This is why 'each step is easy' tells us little about total complexity. NP verifiers check local and
global consistency of a proposed witness in polynomial time; finding a globally consistent witness can
remain hard.

16.3 Graph coloring and homomorphisms

Graph k-coloring assigns one of k colors to each vertex so adjacent vertices receive different colors.
For k=2 the problem is in P; for k=3 it is NP-complete. A tiny change in the allowed domain produces a
major complexity transition.

More generally, many CSPs can be expressed as graph or relational homomorphism problems. This
algebraic viewpoint eventually led to deep classification theorems for broad CSP families, showing how
polymorphisms and algebraic structure determine tractability.

The lesson is hopeful: NP-hardness is not the end of structure. Entire islands of polynomial-time
solvability can be characterized by hidden symmetries or operations.
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16.4 Dichotomy theorems

Schaefer's dichotomy theorem classified broad families of Boolean constraint languages: under
specified conditions, a Boolean CSP is either solvable in polynomial time or NP-complete. Decades
later, the Feder-Vardi dichotomy conjecture for finite-domain CSPs was proved independently by
Bulatov and Zhuk: every finite-domain CSP falls into P or is NP-complete.

Dichotomy results show what a mature theory of 'where hardness lives' can look like. Instead of
asking whether every hard problem is secretly easy, one identifies structural properties that separate
tractable from intractable families.

This is a useful model for the archive. A speculative transformation may not solve arbitrary SAT,
but it may expose a tractable subclass. That result can be valuable if stated at the right level.

16.5 From constraints to energy functions

A Boolean constraint can be converted into an energy penalty: zero energy when the constraint is
satisfied and positive energy when violated. Summing penalties over constraints creates an energy
landscape whose ground states correspond to satisfying assignments or optimal configurations.

This mapping is the conceptual gateway from SAT to Ising models, spin glasses, annealers, optical
networks, and other physical optimizers. It is mathematically straightforward to make logical
consistency look like low energy.

The hard part is not the encoding. The hard part is reaching the global minimum with scalable
resources.

16.6 Factor graphs and message passing

A factor graph represents variables and local factors as a bipartite graph. Algorithms such as belief
propagation pass local messages intended to summarize the influence of the rest of the graph. On trees,
message passing can be exact and efficient. On loopy graphs, it becomes approximate or may fail to
converge, although it is often useful.

Again structure controls tractability. Tree-like interaction networks are easier because global
consistency can be assembled from local summaries without exponential entanglement of dependencies.

16.7 Treewidth and decomposition

Treewidth measures how close a graph is to a tree. Many problems that are NP-hard on arbitrary
graphs become fixed-parameter tractable when treewidth is small. A tree decomposition breaks the
graph into overlapping bags, and dynamic programming propagates partial solutions between them.

This is another form of locality. Hardness often arises when dependencies cannot be separated
without keeping exponentially large boundary information.

The insight connects to tensor networks, graphical models, quantum many-body systems, and
database joins. Complexity can be governed not just by input size but by the width of interactions.
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16.8 Global constraints and propagation

Practical constraint programming systems use specialized global constraints such as
ALLDIFFERENT, cumulative resource constraints, and scheduling propagators. Recognizing a high-
level structure can produce much stronger pruning than decomposing it into primitive constraints.

Representation therefore matters enormously in practice. But a more expressive representation can
also hide computational work inside a powerful primitive. If the primitive itself solves an NP-hard
subproblem, calling it one 'operation' does not make the overall algorithm polynomial under ordinary
machine models.

This will be a recurring audit issue. Exotic physics can be treated as a new primitive, but then its
computational power must be explicitly characterized rather than counted as a free unit-time gate.

16.9 Constraint satisfaction and self-consistency

Several of the archive's most interesting ideas can be restated in CSP language. A closed timelike
curve imposes a fixed-point consistency constraint on a state interacting with its past. A topos or sheaf
construction asks when compatible local data glue to a global object. A fractal generator imposes
recursive consistency across scales. An energy-minimization device converts constraints into physical
stability conditions.

These analogies are real enough to be useful, but they do not identify complexity classes by
themselves. The algorithmic question is how difficult it is to construct, reach, or certify the global
consistent state.

16.10 A common language without a common shortcut

CSPs reveal why the book's many cheats resemble one another. They all try to replace explicit
search through candidate assignments with some stronger form of consistency enforcement: deduction,
propagation, energy minimization, interference, fixed points, geometry, or topology.

That is the recurring dream:
Do not search every world. Build a mechanism in which only consistent worlds survive.

The question is what resources the mechanism requires. Classical CSP theory gives us a disciplined
baseline for asking it.
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Chapter 17 - When Hard Problems Become
Hamiltonians: Complexity in Physical Energy
Landscapes

17.1 From Boolean clauses to matter

Once a constraint can be written as an energy penalty, computational problems can be embedded
into models of physics. Variables become spins, bits, oscillator phases, molecular states, or couplings.
Satisfied constraints lower energy; violated constraints raise it. The desired answer is encoded in a
ground state or low-energy configuration.

This is one of the most compelling routes in the archive because it turns an abstract search problem
into something nature appears to do automatically: relax toward stable states. But the translation
immediately raises a deeper question. Does nature find global minima efficiently, or does it merely
evolve according to local laws that can become trapped for very long times?

17.2 The Ising model as computation

An Ising Hamiltonian assigns binary spin variables s_i in {+1,-1} and an energy containing local
fields and pairwise couplings. By choosing fields and couplings appropriately, many combinatorial
objectives can be represented as Ising or QUBO (quadratic unconstrained binary optimization)
problems.

This representation is widely used in annealing and optimization hardware. It is valuable because a
common physical substrate can encode graph partitioning, scheduling, maximum cut, portfolio
selection, and many other tasks.

Yet the existence of an encoding is not a complexity shortcut. It establishes a reduction from
computation to energy minimization. If the encoded problem is NP-hard, generic exact ground-state
finding is expected to inherit that hardness unless the physical model contributes additional power.

17.3 Spin glasses and frustration

A spin glass contains competing interactions that cannot all be simultaneously satisfied. This
frustration produces rugged energy landscapes with many local minima separated by barriers. The
physics begins to resemble combinatorial optimization directly.

The analogy is more than metaphorical. Hardness results have been proved for various spin-glass
and ground-state problems. Computational complexity became a tool for classifying which physical
questions are tractable and which are not.
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This reverses the usual story. Instead of using physics to solve complexity, complexity helps explain
why some physical systems are difficult to predict.

17.4 Ground states do not arrive for free

A common intuition says that a physical system 'naturally goes to its ground state.’ Real systems can
remain metastable for astronomically long times. Cooling can freeze a system into a local minimum.
Barriers can grow with problem size. Noise can help escape some traps and create others.

If preparation time becomes exponential, the physical device has simply realized an exponential
algorithm in analog form. Complexity has moved from explicit search steps into relaxation dynamics.

The same issue appears in quantum adiabatic computation. The adiabatic theorem suggests that
sufficiently slow evolution can keep a system near its instantaneous ground state, but the required
runtime depends on spectral gaps. If the minimum gap becomes exponentially small, the necessary
evolution time can become exponential.

17.5 Precision in couplings

Encoding a problem into a Hamiltonian requires setting fields and couplings. If those parameters
need exponentially many bits of precision, the hardware description itself contains an exponential
resource. Small errors may change which state is truly optimal when energy gaps are tiny.

Therefore a scalable physical solver must address not only number of components and runtime but
also the precision with which parameters are fabricated and controlled.

This is one reason complexity theory uses finite input encodings. A real number with infinite
precision can hide an infinite amount of information. Physical computation must specify how many
reliable bits of a parameter are actually available.

17.6 Thermal sampling versus exact optimization

Many physical systems sample from a Boltzmann distribution rather than return the exact ground
state. At finite temperature T, a configuration of energy E is weighted by exp(-E/kT). If the energy gap
between optimal and near-optimal states is small, a large fraction of samples may be suboptimal.

Sampling can itself be computationally valuable. Approximate sampling underlies statistical physics
and probabilistic inference. But sampling from a distribution, finding one exact optimum, and
computing the partition function are different tasks with different complexity.

A physical device should be credited for the problem it actually solves.

17.7 Partition functions and counting

The partition function sums Boltzmann weights over all configurations. It is a weighted counting
object. Computing partition functions exactly is often related to #P-hard problems, which can be harder
in a formal sense than merely deciding whether one satisfying assignment exists.

This explains why statistical mechanics repeatedly intersects complexity theory. Macroscopic
thermodynamic quantities can aggregate information over exponentially many microscopic states.
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Approximation can again change the picture. Some parameter regimes admit efficient approximation
schemes or rapidly mixing Markov chains; others undergo transitions associated with computational
difficulty.

17.8 Quantum Hamiltonian complexity

Quantum many-body systems lead to quantum analogues of classical constraint satisfaction. The
Local Hamiltonian problem asks whether the smallest eigenvalue of a sum of local quantum
interactions lies below or above specified thresholds. It is complete for QMA, a quantum analogue of
NP in which a quantum witness is verified by a polynomial-time quantum computation.

This broader landscape prevents a simplistic equation of 'quantum’' with 'solves NP.' Quantum
systems have their own hierarchy of verification and ground-state problems, many of which remain
computationally formidable.

17.9 Nature as optimizer: a qualified statement

Nature evolves according to physical law. Sometimes that evolution performs a computation we care
about: light finds interference patterns, soap films minimize local surface energy, molecules self-
assemble, and systems relax. But the phrase 'nature optimizes' can be misleading. Dynamics may be
local, noisy, metastable, or exponentially slow.

A legitimate physical algorithm needs a preparation procedure, a dynamical law, a runtime bound,
robustness to finite precision and noise, and a readout procedure. Those are the physical analogues of an
algorithm's input, transition rule, resource analysis, and output.

17.10 The real promise of physical reductions

Encoding hard problems into matter is not futile merely because worst-case hardness survives.
Physical hardware can exploit parallel dynamics, domain-specific structure, energy efficiency, and
favorable instance distributions. Specialized annealers and analog optimizers may become useful
accelerators even without changing complexity classes.

The scientific opportunity is richer than a yes-or-no P=NP claim. We can ask which physical
architectures change constants, exponents, average-case behavior, or accessible problem distributions -
and which idealized laws would genuinely change the asymptotic computational world.

That progression leads naturally into Part II, where we will start altering the rules more aggressively.
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Chapter 18 - Why Huge Search Spaces Do Not
Prove Hardness

18.1 The oldest bad argument about hard problems

A recurring argument says: there are exponentially many candidate solutions, therefore any
algorithm must examine exponentially many candidates. The conclusion is tempting and generally
unjustified.

Algorithms succeed precisely by refusing to inspect the search space in the obvious way. Gaussian
elimination does not enumerate all possible solutions of a linear system. Dynamic programming
compresses enormous families of subproblems into reusable states. Network-flow algorithms exploit
duality and residual structure. Fast Fourier transforms reorganize computation so that apparent
quadratic work becomes nearly linearithmic.

The size of a naive search tree is evidence of a bad algorithm, not a lower bound on every algorithm.

18.2 Sorting and the lesson of structure

There are n! possible orderings of n distinct objects. Yet comparison sorting needs on the order of n
log n comparisons, not n! trials. The algorithm obtains information from each comparison and navigates
a structured decision tree.

The correct lower bound for comparison sorting comes from an information argument about leaves
in that decision tree, not from counting permutations and assuming they must be tried individually.

This example gives us a standard to demand from P != NP arguments. A real lower bound must
constrain all algorithms in the relevant model, not only brute force.

18.3 Dynamic programming and the collapse of repeated work

Many exponential recursive algorithms are exponential because they solve the same subproblem
again and again. Memoization or dynamic programming can reduce the apparent combinatorial
explosion to polynomially many distinct states.

This teaches another lesson: the meaningful size of a search may be the number of inequivalent
states after compression, not the number of raw paths through a computation.

Several archive papers intuitively reached for this idea through equivalence, topology, or
quotienting. The intuition is legitimate. The missing requirement is to prove that the quotient has
polynomial size, can be constructed in polynomial time, and preserves the exact answer.
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18.4 Linear programming and hidden convexity

Some discrete-looking problems become tractable because their algebraic or geometric formulation
has special structure. Linear programming is polynomial-time solvable, and many combinatorial
optimization problems possess integral polyhedra whose linear relaxations already yield exact integer
solutions.

Other problems lack that property. Their relaxations produce fractional optima, and the gap between
continuous and discrete solutions carries computational difficulty.

This is why the phrase "turn the problem into geometry" is not enough. Geometry can reveal
tractability when the right convex structure exists, or merely re-encode the hardness when it does not.

18.5 Randomness can help without changing everything

Randomized algorithms can simplify tasks dramatically. Primality testing had celebrated
randomized algorithms before deterministic polynomial-time primality testing was established. Random
sampling, hashing, and randomized rounding are central algorithmic tools.

Yet adding randomness does not appear to make NP-complete problems generically easy. The class
BPP is believed to be close to P, and major derandomization results connect randomness to circuit
lower bounds and pseudorandomness.

The lesson is nuanced: new primitives can help enormously without collapsing the entire landscape.

18.6 Quantum algorithms repeat the pattern

Quantum computation provides one of the most dramatic modern examples. Shor's algorithm shows
that integer factoring and discrete logarithms have polynomial-time quantum algorithms. Grover's
algorithm gives a quadratic speedup for unstructured search.

Neither result says "quantum computers try all answers and therefore solve NP." The successful
algorithms exploit interference, periodicity, amplitude amplification, and other structure.

The history of algorithms is a history of discovering the right representation of structure. P versus
NP asks whether NP-complete problems possess a universal polynomial structure that has so far
escaped us.

18.7 Exponential hardware is not a polynomial algorithm

Suppose we build 2/n processors and assign one candidate solution to each. With perfect
parallelism, all candidates can be checked in polynomial wall-clock time. Has P become NP?

No, not in the ordinary model. The total hardware, initialization, communication, or work has grown
exponentially. We have traded time for another resource.

This example is simple enough to expose a pattern that will recur in DNA computing, optical
computing, massively parallel analog systems, and some speculative quantum arguments. If each
branch of the search is represented by a distinct physical degree of freedom, count those degrees of
freedom.
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18.8 Precomputation can make anything look easy online

A lookup table containing the answer to every n-bit instance makes online queries fast. But the table
has exponential size. If the construction cost is omitted, the computation appears miraculous.

This is the prototype for advice and nonuniformity. Some computational models explicitly allow
advice strings that depend on input length. Circuit families can also be nonuniform. These are legitimate
theories, but their power must be named.

A hidden database is not a free theorem.

18.9 Precision can be a search space in disguise

An analog quantity can encode an enormous amount of information in its digits. If a physical model
allows arbitrary real constants and exact operations on them at unit cost, a single "number" may contain
more algorithmic information than a finite digital input of comparable description.

Then the apparent speedup may be purchased with precision rather than time.

This is why later chapters will distinguish analog computation as a mathematical model from claims
about physically realizable analog devices. Noise and measurement resolution are not implementation
afterthoughts; they can be the place where complexity is hiding.

18.10 The right attitude toward shortcuts

The history of algorithms teaches us not to dismiss shortcuts merely because a search space is huge.
Some shortcuts are real and profound.

But it also teaches us to demand a complete resource account. A true algorithmic breakthrough
removes work through exploitable structure. A fake collapse merely moves the work into hardware,
precision, preprocessing, a special initial state, an oracle, or an altered law of physics.

The central drama of this book lies in telling those cases apart.

Sources and further reading

Classical algorithm texts on sorting, dynamic programming, network flow, linear programming,
randomized algorithms, and quantum algorithms; the broader literature on time-space and
preprocessing-query tradeoffs.
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Chapter 19 - Hard in Theory, Solvable in Practice:
SAT Solvers and the Industrial Reality of NP

19.1 The apparent contradiction

If SAT is the canonical NP-complete problem, why do modern SAT solvers routinely handle
formulas with millions of variables and clauses?

The answer is that NP-completeness is a worst-case asymptotic statement, while real instances often
possess structure. This is not a technical footnote. It is one of the most important facts for understanding
what P versus NP does and does not say about practical computation.

A problem can be NP-complete and still have enormous regions of instance space that are easy.

19.2 From truth tables to DPLL

The most naive SAT algorithm enumerates assignments. Early algorithmic work quickly improved
on that through systematic branching, propagation, and pruning. The Davis-Putnam and Davis-Putnam-
Logemann-Loveland traditions turned SAT solving into a disciplined search rather than blind
enumeration.

A partial assignment can force other variables. A clause that becomes unit - all literals false except
one undecided literal - forces the remaining literal to be true. Contradictions can terminate a branch
early. Variable choices can be guided by heuristics.

The algorithm still has exponential worst cases, but the search tree can collapse dramatically on
structured formulas.

19.3 Conflict-driven clause learning

Modern conflict-driven clause-learning solvers transformed practical SAT. When a branch reaches a
contradiction, the solver analyzes the implication graph and learns a new clause that prevents an entire
family of related bad assignments from being revisited.

This is algorithmic memory. The solver turns failure into a reusable theorem.

Clause learning illustrates a recurring theme of the book: the visible search tree is not the true
computational state space once the algorithm can compress experience into learned constraints.

Yet worst-case lower bounds remain possible. There are formula families that force enormous proofs
in restricted systems.
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19.4 Restarts, heuristics, and the ecology of a solver

High-performance SAT solvers are not a single mathematical trick. They combine branching
heuristics, clause learning, watched literals, preprocessing, variable elimination, restarts, learned-clause
deletion, symmetry handling, and specialized engineering.

The resulting systems can feel almost intelligent. They probe, fail, learn, reorganize, and try again.

This is relevant to Al-assisted mathematics because practical success can emerge from an ecology of
heuristics without implying a clean worst-case theorem.

19.5 Integer programming and branch-and-cut

Many NP-hard optimization problems are routinely attacked through mixed-integer programming.
Linear relaxations produce bounds. Branching divides the discrete search. Cutting planes remove
fractional regions. Problem-specific constraints strengthen the model.

The solver may prove optimality by combining a good feasible solution with a lower or upper bound
that closes the gap.

Again, the method can be stunningly effective in practice while retaining exponential worst-case
behavior.

19.6 Structure is the practical escape hatch

Real problems are rarely arbitrary bit strings. Scheduling instances arise from human organizations.
Circuits arise from engineering design. Logistics networks have geography. Biological data contains
evolutionary and physical regularities. Verification formulas generated from software have modular
structure.

Algorithms can exploit these regularities.

P versus NP deliberately asks a harsher question: is there one polynomial-time method that works on
all inputs, including adversarial ones that destroy the helpful structure?

19.7 Average-case complexity and distributions

Cryptography makes the distinction even sharper. Security does not usually rely on every instance
being hard. It relies on instances drawn from a specified distribution being hard to solve with
sufficiently high probability.

Average-case complexity therefore studies distributions over instances, not only worst-case size
classes.

A learned solver may also be distribution-specific. If training and deployment come from similar
distributions, empirical performance can be excellent. Shift the distribution adversarially, and the
advantage may disappear.
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19.8 Solver competitions as empirical complexity science

SAT and optimization competitions provide a kind of experimental complexity laboratory. Solvers
are tested across families, instance generators, encodings, and hardware. Performance profiles reveal
which strategies dominate which regions.

This empirical science does not replace asymptotic theory, but it shows why the phrase "NP-hard"
should never be translated into "unsolvable in practice."

Theoretical hardness and practical solvability occupy different axes.

19.9 Why this matters for exotic computers

A quantum, optical, DNA, analog, or Al system should not be compared with naive brute force. It
should be compared with the best classical algorithms and solvers on the same instance distributions,
with all preprocessing and hardware resources reported.

Otherwise an apparent breakthrough may simply rediscover a speedup that classical heuristics
already obtain.

The baseline is part of the scientific claim.

19.10 The practical meaning of a P = NP algorithm

If someone produced a polynomial-time SAT algorithm tomorrow, its practical effect would depend
on exponent, constants, memory, numerical stability, and the form of the polynomial. An nA50
algorithm would settle one of mathematics' deepest problems while losing every benchmark to modern
exponential heuristics for realistic n.

That possibility is a useful reminder: P versus NP is a structural question before it is an engineering
question.
Sources and further reading

The Davis-Putnam and DPLL traditions; conflict-driven clause learning; modern SAT solver
literature; mixed-integer programming and branch-and-cut; average-case complexity and algorithm
engineering.
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Chapter 20 - Verification Becomes a Science:
Proof Complexity, Interactive Proofs, and PCP

20.1 NP is only the beginning of verification

The slogan "easy to check" can make verification sound trivial. In fact, the theory of verification
became one of the richest parts of complexity theory.

NP asks whether a yes-instance has a short classical certificate that a deterministic verifier can read
completely in polynomial time. Later developments showed that verification can be randomized,
interactive, distributed across multiple provers, or performed by inspecting only a tiny portion of a
longer proof.

These results deepen the central mystery rather than weakening it.

20.2 Proof systems as computational objects

Cook and Reckhow formalized propositional proof systems in a way that connects proof length with
computational complexity. A proof system efficiently checks strings claimed to prove tautologies. The
question becomes: how short can the shortest proofs be, and how hard are they to find?

A short proof is a compressed certificate of global truth.

But a short proof's existence does not imply an efficient proof-search algorithm. This is the proof-
theoretic version of the NP gap between verification and discovery.

20.3 Resolution and SAT solving

Resolution is a simple proof system particularly relevant to SAT. To prove a CNF formula
unsatisfiable, one can derive the empty clause through resolution steps.

Many modern SAT solvers can be understood as constructing resolution-like proofs through clause
learning. Hard instances can force long proofs in restricted systems, explaining why sophisticated
heuristics sometimes still face exponential behavior.

Proof complexity therefore connects practical solver traces with lower-bound theory.

20.4 Interactive proofs: verification by conversation

An interactive proof involves a computationally limited verifier communicating with a powerful
prover. The verifier uses randomness and challenges to gain confidence in a claim without reproducing
the prover's work.

The landmark result IP = PSPACE showed that every problem solvable with polynomial space has
an interactive proof with a polynomial-time randomized verifier.
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This is astonishing if one's only mental model of verification is "read a witness and check it."
Interaction greatly enlarges what can be efficiently verified under the appropriate protocol.

20.5 The PCP theorem

The probabilistically checkable proofs theorem gives another extraordinary characterization of NP.
Roughly speaking, NP proofs can be encoded so that a randomized verifier reads only a constant
number of bits while maintaining a constant gap between accepting valid proofs and rejecting
sufficiently corrupted ones.

The theorem is foundational for hardness of approximation.

For the story of this book, PCP is a warning against simplistic intuitions. Verification complexity
can be transformed dramatically by encoding and randomness without making witness discovery easy.

20.6 Local checking and global truth

The archive's topos, sheaf, fractal, and local-to-global intuitions repeatedly asked whether a small
local test can certify a huge global structure.

PCP shows that such phenomena can be real in a precise computational sense. A verifier can inspect
very little of a specially encoded proof and still obtain strong evidence about a global claim.

But the encoding theorem is highly nontrivial. One cannot jump from "local pieces look correct" to
"the global object is easy to construct."

The difference between checking encoded redundancy and finding a solution remains.

20.7 Zero knowledge and hidden witnesses

Cryptographic proof systems can even allow a prover to convince a verifier that a statement is true
without revealing the underlying witness. The existence of zero-knowledge protocols demonstrates that
verification, information disclosure, and computational work are separate dimensions.

This matters for physical and Al ideas that treat a certificate as equivalent to the solution itself.
Sometimes a system can certify existence while withholding the witness.

The computational landscape is richer than a simple find/check dichotomy.

20.8 Probabilistic verification as a world change or a frame change?

Randomized verification does not necessarily define an exotic physical world. Random bits can be
generated classically, and probabilistic algorithms are standard complexity objects.

But the comparison is instructive. Adding a resource - randomness, interaction, multiple provers -
changes which claims can be verified efficiently under the model.

This provides a tame analogue of later chapters where postselection or CTCs change the
computational world much more radically.
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20.9 The epistemic lesson

A certificate is not merely an answer. It is an interface between a hard process and a skeptical
verifier.

Complexity theory asks what must cross that interface. How many bits? How much interaction?
How many random queries? How much trust? How much computational work?

This viewpoint will become useful when we ask whether physics itself can act as a prover. If a CTC,
analog device, or annealer presents an answer, what certificate does the observer receive, and how is it
checked?

20.10 Verification does not trivialize discovery

The history from NP to interactive proofs and PCP teaches a paradoxical lesson: we can make
verification astonishingly efficient without obtaining a correspondingly efficient discovery procedure.

That is precisely why P versus NP remains conceptually deep. The gap between "there exists a
compact, checkable reason" and "I can construct that reason efficiently" survives even after verification
is transformed by some of the most sophisticated machinery in theoretical computer science.

Sources and further reading

Stephen Cook and Robert Reckhow on propositional proof systems; the I[P = PSPACE theorem; the
PCP theorem and the work of Arora, Safra, and collaborators; modern proof complexity and zero-
knowledge literature.
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Chapter 21 - The Physical Church-Turing Thesis:
When Physics Enters the Definition of a
Computer

21.1 Turing's thesis was about effective procedure

The original Church-Turing thesis concerns what can be calculated by an effective mechanical
procedure. It is not a statement that every physically imaginable device is efficiently simulated by
today's computers.

As physics and computation became more intertwined, stronger formulations emerged. These ask
whether any physically realizable computation can be simulated by a standard computational model
with reasonable overhead.

The adjective "reasonable" is where complexity theory enters.

21.2 The extended Church-Turing thesis

A common complexity-theoretic version says, roughly, that any physically reasonable model of
computation can be efficiently simulated by a probabilistic Turing machine - often interpreted as
polynomial overhead.

Quantum computation challenged this extended thesis. Quantum algorithms suggested tasks that
may be efficiently solvable on quantum hardware while lacking known efficient classical probabilistic
algorithms.

This does not violate the original Church-Turing thesis because quantum computers are still believed
to compute only Turing-computable functions. The challenge concerns efficiency, not computability.
21.3 Deutsch's physical principle

David Deutsch argued in 1985 that computation should be grounded in the laws of physics and
introduced a universal quantum computer compatible with a physical Church-Turing principle.

This was a conceptual reversal. Instead of asking only which mathematics computers can execute,
ask which universal computers the laws of nature permit.

That question is the doorway through which the rest of this book enters.
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21.4 Feynman and simulation

Richard Feynman had earlier emphasized the difficulty of simulating quantum systems classically. A
generic n-qubit state involves 2An complex amplitudes, and naive classical simulation therefore scales
exponentially in n.

Quantum hardware does not store those amplitudes as an ordinary accessible table. The physical
system is the quantum state.

This distinction between simulation cost and physical instantiation is profound. Nature can evolve a
quantum state without a classical computer writing down every amplitude. Yet extracting arbitrary
classical information from the state remains constrained by measurement.

21.5 Shor's algorithm as a physical-complexity event

Shor's factoring algorithm made the philosophical discussion concrete. Factoring, a problem central
to classical cryptography, can be solved in polynomial time on an ideal quantum computer.

The algorithm does not imply NP is contained in BQP. Factoring is not known to be NP-complete
and has special algebraic structure.

But Shor showed that a change in computational physics can move an important problem across a
practical complexity boundary.

That is exactly the kind of event the physical Church-Turing discussion anticipates.

21.6 What counts as physically reasonable?

The phrase hides enormous difficulty.

Are closed timelike curves physically reasonable if general relativity admits mathematical solutions
containing them?

Is an analog computer with exact real numbers reasonable if no measurement has infinite precision?
Is postselection reasonable if it requires conditioning on exponentially unlikely outcomes?

Is a nonlinear quantum theory reasonable if it conflicts with the empirically supported linear
formalism of quantum mechanics?

Complexity theory can characterize these models without deciding their physical reality. Physics
must answer the latter question.

21.7 Complexity as a constraint on physical speculation

If a proposed physical law would make PSPACE-complete or #P-complete problems efficiently
solvable, that fact is not a logical contradiction. But it tells us the law is computationally extraordinary.

Scott Aaronson and others have emphasized this style of reasoning: complexity consequences can
provide a new perspective on candidate physical theories.

A seemingly small operational change can have vast algorithmic implications.
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21.8 The simulation test

For any proposed physical computer, ask whether a standard machine can simulate it with
polynomial overhead given a finite description of the device and its input.

If yes, the new device may be a different frame or implementation of familiar computation.

If no, identify why: quantum interference, analog precision, nonlinear dynamics, postselection,
exotic causality, infinite spacetime, or another resource.

The reason for the simulation failure is often the real scientific content.

21.9 Physical law versus initial information

A powerful device can obtain its advantage from two very different places.
One is the law: a new operation such as nonlinear evolution or CTC consistency.

The other is the state: a special constant, initial condition, or boundary condition that already
contains hard information.

These should not be conflated. A universal new law is far more interesting than a machine whose
answer has been preloaded into its initial state.

21.10 The rule for the rest of the book

From here onward, each exotic proposal will be described as a computational world with explicit
assumptions. We will not ask whether it "really computes" in some metaphysical sense.

We will ask:

ewhat operations are allowed,;

*what resources are counted;

ewhat can be simulated efficiently;

*what complexity class results;

ewhat physical assumptions carry the added power.

That is the discipline required to make physics and complexity theory speak clearly to each other.

Sources and further reading

Alan Turing on computability; David Deutsch, "Quantum Theory, the Church-Turing Principle and
the Universal Quantum Computer” (1985); Bernstein and Vazirani on quantum complexity; literature
on the extended and physical Church-Turing theses.
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Chapter 22 - Quantum Computing Before the
Cheats: Feynman, Deutsch, Shor, and Grover

22.1 Why quantum computation entered complexity theory

Quantum computing did not begin as an attempt to solve P versus NP. One major motivation was
simulation. Classical descriptions of generic quantum states scale exponentially with the number of
qubits, suggesting that a quantum system might simulate another quantum system more naturally than a
classical machine can.

Richard Feynman emphasized this mismatch in the early 1980s. David Deutsch then formulated a
universal quantum computer and connected computation explicitly to quantum physical law.

The field's later history is important because it provides a disciplined counterexample to the phrase
"quantum means exponential speedup.” Some problems receive spectacular speedups; others receive
quadratic improvements; many have no known quantum advantage.

22.2 Qubits are not classical parallel bits

A register of n qubits can be written as a superposition of 2/n basis states. This mathematical fact
invites the misleading picture of 2/n classical computers running side by side.

But the amplitudes are not 2/n readable memory cells. A measurement returns limited classical
information. Quantum algorithms must arrange interference so that the desired global property appears
with useful probability in the measured result.

The art lies in manipulating amplitudes, not in merely possessing them.

22.3 Reversibility and unitary dynamics

Quantum evolution between measurements is unitary and therefore reversible. Classical irreversible
operations can be embedded into reversible computations, but the bookkeeping matters.

Reversibility constrains quantum program structure and contributed to the technical work needed to
define universal quantum Turing machines and circuit models rigorously.

This is another example of physical law shaping computational architecture.

22.4 Shor's algorithm

Peter Shor's 1994 algorithm showed that integer factoring and discrete logarithms can be solved in
quantum polynomial time. The result threatened widely used public-key cryptographic assumptions and
transformed quantum computing from an elegant theoretical idea into a field with obvious technological
stakes.
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The algorithm exploits algebraic periodicity and the quantum Fourier transform. It does not search
blindly through candidate factors.

This distinction should be remembered whenever quantum mechanics is proposed as a generic NP
solver. Shor wins by structure.

22.5 Grover's algorithm

Lov Grover showed that unstructured search over N possibilities can be performed with on the order
of sqrt(IN) oracle queries. This is a genuine quadratic improvement and, in the black-box setting,
essentially optimal.

For a search space of size 2/n, the query count becomes about 2/ {n/2}: better, but still exponential
in n.

Grover's result is almost tailor-made to correct the naive superposition argument. Quantum
parallelism helps, but not enough to turn generic exhaustive search into polynomial time.

22.6 BQP as a complexity class

Bernstein and Vazirani developed quantum computation from a complexity-theoretic viewpoint and
formalized efficient universal quantum computation. BQP became the standard class of bounded-error
polynomial-time quantum decision problems.

The known containments place BQP inside PSPACE and include ordinary deterministic and
randomized polynomial computation in the expected ways. The exact relationship between BQP and
NP remains unresolved.

Thus quantum complexity has its own frontier rather than simply replacing P and NP.

22.7 Oracle evidence and limits

Oracle results show that there are black-box worlds in which quantum computers provide dramatic
speedups and others in which NP remains resistant to quantum polynomial time. Bennett, Bernstein,
Brassard, and Vazirani established oracle lower bounds showing limits of generic quantum search.

Oracle evidence does not settle the unrelativized world, but it destroys the idea that quantum
mechanics automatically makes every efficiently verifiable problem efficiently solvable.

22.8 Simulation versus computation

A quantum system may evolve through a state that is exponentially costly to represent classically.
This creates a form of quantum advantage for simulation.

Yet representing a complex state and solving an arbitrary combinatorial decision problem are
different tasks. The problem's answer must be encoded into an observable in a way the algorithm can
amplify and measure efficiently.

This is why quantum simulation can be natural even when generic NP search remains hard.
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22.9 The stage is now set for real cheats

Standard quantum mechanics gives us a powerful but constrained computational world. The next
questions deliberately violate those constraints.

What if we postselect rare outcomes?

What if quantum evolution is nonlinear?

What if a quantum system interacts with its own past?

These are no longer merely new algorithms. They are changes to the operational rules of the theory,
and complexity responds accordingly.
Sources and further reading

Richard Feynman's work on simulating physics with computers; David Deutsch's universal quantum
computer; Peter Shor on factoring and discrete logarithms; Lov Grover on quantum search; Ethan
Bernstein and Umesh Vazirani on quantum complexity theory; Bennett, Bernstein, Brassard, and
Vazirani on strengths and weaknesses of quantum computing.
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Chapter 23 - The Problem That Refuses to Yield

23.1 A question about finding and checking

The slogan for P versus NP is deceptively simple: if a proposed solution can be checked quickly, can
a solution also be found quickly? The words “quickly,” “solution,” and even “problem” carry precise
meanings. P and NP are classes of decision problems, usually formalized as languages over finite
strings. P consists of those languages decidable by a deterministic Turing machine in polynomial time.
NP can be defined in several equivalent ways; for the purposes of intuition, it consists of those decision
problems for which every yes-instance has a polynomial-size certificate verifiable in polynomial time.

The difference between finding and checking is easy to feel. A completed Sudoku grid can be
verified more directly than it can be constructed from scratch. A proposed Hamiltonian path can be
checked by following the listed vertices and confirming that each is used once and each consecutive
pair is connected. A truth assignment for a Boolean formula can be checked by substitution. But these
examples should not be allowed to overstate the case. They show only that a particular certificate is
easy to verify. They do not prove that no clever algorithm can find one efficiently.

This distinction matters because “brute force appears exponential” is not a lower-bound proof. The
history of algorithms is full of cases in which a naive combinatorial explosion was bypassed by a
structural idea. P versus NP asks whether such a structural idea exists in full generality for every
efficiently verifiable problem.

23.2 NP-completeness and universality of difficulty

The Cook-Levin theorem transformed the question from a diffuse philosophical puzzle into a
sharply organized research program. Boolean satisfiability, SAT, is NP-complete. This means SAT lies
in NP and every problem in NP can be reduced to SAT by a polynomial-time transformation. Karp's
subsequent list of NP-complete problems showed that the same pattern appears across graph theory,
scheduling, covering, packing, logic, and combinatorial optimization.

NP-completeness creates a remarkable form of universality. We do not need a separate polynomial-
time algorithm for every problem in NP to prove P = NP. A polynomial-time algorithm for any NP-
complete problem would suffice. Conversely, proving that even one NP-complete problem cannot be
solved in polynomial time would separate P from NP.

This universality also explains why so many speculative approaches focus on SAT. SAT is not
merely a convenient puzzle. It is a representative of the entire class under polynomial reduction.

23.3 Polynomial time is an invariance class

One of the deepest reasons P has endured as the practical definition of efficient computation is not
that every polynomial is small. An algorithm running in nA100 time is mathematically polynomial and
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practically useless. Rather, polynomial time is robust under a large family of reasonable changes to the
classical machine model. Multitape Turing machines, random-access machines under standard
assumptions, and ordinary programming languages simulate one another with polynomial overhead.

This robustness is an early example of the theme that will dominate this book. A complexity class is
useful when it survives changes of representation or implementation that we regard as inessential. P is
less a claim about a specific tape-and-head mechanism than a stable equivalence class of feasible
classical computation under polynomial simulation.

The word “simulation” is crucial. When two models simulate each other with polynomial overhead,
a polynomial-time algorithm in one remains polynomial in the other. The exact exponent may change,
but membership in P does not. This gives us a criterion for distinguishing a harmless change of
computational coordinates from a genuinely stronger computational world.

23.4 Why physical seconds are not the definition

A processor can run at 1 GHz or 5 GHz. A program can be implemented in a fast language or a slow
one. A chip can be cooled or overclocked. None of these changes ordinarily alter the asymptotic
complexity class of an algorithm. Complexity theory deliberately abstracts away constant-factor
speedups and many polynomial overheads.

If an algorithm requires 2/\n elementary logical transitions in the worst case, simply making each
transition faster does not make the transition count polynomial in n. This seems obvious when
comparing desktop processors. It becomes less obvious when relativity enters the discussion and
different observers assign different elapsed times to the same physical process. Later chapters will
return to this point in detail.

23.5 Decision, search, and optimization

P versus NP is phrased in terms of decision problems, but many applications are search or
optimization problems. The relationships are subtle but manageable. For many NP-complete problems,
a decision oracle can be used repeatedly to reconstruct a witness with polynomial overhead. For
example, if we can decide SAT efficiently, we can determine a satisfying assignment by fixing
variables one at a time and asking whether the restricted formula remains satisfiable.

This is important when evaluating proposed shortcuts. A method that merely recognizes that some
solution exists but cannot extract or certify it may not provide the computational capability being
claimed. Conversely, a model that returns a witness can often decide the associated language
immediately.

23.6 Worst case, average case, and practical hardness

Complexity classes are asymptotic and typically worst-case. That is both their strength and a source
of confusion. An NP-complete problem may have many easy instances. Heuristics may solve industrial
instances extraordinarily well. Machine learning may predict useful answers. Approximation algorithms
may achieve near-optimal solutions. Parameterized algorithms may be efficient when a secondary
parameter is small.
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None of these facts by themselves imply P = NP. They may be technologically decisive while
leaving the worst-case decision problem untouched. A serious analysis must therefore ask which notion
of hardness is being addressed: worst-case exact decision, average-case performance, approximate
optimization, parameterized tractability, heuristic success, or physical wall-clock performance.

A recurring error in speculative P versus NP work is to move between these meanings without
noticing. One of the goals of this book is to keep them separate.

23.7 The status of the problem

As of 2026, P versus NP remains one of the unsolved Millennium Prize Problems. The Clay
Mathematics Institute continues to list it as open. This fact is not an appeal to authority; it is a useful
external calibration. Any purported resolution has to do more than present an evocative analogy or a
successful finite experiment. It must survive expert scrutiny at the level of formal definitions,
asymptotic bounds, uniformity, and proof.

That standard should not discourage exploratory work. It should guide it. The most productive
speculative idea is one that becomes sharper under contact with the definitions.

23.8 The first rule of this book

We will adopt a simple rule:

Never claim a change in complexity class until the computational model and the resource
accounting have been stated explicitly.

This rule is severe enough to invalidate many apparent shortcuts. It is also generous enough to reveal
when a genuinely new model has been introduced. The distinction between those two outcomes is the
central story of the chapters ahead.
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r Problem family What must be decided? |
r Encoding How is an instance represented? )
i Machine model Which state transitions are legal? )
[ Resources What counts: steps, space, energy, time? |
i Causal/physical law What information flow is permitted? |

A complexity statement is always relative to a computational world.

Figure 1. A computational world separates the problem, encoding, machine, resources, and physical or causal
assumptions.
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Chapter 24 - Why P versus NP Is Hard to Prove

24.1 The absence of proof is not the absence of structure

P versus NP has resisted decades of work by some of the strongest researchers in theoretical
computer science. That resistance is not mysterious in the sense of being completely uncharted.
Complexity theory has identified several broad families of proof techniques that cannot, on their own,
resolve the question. These are often called barriers. The best-known are relativization, natural proofs,
and algebrization.

A barrier is not a proof that P versus NP is unprovable. It is a proof that a broad style of argument is
insufficient. This distinction is essential. Barriers narrow the search space and explain why arguments
that feel general and elegant can nevertheless fail.

24.2 Relativization

An oracle Turing machine is a Turing machine augmented with the ability to query a black box
language in a single step. We can then define PAA and NPAA relative to an oracle A. Baker, Gill, and
Solovay famously constructed oracles A and B such that PAA = NPAA while PAB != NPAB.

The implication is methodological. Any proof technique that continues to work unchanged when
every machine is given access to an arbitrary oracle cannot settle ordinary P versus NP, because the
relativized worlds disagree.

This result has a philosophical flavor that fits the theme of computational worlds. An oracle is an
explicit alteration of what the machine is allowed to know in one step. Different oracles produce
different complexity landscapes. But the lesson for the classical problem is not that P versus NP is
relative or subjective. The lesson is that a proof must exploit structure not preserved by arbitrary oracle
extension.

24.3 Natural proofs

Circuit lower bounds offer one route to P != NP: show that some explicit function in NP requires
superpolynomial-size circuits. Razborov and Rudich identified a large class of lower-bound arguments
they called natural proofs. Roughly, these arguments recognize a broad, constructive property that is
useful for separating hard functions from easy circuit classes.

Under standard cryptographic hardness assumptions, natural proofs cannot establish the
superpolynomial circuit lower bounds needed for major separations. Again, the point is not that lower
bounds are impossible. It is that many combinatorial arguments that look broad and uniform encounter
a cryptographic obstruction.
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This barrier is particularly relevant to exploratory work based on pattern recognition. If a proposed
method says, in effect, “hard functions have an easily detectable global property that small circuits
lack,” one should ask whether the proposal has wandered into natural-proof territory.

24.4 Algebrization

Arithmetization was one of the great techniques that broke through earlier relativizing limitations in
complexity theory. It helped establish results such as IP = PSPACE. This success raised hope that
algebraic methods might also bypass the barriers around P versus NP.

Aaronson and Wigderson introduced algebrization to show that a broad class of algebraic extensions
still cannot settle central open problems. A proof of P != NP will have to be non-algebrizing in their
technical sense, or at least exploit ingredients outside the techniques captured by the barrier.

The progression is instructive. First, a broad proof style fails because it relativizes. Then a more
sophisticated algebraic style escapes simple relativization but is captured by a stronger barrier.
Complexity theory learns by building maps of where whole categories of proof cannot go.

24.5 Why this matters for unconventional approaches

The archive behind this book contains proposals using Lorentz transformations, quantum
superposition, category theory, homotopy type theory, approximation formulas, and causal loops. Most
were not designed with the established proof barriers in mind. That is not automatically fatal, because
an unconventional method could in principle evade them. But it means the burden is higher, not lower.

A genuinely new proof must eventually be translated into the language of complexity theory. Which
language or circuit family is separated? Which reduction is constructed? What asymptotic bound is
proved? Which known barriers does the argument bypass, and why?

If these questions cannot be answered, one should resist the temptation to treat novelty of vocabulary
as novelty of proof technique.

24.6 Finite experiments and asymptotic claims

Another recurring difficulty is the transition from finite evidence to asymptotic theorem. One can
enumerate all machines up to a given size, solve all instances up to a given input length, or discover
striking runtime patterns. Such experiments can be mathematically exact within their finite domain.
They can disprove conjectures, reveal structures, and suggest lower bounds.

But P and NP concern arbitrarily large inputs. No finite table, by itself, establishes an asymptotic
separation or collapse. The bridge from finite enumeration to asymptotic theorem requires an argument
about how the observed structure scales.

This point will become especially important in the chapter on ruliology, where empirical exploration
of small programs becomes an object of study in its own right.
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24.7 Uniformity and the lookup-table trap

Suppose for every input length n we build a gigantic table containing the answer to every instance of
that length. Querying the table is fast. Have we put SAT in P? No. We have hidden exponential work or
exponential description length in a nonuniform resource.

Uniformity prevents this move. A single finite algorithm must generate the required behavior across
input sizes without embedding an exponentially growing advice string or custom solver for each n,
unless the complexity model explicitly permits such advice.

Many apparent “one-step” solutions fail for this reason. The answer has been precomputed, encoded
into geometry, supplied by an oracle, or built into a physical boundary condition. The final lookup is
fast, but the computational burden has merely moved.

24.8 Exactness and approximation

Approximation is powerful in numerical analysis and optimization, but exact decision problems
impose a different standard. Approximating n!, estimating an integral, smoothing a landscape, or
relaxing an integer program can make a problem easier to analyze without preserving the exact yes/no
boundary of an NP-complete language.

To use approximation in a proof of P = NP, one must show that the approximation preserves enough
information to decide every instance exactly, with a polynomial resource bound and controlled error.
Without that step, approximation is an engineering tool, not a complexity collapse.

24.9 A useful negative map

The three famous barriers, plus the recurring traps of finite evidence, nonuniformity, hidden
preprocessing, and approximation, form a negative map. They tell us how not to reason.

This negative map is one of the most valuable tools for salvaging speculative work. Rather than
asking only “is this proof right?”, we can ask “what precise obstruction does it hit?” That answer often
suggests a corrected problem worth studying.

24.10 Failure as information

A failed P versus NP proof can fail because it changes only clock time, because it adds an oracle,
because it assumes the desired reduction, because it loses exactness, because it relies on nonuniform
advice, because it confuses representation with computation, or because it extrapolates from finite data.
Those are different failures.

Cataloging them is not an exercise in embarrassment. It is a way of learning the architecture of
complexity theory. The remainder of the book uses that architecture to examine proposed shortcuts one
by one.
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Chapter 25 - Cryptography, Optimization, and
What Would Actually Change

25.1 Why consequences matter

P versus NP attracts attention partly because the consequences of a collapse appear enormous.
Popular accounts often say that P = NP would instantly destroy cryptography, solve every optimization
problem, automate creativity, and transform science. Each statement contains a piece of truth and a
layer of exaggeration. A serious book should separate them.

Consequences also provide a useful diagnostic for proposed proofs. If an argument claims an
extremely strong complexity collapse but offers no concrete algorithmic implications for SAT,
scheduling, proof search, or cryptographic primitives, the gap may reveal that the argument has changed
the meaning of “efficient” rather than the underlying problem.

25.2 Public-key cryptography is not simply “NP hardness”

A common claim says that public-key cryptography rests on P != NP. That is too coarse. Practical
systems rely on specific average-case hardness assumptions, algebraic structures, trapdoors, and
computational problems such as integer factoring, discrete logarithms, or lattice problems. Factoring
lies in NP and coNP and is not known to be NP-complete. Shor's quantum algorithm already shows that
an important cryptographic problem can become polynomial-time solvable in BQP without implying P
= NP.

If P = NP constructively with a practical algorithm, many cryptographic assumptions would be
endangered because NP search problems could often be solved efficiently through self-reduction. But
the exact impact would depend on polynomial exponents, constants, uniformity, and the structure of the
algorithm. A proof that yields nA1000 time would be mathematically revolutionary and technologically
less immediate.

The more precise lesson is that complexity classes do not map one-to-one onto deployed
cryptosystems.

25.3 One-way functions and the P versus NP neighborhood

Modern complexity-theoretic cryptography studies one-way functions: efficiently computable
functions that are hard to invert on average. The existence of strong one-way functions implies
separations among complexity notions, and P = NP would rule out standard one-way functions in their
usual form because inversion can be phrased as an efficiently verifiable search problem.
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However, cryptographic security is average-case and probabilistic. P versus NP is worst-case and
decision-oriented. Moving from one to the other requires reductions. This is another example of the
book's rule: never let a familiar slogan substitute for the exact computational world.

25.4 Optimization is not identical to decision

Many famous NP-hard tasks are optimization problems: shortest tours, best schedules, maximum
cuts, protein design abstractions, and combinatorial packing. An exact polynomial algorithm for an
associated NP-complete decision problem often yields exact optimization through polynomially many
calls, for example by binary search over objective values or by reconstructing a witness.

Yet real applications rarely demand exact worst-case optimality at arbitrary input size. They use
approximation, heuristics, branch-and-bound, integer programming, relaxations, domain constraints,
and parameterized structure. P != NP would not mean optimization stops. It means there is no
polynomial-time exact algorithm for every instance of NP-complete problems, assuming the separation.

This distinction allows practical success and theoretical hardness to coexist.

25.5 Approximation can be revolutionary without P = NP

The traveling salesperson problem illustrates the point. Exact TSP is NP-hard, but metric variants
admit approximation guarantees. Euclidean geometry adds structure. Real logistics adds constraints and
noise that may make near-optimal solutions entirely sufficient.

A new physical or AI method could therefore have enormous value by improving approximation
ratios, typical-case performance, or parameterized regimes while leaving classical P versus NP
untouched.

This is especially important when assessing Al-assisted optimization. A model that learns the
distribution of industrial instances may solve those instances quickly because the distribution is far from
adversarial worst case.

25.6 Automated mathematics

If P = NP with practical polynomial bounds, theorem proving would change dramatically for formal
systems in which proofs can be checked efficiently and short proofs exist. But not every true
mathematical statement has a short proof in a chosen formal system. Some statements may require long
proofs; some are undecidable in the system; and mathematical creativity includes choosing definitions,
conjectures, and frameworks, not only locating a finite certificate.

Thus “P = NP automates mathematics” is also too simple. It would radically alter finite proof search

in important regimes, but it would not collapse all of mathematics into a button.

25.7 Scientific inverse problems

Many scientific tasks resemble inverse problems: infer hidden causes from observations. These are
often ill-posed, noisy, continuous, Bayesian, or computationally hard. NP-completeness may appear in
discretized subproblems, but physical uncertainty and model mismatch remain even if combinatorial
search becomes easy.
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A polynomial SAT solver cannot create information absent from the data. It cannot decide which
physical model is correct when multiple models fit equally well. Computational complexity is only one
boundary on scientific inference.

25.8 Al and planning

Classical planning problems can be NP-hard or PSPACE-complete depending on the formulation. If
a proposed Al architecture appears to solve arbitrarily complex planning instantly, one should ask
whether it has been given a learned world model, enormous offline training, external tools, approximate
goals, or a restricted task distribution.

The offline/online split is especially important. Training can be viewed as preprocessing. If an
exponentially expensive training process produces a fast solver for a fixed distribution, the online
performance alone does not establish a worst-case complexity collapse.

25.9 The consequence audit

Whenever a purported P = NP result appears, a practical audit can ask:

*What does the method do on SAT?

¢Can it output a satisfying assignment, not merely a score?

*What is its worst-case running time as a function of formula length?

*What precision and memory does it require?

*Does it work uniformly for arbitrary input sizes?

¢ Can the same method invert cryptographic one-way candidates under explicit reductions?

A claim that cannot answer these questions may still be interesting, but it has not yet reached
ordinary P versus NP.

25.10 Consequences as calibration

The grandeur of P versus NP makes it easy to overstate both proof claims and consequences. The
corrective is the same in both directions: specify the model and the reduction.

A true solution would reverberate widely. But a model-dependent shortcut can also be profound.
Shor's algorithm transformed cryptography without solving P versus NP. CTC computation reaches
PSPACE without changing classical P. Postselection reaches PP under an unphysical primitive. These
examples show that the intellectual value of a computational breakthrough does not depend on forcing it
into the P = NP headline.
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Part Il - Twenty Ways to Cheat
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Chapter 26 - Cheat One: Einstein's Computer -
Faster Clocks and Relativistic Time

26.1 The seduction of relativistic speedup

Relativity changes our ordinary intuitions about time. Two observers in relative motion can disagree
about elapsed coordinate time between events. Proper time along a worldline can differ dramatically
from the time measured by another observer. Near extreme gravitational fields, time dilation can
become enormous. It is therefore natural to wonder whether a computer placed in a relativistic setting
can “outrun” computational complexity.

Several papers in the archive pursued variants of this idea: relativistic time-iterative duality,
photonic computation at high velocity, Lorentz-factor scaling, and invariant metrics for computational
effort. The common intuition was that if one observer experiences much less time while another
observes a long computation, perhaps an exponential search can be compressed into a polynomial
interval.

The idea fails for classical P versus NP for a simple but deep reason: complexity theory counts
computational resources as functions of input length, not merely wristwatch seconds.

26.2 Step count and clock time

Imagine two machines executing the same deterministic algorithm on the same input. Each performs
N logical transitions. One machine has a faster clock. It completes the transitions in fewer seconds. The
other is slower. The algorithms nevertheless have the same step complexity.

Relativity complicates the relation between clocks but does not erase the transition sequence. If the
worldline of a processor causes its proper time to differ from an external observer's coordinate time, we
must be careful about how physical operations are modeled. But simply reparameterizing the time
coordinate cannot convert an exponential number of distinct logical state transitions into a polynomial
number.

This is why the most mature paper in the archive eventually reached the correct insight: time
dilation alone does not solve P versus NP because it does not reduce logical iteration count. That
correction becomes the starting point rather than the ending point here.
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Different elapsed/proper times do not, by themselves, change asymptotic step complexity.

Figure 2. Relativistic or hardware timing can change elapsed time without changing the number of logical transitions.

26.3 What can relativity change?

Relativity can matter to physical computation in several real ways. It changes communication
delays, synchronization, energy budgets, causal accessibility, and the relation between local and global
time coordinates. Distributed computing across relativistic distances may require causal diagrams rather
than Newtonian simultaneity. A physical computer approaching a horizon may appear slowed to a
distant observer while experiencing finite local time.

These are fascinating issues, but they require a resource theory of physical computation. The
relevant quantities may include local gate operations, energy, entropy production, signal propagation,
proper time, coordinate time, spacetime volume, or communication complexity.

The mistake is to choose whichever time variable makes an exponential process look small and then
identify that variable with Turing-machine running time.
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26.4 The invariant-metric instinct

One archive paper proposed “Invariant Computational Effort” and “Effective Computational
Complexity” as observer-independent metrics. The instinct behind that proposal is worth keeping: when
computation is embedded in relativity, resource accounting should not depend on arbitrary coordinates.

A cleaner approach would start with events in spacetime representing physical computational
transitions. The causal graph of those events is invariant even though coordinate descriptions differ.
One can then ask for measures such as the number of irreversible logical operations, the depth of the
causal computation graph, total proper time along designated worldlines, or spacetime volume
consumed.

This is not standard P versus NP, but it could form part of a theory of relativistic physical
complexity. The crucial correction is to avoid claiming that Lorentz covariance forces a collapse of
classical complexity classes.

26.5 The twin-computer thought experiment

Consider an Earth computer E and a spacecraft computer S. Both are programmed to examine a
search tree with 2/n leaves. Suppose S travels at relativistic speed and later returns. Depending on the
trajectory, less proper time may elapse for S than for E.

Has S solved the search problem in polynomial time? Not under the ordinary complexity definition.
If S still executes a number of gates proportional to 2/n, then its gate count remains exponential. If we
physically increase its gate rate as a function of n so dramatically that 2/n gates fit into polynomial
external time, we have introduced an input-dependent hardware scaling resource. That resource must be
counted.

A complexity proof cannot hide exponential hardware, energy, precision, or parallelism behind the
word “relativity.”

26.6 Parallelism and spacetime volume

What if we deploy 2/n processors in parallel, each checking one candidate? The wall-clock depth
may be small, but the total hardware is exponential. Complexity theory has models for parallel
computation precisely to expose this tradeoff. NC, for example, studies problems solvable by
polynomially many processors in polylogarithmic time. Exponential processor counts represent a
different resource regime.

Relativistic spacetime does not change this accounting principle. A vast distributed array can trade
time for volume, but the resource has not vanished.

26.7 The genuine relativistic escape hatch

There is, however, a radical class of relativistic thought experiments in which the causal structure
itself changes what an observer can receive. Malament-Hogarth spacetimes permit, in idealized models,
a worldline of infinite proper duration entirely contained in the causal past of an event reachable by
another observer in finite proper time. This opens the door to “supertasks” in which one computer
performs an unbounded computation and signals the finite-time observer if a certain event occurs.
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That is no longer mere time dilation. The causal structure has changed the available computational
operation. Such models belong in the later chapter on hypercomputation.

The distinction is the lesson: relativity becomes computationally transformative only when it
changes causal access or allowable physical operations, not when it merely changes clock
readings.

26.8 What the relativistic papers salvage
The failed P = NP claims leave several useful research questions:

* What resource measures for physical computation are Lorentz-invariant or coordinate-independent?
*How should distributed algorithms be analyzed in curved spacetime?

*What is the relation between logical depth and causal depth?

¢ Can spacetime volume serve as a physically meaningful complexity resource?

*Which exotic spacetime structures enlarge computability or complexity classes?

These are legitimate questions at the boundary of physics and computation. They are stronger when
separated from the unsupported claim that ordinary P collapses to NP.

26.9 A general diagnostic
Whenever a physical effect is proposed as a computational shortcut, ask four questions:

7. How many logical state transitions occur as a function of input size?

8. How much hardware, energy, precision, or spacetime volume is being used?

9. Has the machine been given a new primitive operation unavailable to the baseline model?
10. Can the new model be simulated by the old one with polynomial overhead?

If only the clock rate has changed, classical complexity has not.
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Chapter 27 - Cheat Two: Use More Universe -
Parallelism and Exponential Hardware

27.1 The simplest way to beat exponential time

If a problem has 2/n candidates, the most obvious way to avoid waiting through them sequentially is
to employ 2/ n workers. Give each worker one candidate. Let all workers check simultaneously. The
elapsed time can be tiny.

This is not a joke. Parallelism is one of the most important sources of real computational speedup.
Modern processors contain many cores. Graphics processors expose thousands of arithmetic units. Data
centers distribute work across fleets of machines. Nature itself evolves many spatially separated degrees
of freedom at once.

The cheat lies only in calling a reduction in elapsed time a reduction in total computational
complexity without counting the machinery.

27.2 Work and depth

Parallel algorithms are often analyzed using at least two quantities.
Work is the total number of primitive operations performed across all processors.
Depth or parallel time is the length of the longest dependency chain assuming sufficient processors.

A brute-force SAT solver with one processor per assignment can have small depth and exponential
work. That distinction is perfectly legitimate. It tells us that SAT has enormous parallelism if hardware
is unlimited.

But classical P is not defined by allowing exponentially many processors of exponentially growing
total size for free.

27.3 Circuits make the tradeoff visible

Boolean circuits provide a clean model. Circuit size counts gates. Circuit depth counts the longest
path from input to output. A computation can have shallow depth but enormous size.

This is the architectural version of the book's central theme: a cost can move from time into space or
hardware.

When a physical proposal says "all possibilities are processed simultaneously," circuit language asks
the right next question: how many independent components, interactions, or modes are required to
represent those possibilities?
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27.4 The light cone is a computational constraint

Real parallel machines must communicate. Special relativity limits signal propagation to the speed
of light. Large machines therefore acquire a geometric cost: processors farther apart cannot combine
information instantly.

A machine with exponentially many processors cannot simply be imagined as a dimensionless point.
If components occupy finite volume or require finite energy, physical size grows. Aggregating the final
answer may require routing information through a network whose depth grows with geometry.

This does not create a classical complexity theorem by itself, but it prevents a common fantasy in
which infinite parallelism occupies zero space and communicates instantly.

27.5 DNA computing: matter as a search tree

Leonard Adleman's 1994 DNA-computing experiment famously used molecular biology to attack a
small Hamiltonian-path instance. DNA strands represented combinatorial possibilities, and biochemical
operations filtered candidate paths.

The conceptual beauty is genuine: molecules perform massive parallel operations by chemistry.

The scaling problem is equally instructive. Representing exponentially many candidates can require
exponentially many molecules or an exponentially growing amount of material. Laboratory operations
introduce error, amplification, separation, and readout costs.

DNA computing therefore gives us a physical embodiment of the time-for-matter tradeoff. It does
not trivially place NP-complete problems in classical P.

27.6 Optical computing and spatial multiplexing

Optical systems can encode alternatives in paths, wavelengths, phases, or interference patterns. A
lens can perform certain Fourier transforms almost "for free" in the sense that wave propagation
implements a mathematical transform physically.

Such devices can be astonishing accelerators for structured tasks.

Yet if an NP search requires one resolvable path, frequency, or spatial mode per candidate, the
exponential resource reappears as aperture size, bandwidth, dynamic range, energy, or detector
resolution. Interference can sometimes compress global information, but extracting an exact discrete
answer remains the decisive step.

27.7 Nature computes everywhere at once

A common philosophical claim says the universe effortlessly evolves an astronomical number of
degrees of freedom in parallel, so perhaps nature "solves" computationally hard problems without
difficulty.

The phrase hides a mismatch of tasks. Physical evolution need not output the answer to an externally
posed decision problem in a compact readable register. A many-body system may evolve according to
local laws while predicting a property of that evolution remains computationally hard for an observer.

The world can instantiate a state without handing us an efficient classical description of that state.
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This distinction will recur in quantum mechanics and block-universe arguments.

27.8 Parallel search and Grover's contrast

Grover's quantum algorithm is useful as a contrast. A classical parallel brute-force search with 2An
processors can reduce depth drastically by paying exponential hardware. Grover reduces the number of
oracle queries from roughly 2/n to roughly 2A{n/2} using quantum interference - a genuine asymptotic
query improvement with only polynomially many qubits.

That is a real algorithmic speedup, though still exponential for NP-style unstructured search.

The comparison shows what a nontrivial shortcut looks like: it changes the number of required
black-box queries, not merely their scheduling across an exponential factory.

27.9 Distributed verification and bottlenecks

Even when candidate checking is embarrassingly parallel, the final reduction of results can matter.
One must detect whether any worker found a witness, identify it, and ensure communication reliability.

In theoretical PRAM-like models, these costs can be idealized. In physical models, fan-in,
synchronization, wire length, bandwidth, and noise impose constraints.

Again, the point is not to deny parallel computing. It is to keep the resource ledger honest.

27.10 What survives this cheat

The parallelism idea survives in several valuable forms:

¢ complexity classes for parallel computation;

e circuit depth and size tradeoffs;

edistributed and communication complexity;

*GPU and accelerator design;

emolecular and optical computing;

ephysical limits arising from geometry, energy, and causality.

The failed claim is only the strongest one: that exponential parallel hardware, uncounted, proves
classical P = NP.

The deeper lesson is more useful: wall-clock time is one coordinate of computational cost, not
the whole cost.

Sources and further reading

Classical parallel complexity and circuit complexity; Leonard Adleman's DNA computing
experiment; work on optical and analog accelerators; Grover's quantum search lower and upper bounds.
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Chapter 28 - Cheat Three: Quantum Parallelism Is
Not a Free Exponential Search

28.1 Why quantum computation looks like P = NP

Quantum mechanics seems almost designed to tempt us into a naive P = NP argument. An n-qubit
register can be placed in a superposition over 2An computational basis states. A quantum circuit evolves
all amplitudes coherently. It is natural to say that the machine “evaluates all possibilities at once.” If so,
why not encode all truth assignments to an n-variable SAT instance, evaluate the formula in parallel,
and read out a satisfying assignment?

Because measurement does not return the entire amplitude vector. Quantum algorithms gain power
through interference: amplitudes are transformed so that useful global structure becomes detectable
with high probability. Superposition is a resource, but it is not an exponentially wide classical printout.

28.2 BQP is a different class, not magic

BQP, bounded-error quantum polynomial time, contains problems efficiently solvable by a uniform
family of quantum circuits with bounded error. We know P is contained in BQP. We also know BQP is
contained in PP and hence in PSPACE. The exact relation between BQP and NP is unknown. In
particular, it is not known that NP-complete problems lie in BQP.

Shor's algorithm gives polynomial-time quantum algorithms for factoring and discrete logarithms.
This is spectacular, but factoring is not known to be NP-complete. Grover's algorithm gives a quadratic
speedup for unstructured search, reducing N queries to roughly sqrt(IN), but sqrt(2/n) is still exponential
in n.

These examples demonstrate a central theme: changing the machine model can produce dramatic
speedups without collapsing every classical hardness distinction.
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BQP versus NP is not known to be an inclusion in either direction.
The diagram is schematic, not a complete complexity zoo.

Figure 3. Selected known containments among complexity classes discussed in the text; the diagram is schematic.

28.3 The measurement bottleneck

Suppose a quantum circuit marks satisfying assignments with a phase. The challenge is to amplify or
otherwise extract the marked portion. If exactly one of 2/n assignments satisfies the formula, a uniform
superposition gives that assignment amplitude magnitude 2/{-n/2}. Direct measurement finds it with
probability 2A{-n}. Amplitude amplification improves this to about 2A{n/2} uses of the verifier, which
is better than 2/n but still exponential.

The phrase “the answer is present in the wavefunction” therefore needs care. Presence in a
mathematical state is not the same as accessible classical information. Complexity is partly about the
cost of making the right global property observable.

28.4 Entanglement and correlation

Entanglement supplies correlations unavailable to classical separable states, but correlation alone
does not solve search. Quantum speedups depend on problem structure, circuit design, and interference.
Bell inequality violations do not allow superluminal signaling. Entangled steps do not automatically
compress an exponential computation into O(1).

Several archive papers treated entanglement as if it could merge many computational steps into one
physical event. A rigorous version of that idea would have to specify a circuit family, gate set, uniform
construction, error model, and proof that the resulting circuit has polynomial size and depth while
deciding an NP-complete language. Without that, “entangled computation” remains metaphor.
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28.5 Query complexity versus time complexity

Quantum algorithms often show their cleanest advantages in query complexity, where the cost is the
number of calls to an oracle function. Grover's algorithm is optimal in the black-box search model up to
constants. But query complexity and full time complexity are different resource measures. The internal
cost of implementing the oracle matters in real algorithms.

This distinction mirrors the broader principle of the book. A computational result belongs to a
model-resource pair. Moving the result to another pair requires an explicit simulation and overhead
analysis.

28.6 Hybrid algorithms

Hybrid classical-quantum algorithms can be extremely useful. Variational quantum eigensolvers,
quantum approximate optimization, and quantum-classical workflows explore search spaces using a
combination of quantum state preparation and classical optimization. Their practical merit does not
depend on proving P = NP.

An archive paper on hybrid classical-quantum algorithms framed the goal as “reducing
computational complexity” for P = NP. A better formulation would ask: for which structured instances,
parameter regimes, or approximation guarantees does a hybrid method outperform known classical
methods? That is an empirical and theoretical program with measurable benchmarks.

28.7 Postselection: when the quantum world really changes

Now consider a genuinely stronger rule. Suppose a quantum computer is allowed to postselect: after
measurement, it may condition on an outcome of nonzero probability even if that outcome is
exponentially unlikely, as though Nature guarantees that the selected branch occurred.

Scott Aaronson showed that polynomial-time quantum computation with postselection equals PP.
Symbolically, PostBQP = PP. PP contains NP and is believed to be much larger than BQP.

This result is a perfect example of computational relativity. Ordinary quantum mechanics does not
provide free postselection. Add it as a primitive, and the complexity landscape changes sharply.

The power did not come from a faster gate. It came from a new operation.

28.8 Altering physical law as complexity engineering

Postselection suggests a productive way to reinterpret speculative physics papers. Instead of
claiming that ordinary quantum mechanics proves P = NP, ask a family of conditional questions:

¢ If nonlinear quantum evolution were permitted, what class could be solved efficiently?
o If perfect cloning were permitted, what changes?

o If postselection were free, what changes?

¢ If closed timelike curves enforced fixed points, what changes?

These are not evasions. They are rigorous ways to map the computational consequences of
hypothetical physical principles.
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28.9 The quantum lesson

Quantum computation teaches two opposite lessons at once. First, conventional intuition about
computation can be wrong: a physically motivated machine model can produce speedups that seem
impossible classically. Second, quantum mechanics does not abolish resource accounting. Superposition
is not a lookup table, entanglement is not unrestricted communication, and measurement does not
expose all branches.

A useful slogan is:

Quantum mechanics changes the geometry of computation, not the requirement to prove a
resource bound.

Four kinds of apparent shortcut

. )
Engineering Representation Algorithmic World
trade trade breakthrough change
faster clock ] preprocessing | structure | postselection
parallel hardware advice reductions nonlinearity
more memory precision new algorithms CTCs
- 7

Only the third category can resolve classical P vs NP without changing the model; the fourth defines a stronger computational world.

Figure 8. Four broad kinds of apparent shortcut, from engineering trades to genuine changes of computational world.
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Chapter 29 - Cheat Four: Change Quantum
Mechanics - Nonlinearity as a Complexity Weapon

29.1 A startling theorem from an impossible-looking premise

Standard quantum mechanics is linear. State vectors evolve linearly under unitary transformations
between measurements. Superpositions can interfere, but amplitudes do not undergo arbitrary nonlinear
amplification.

In 1998 Daniel Abrams and Seth Lloyd asked what would happen computationally if quantum
mechanics contained even small deterministic nonlinearities of certain kinds. Their answer was
dramatic: idealized nonlinear quantum computers could solve NP-complete and #P problems in
polynomial time.

This is one of the most important results for the philosophy of this book because it demonstrates that
complexity theory can diagnose the computational consequences of changing a physical axiom.

29.2 Why ordinary quantum mechanics is restrained

Imagine two quantum states that are extremely close in Hilbert space but encode different global
properties of a combinatorial problem. Linear unitary evolution preserves inner products. It cannot
simply stretch an exponentially tiny distinction into an order-one separation at will.

Quantum algorithms gain power through interference and structured transformations, but linearity
imposes powerful constraints on distinguishability.

This is part of why "put every answer in superposition" does not solve SAT. The correct answer may
influence an amplitude that is exponentially small or entangled with exponentially many alternatives.
Measurement does not reveal the entire vector.

29.3 What nonlinearity changes

A nonlinear evolution can, in suitable models, amplify tiny differences between states. Two states
separated by an exponentially small amount can be driven apart rapidly enough to become
distinguishable in polynomial time.

Now imagine encoding whether an NP search has zero satisfying assignments or at least one into
such a tiny difference. Linear quantum mechanics leaves the difference difficult to extract. Nonlinear
dynamics can magnify it.

The computational miracle is therefore not "quantum parallelism." The miracle is the new physical
law that changes how distinguishability evolves.
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29.4 This does not prove P = NP

It is essential to state the result correctly.

Abrams and Lloyd did not prove that deterministic classical polynomial time equals NP. They
analyzed a hypothetical computational model based on nonlinear quantum mechanics and showed that
the model would have extraordinary computational power.

The distinction is exactly the one the archive often blurred. If a stronger machine solves SAT in
polynomial time, classical P has not necessarily changed. We have defined a new class of feasible
computation under new axioms.

The result is still profound because it tells us that the linearity of quantum mechanics may be
computationally consequential.

29.5 Complexity theory as experimental philosophy

Suppose a proposed modification of physics gives computers the ability to solve #P-complete
problems efficiently. Even before building the device, complexity theory tells us something about how
radical the modification is.

This is sometimes called using complexity as a guide to physical plausibility. If a tiny nonlinear
correction would permit spectacular computational feats, then experimental absence of those feats is not
a proof of linearity, but it gives a new way to understand why certain physical assumptions matter.

Computational complexity becomes a lens on law, not merely software.

29.6 Nonlinearity and the hidden-resource question

Where is the displaced complexity in this cheat?

One answer is blunt: it has been moved into the law of state evolution. The machine is allowed an
operation unavailable to ordinary quantum computers.

A second question concerns precision and control. If the nonlinear effect is extremely small, how
accurately must states be prepared and gates calibrated? Does noise erase the exponentially tiny
differences before amplification? These physical issues are separate from the idealized complexity
theorem but crucial for realizability.

The book's ledger therefore records both axiom cost and engineering precision cost.

29.7 A taxonomy of quantum cheats

It helps to separate several distinct proposals that are often mixed together:
Standard BQP: ordinary quantum circuits with bounded error.

Postselection: condition on a specified measurement outcome even if it is extraordinarily unlikely.
This gives PostBQP = PP.

Nonlinear quantum evolution: alter the dynamics so that state separation can be amplified. In the
Abrams-Lloyd setting, this enables polynomial-time solution of NP-complete and #P problems.
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Closed timelike curves: impose causal self-consistency conditions. Deutsch-style CTC computation
yields PSPACE power.

These are different worlds with different computational signatures.

29.8 Why this chapter makes the earlier archive more interesting

Several archived papers sensed that merely using quantum mechanics was not enough and began
reaching for feedback, entangled iterations, temporal loops, or unusual measurement structures. Their
claims were often overstated, but the instinct that the computational law itself would have to change
was pointing in an interesting direction.

The correct reconstruction is therefore not "quantum mechanics proves P = NP." It is:

Which modifications of quantum mechanics would make NP-complete search easy, and what
does that tell us about the computational content of the standard axioms?

That is a legitimate research question with established precedents.

29.9 The price of the miracle is visible

Nonlinear quantum computation gives perhaps the cleanest version of the book's emerging principle.
The hard problem did not become easy for free. The model was granted a new primitive capable of
magnifying distinctions that ordinary linear dynamics cannot magnify efficiently.

The complexity has been displaced into the permitted law of motion.

This is more interesting than a mistaken P = NP proof because it identifies exactly which physical
axiom acts as a computational resource.

29.10 A recurring method for the rest of the book

From this point forward, each proposed cheat will be analyzed in four stages:

11. Identify the classical bottleneck.

12. Identify the new primitive that claims to remove it.

13. Determine the complexity class of the augmented model when known.
14. Locate the cost that has moved outside the original accounting.

This method turns speculation into comparative complexity theory.

Sources and further reading

Daniel S. Abrams and Seth Lloyd, "Nonlinear Quantum Mechanics Implies Polynomial-Time
Solution for NP-Complete and #P Problems," Physical Review Letters 81 (1998), 3992-3995; standard
treatments of linear quantum computation and complexity.
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Chapter 30 - Cheat Five: Postselection and the
Price of an Impossible Outcome

30.1 A controlled violation

One of the cleanest ways to understand computational power is to ask what happens if we grant a
machine a deliberately unrealistic operation. Postselection is ideal for this purpose because it is easy to
state.

A quantum circuit performs a measurement with several possible outcomes. In ordinary quantum
mechanics, rare outcomes are rare. We cannot demand that an exponentially unlikely branch occur and
then continue the computation only on that branch at no cost. Postselection grants exactly that power:
condition on any outcome of nonzero probability as if it had occurred.

This sounds like a small modification. Computationally, it is enormous.

30.2 PostBQP = PP

Aaronson proved that quantum polynomial time with postselection equals PP. PP is the class of
decision problems for which a probabilistic polynomial-time machine accepts yes-instances with
probability greater than one half and no-instances with probability at most one half, with no promise of
a fixed gap.

PP contains NP. Thus a postselected quantum computer can decide NP-complete problems in

polynomial time. Yet this does not imply P = NP or BQP = NP. The postselection primitive has altered
the model.

This is a precise version of an intuition that appears loosely in many speculative quantum
arguments: “choose the branch in which the answer is correct.” If branch choice is free, the machine
becomes dramatically stronger. The flaw in the naive argument is not the conditional conclusion. It is
pretending that ordinary quantum mechanics supplies free postselection.

30.3 Complexity as a detector of physical axioms

This result turns complexity theory into a probe of hypothetical physics. If a proposed physical
theory effectively permits postselection, nonlinear amplitude renormalization, or another strong
primitive, we can ask what complexity class becomes efficient. The answer can reveal hidden
computational consequences of the physical assumption.

This methodology is more rigorous than trying to infer P = NP from metaphors about many worlds
or quantum parallelism. We explicitly write down the altered rule and derive the resulting class.
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30.4 The cost that vanished

Why is postselection so powerful? Because it removes the cost of rarity. In an ordinary algorithm, an
event of probability 2A{-n} may require exponentially many repetitions to observe reliably.
Postselection says: condition on it once.

This is a general lesson. Many computational barriers are really barriers to amplifying, locating, or
certifying a rare useful configuration. A model that turns rare events into free choices can collapse those
barriers.

Similar hidden costs appear elsewhere: exponentially precise analog measurements, exponentially
large hardware, exponentially long advice strings, or exponentially unlikely fluctuations. A proposed
shortcut should always be audited for the resource that silently became free.

30.5 Conditional computation as a family of worlds

We can imagine a hierarchy of altered worlds:

eordinary randomized computation;
®quantum computation;

¢ quantum computation with postselection;
¢ computation with powerful oracles;

¢ computation with nonlinear maps;

¢ computation with causal loops.

Each world comes with a different set of efficient problems. The classical P versus NP question lives
in one particular world. A conditional theorem in another world is still a theorem, but it must keep its
subscript.

30.6 Why this matters to the archive

Several archive manuscripts argued that an exotic physical effect could make an NP-complete
problem appear to solve itself. The postselection example tells us how to rehabilitate such arguments.
We can translate the physical proposal into an explicit computational primitive and then ask what is
known or provable about that primitive.

This approach transforms speculative physics into model theory for computation. It also prevents
category errors: a stronger model does not retroactively make the weaker model equally strong.
30.7 The broader principle

The central principle of this chapter is:

When a shortcut works only because an event, answer, or branch that is exponentially costly in
the baseline model becomes a primitive in the new model, the correct conclusion is a model-
dependent complexity result.

This principle will become even more important with closed timelike curves, where self-consistency
acts like an extraordinarily powerful fixed-point resource.
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Chapter 31 - Cheat Six: Computers That Talk to
Their Past

31.1 From faster clocks to altered causality

Closed timelike curves are where the archive's physical intuition becomes genuinely aligned with
established complexity theory. A closed timelike curve, or CTC, is a worldline that returns to its own
causal past. General relativity admits spacetime solutions containing CTCs under exotic conditions,
although whether such structures exist or are physically realizable is unknown.

David Deutsch proposed a quantum-mechanical model for systems interacting with CTCs. Instead of
permitting logical paradoxes, the state circulating through the CTC must satisfy a self-consistency or
fixed-point condition.

This is not a clock-speed trick. It changes the causal structure of computation.

31.2 The fixed-point equation

In the Deutsch model, a chronology-respecting system interacts with a chronology-violating system
through an evolution. The state on the CTC must emerge from the interaction in the same state in which
it entered. Symbolically, the CTC state rho satisfies a fixed-point equation of the form

rho = Phi(rho),
where Phi is the effective transformation induced by the interaction.

The existence of a fixed point becomes part of the physical rule. A conventional computer asked to
find a fixed point might have to iterate or solve a difficult algebraic problem. The CTC model requires
Nature to supply a consistent one.
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Deutsch-style closed timelike curve model

- ™
chronology-
respecting input
CTC state
——3 Verifier / evolution U] must be a
fixed point
- v

The computational power comes from the added fixed-point resource, not from a faster clock.

Figure 4. In a Deutsch-style CTC model, the chronology-violating state must satisfy a fixed-point consistency condition.

31.3 Why the naive SAT story is incomplete

A tempting thought experiment says: place a candidate SAT assignment in the loop, verify it, and
arrange the dynamics so that only satisfying assignments are self-consistent. Then the correct
assignment “comes from the future.”

This captures the flavor of the model but requires care. Deutsch CTCs can have multiple fixed
points. The machine must be designed so that every allowed fixed point yields the correct answer, not
merely so that one desirable fixed point exists. Otherwise Nature might choose an unhelpful consistent
state.

A rigorous CTC algorithm therefore cannot rely on the slogan “only valid solutions survive” unless
that property is actually proved for the circuit.

31.4 Aaronson and Watrous: PSPACE

The decisive complexity result was obtained by Scott Aaronson and John Watrous. They showed
that classical and quantum polynomial-time computers with access to Deutsch-style CTCs have exactly
the power of PSPACE.

This is striking in several ways. First, the model efficiently solves every problem in NP, because NP
is contained in PSPACE. Second, quantum and classical computation become equivalent in power once
both are given the CTC resource. Third, the reason is deeply connected to fixed points: a fixed point of
the induced evolution can be represented or computed implicitly using polynomial space.
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The correct statement is therefore much stronger and cleaner than “P = NP under CTC conditions.”
It is:

P with Deutsch-CTC access = BQP with Deutsch-CTC access = PSPACE, under the model
analyzed by Aaronson and Watrous.

The ordinary classes P and NP have not collapsed. The augmented model has changed.

31.5 What the archive got right

The 2025 CTC paper in the archive made an important conceptual correction to the earlier
relativistic work. It explicitly distinguished logical iteration count from elapsed time and argued that a
true shortcut would need to alter iteration structure itself.

That is exactly the right direction. A CTC fixed-point resource does not merely make iterations
faster. It changes the admissible global histories of the computation.

The paper also framed its conclusion conditionally rather than universally: if such causal structures
were available, the computational regime would differ. That conditional framing should be retained.

31.6 Consistency as computation

The deepest idea in the CTC model is that a physical consistency condition can perform
computational work. Instead of searching forward through possibilities, the allowed global state is
constrained by a fixed-point equation.

This resembles other mathematical situations in which a solution is characterized globally rather
than constructed locally: boundary-value problems, variational principles, equilibrium conditions, or
constraint satisfaction. But in ordinary computation, finding the globally consistent state may itself be
hard. The CTC model promotes consistency from a property to a physical resource.

This distinction can be phrased as:

constraint enforcement is not free unless the computational world makes it free.

31.7 The danger of smuggling in the answer

The CTC example teaches us how to spot “answer smuggling.” If a proposed machine receives a
correct answer from the future, from an oracle, from a boundary condition, or from a self-consistency
requirement, we should ask whether that mechanism is just a disguised advice string.

In the Deutsch model, the mechanism is not merely arbitrary advice because it is specified by a
formal fixed-point rule and its computational power can be characterized. That is what makes the theory
interesting. The exotic resource is explicit.

31.8 Physical plausibility versus mathematical consequence

No evidence establishes that usable Deutsch CTCs exist. Quantum gravity may prevent chronology
violation; energy conditions and stability may rule out practical constructions. Those physical questions
are separate from the complexity theorem.
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Complexity theory often studies idealized models precisely to learn what a resource would imply if
available. The CTC result is valuable even if CTC computers are impossible, because it exposes the
computational meaning of causal self-consistency.

31.9 CTCs as a model for broader research

The CTC chapter suggests a general research template:

15. Specify a nonstandard physical principle precisely.
16. Translate it into a computational primitive.

17. Define the resulting complexity class.

18. Prove upper and lower bounds by simulation.

19. Only then discuss physical realizability.

This template is one of the strongest methodological conclusions salvaged from the archive.
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Chapter 32 - Three Different Infinities: Search,
Precision, and Time

32.1 "Infinite" is not one computational idea

The archive repeatedly invokes infinity: infinitely many steps, infinitely detailed fractals, continuous
variables, eternal computation, and unbounded search spaces. These are mathematically different
notions and should not be merged.

Separating them makes several speculative arguments clearer.

32.2 Infinite search space

Some mathematical problems quantify over infinitely many candidates. Computability theory
handles such domains by requiring finite descriptions and algorithms that manipulate those descriptions.

An infinite domain does not automatically make a problem uncomputable. Integers are infinite in
number, yet many integer problems are decidable.

The issue is what finite procedure can establish the required property.

32.3 Unbounded but finite computation

A Turing machine may run for an arbitrarily large finite number of steps depending on input. There
is no fixed upper bound across all inputs, yet each halting computation is finite.

This differs from a hypothetical task requiring completion of an actually infinite sequence of steps
before returning an answer.

Complexity theory normally studies finite computations with resource functions that grow with

input size.

32.4 Infinite precision

A real number can contain infinitely many digits. Treating all those digits as simultaneously exact is
a different infinity from running infinitely many steps.

An analog computer can therefore appear to accomplish infinite informational work in finite time if
precision is not charged as a resource.

This is why computable analysis restricts attention to finite approximations and algorithms that
converge with controlled accuracy.
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32.5 Infinite description by finite rule

A fractal such as the Sierpinski triangle contains detail at arbitrarily small scales but can be specified
by a tiny recursive rule. The infinity is in the object generated, not in the description.

This kind of compression is common in mathematics. A formula can denote infinitely many
numbers. A grammar can define an infinite language. A differential equation can define a continuum of
states.

A finite description does not mean every property of the described infinite object is easy to decide.

32.6 Infinite proper time in a finite causal past

Malament-Hogarth spacetime proposals introduce yet another infinity. One worldline can contain
infinite proper time while remaining entirely in the causal past of an event reached by another observer
in finite proper time.

This arrangement suggests a hypercomputational thought experiment: let one computer run
indefinitely while another observer waits a finite time for a signal that would be sent if a particular
event occurs.

The infinity is geometric and causal.

32.7 SuperTasks and their hazards

Philosophy and physics have long considered supertasks - completing infinitely many operations in
finite time. Zeno-style machines halve the time per step: one second, half a second, a quarter second,
and so on.

Such models immediately raise questions about finite energy, signal speed, component scale, and the
state of the machine at the limit time.

Malament-Hogarth proposals are more geometrically sophisticated than naive accelerating clocks,
but the broader warning remains: infinite-step computation is a physical hypothesis, not a free
consequence of mathematical series convergence.

32.8 Why the distinction matters for P versus NP

P versus NP concerns finite input strings and polynomially bounded finite computations. Moving to
actual infinite computation does not resolve the classical question. It crosses into a different domain
where even undecidable problems may become approachable in idealized models.

This can still be scientifically interesting. It simply has to be named as a world change beyond
standard complexity theory.
32.9 A vocabulary for later chapters

When the book uses the word infinity, we will specify which resource is infinite:

¢ candidate domain;
eruntime;
e precision;
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¢ object detail;
*hardware population;
®spacetime extent;

e advice information.

The distinctions prevent an infinity in one coordinate from being quietly exchanged for a finite
polynomial bound in another.

Sources and further reading

Computability theory; computable analysis; supertask literature; Michael Hogarth and later work on
Malament-Hogarth spacetimes; fractal and succinct-description theory.
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Chapter 33 - Cheat Seven: An Eternity Before
Dinner

33.1 Beyond polynomial speedup

Postselection and CTCs enlarge efficient computation while remaining within ordinary decidability.
Relativistic hypercomputation goes further. Certain idealized spacetimes permit thought experiments in
which an observer can obtain information about a process that experiences unbounded proper time.

The classic setting is a Malament-Hogarth spacetime. Roughly, there exists an event p such that
another timelike worldline of infinite proper duration lies entirely in the causal past of p, while an
observer can reach p in finite proper time.

This geometric property makes a computational supertask conceivable.

33.2 The halting thought experiment

Imagine a computer traveling along the infinite-proper-time worldline. It simulates a Turing
machine M on input x. If M ever halts, the computer sends a signal to observer O. Observer O follows a
different worldline and reaches event p after finite proper time. If a signal is received before or at p, O
concludes M halts. If no signal is received by p, O concludes M never halts.

In an ordinary Turing model, the halting problem is undecidable. In this idealized spacetime, the
causal structure appears to turn an infinite waiting process into a finite-time observation for O.

This is not P versus NP anymore. It concerns the boundary of computability itself.

33.3 Why this is different from the twin paradox

The difference from ordinary time dilation cannot be overstated. In the twin paradox, both
worldlines have finite proper duration between reunion events. One twin may age less, but neither
acquires access to the completed outcome of an actually infinite computation.

A Malament-Hogarth spacetime changes the causal relation between infinite proper-time
computation and finite observer time. That is a qualitative change in the model.

This distinction vindicates part of the early relativistic intuition while correcting its mechanism.
Relativity can matter profoundly to computation, but not simply because a Lorentz factor makes one
clock run differently.

33.4 Physical obstacles

Hypercomputation proposals face severe physical questions. Can the required spacetime exist under
realistic conditions? Can a computer survive along the relevant worldline? Can signals be transmitted
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with finite energy and detected reliably? Do blueshift effects become destructive? Does quantum
gravity eliminate the idealized geometry? Can infinite computation be performed with finite physical
resources per step?

These questions may destroy the physical realization. But they do not make the mathematical model
meaningless. They identify which assumptions carry the super-Turing power.

33.5 Complexity beyond computability

Once a model can decide the halting problem, ordinary complexity classes are no longer the entire
story. One can ask which levels of the arithmetical or analytical hierarchy become decidable under
different spacetime structures. Work by Hogarth, Etesi and Nemeti, Welch, and others has explored the
computational reach of such models.

This provides a broader context for the archive's “infinite verification” intuition. The correct setting
for some infinite-computation ideas is not a new neighbor of NP but the theory of hypercomputation.

33.6 The hierarchy of world changes

We can now distinguish several levels of computational alteration:

eimplementation change: faster hardware, same polynomial simulation class;

erepresentation change: new encoding with polynomial translation;

¢ quantum change: new state space and interference, yielding BQP;

¢ postselection change: free conditioning, yielding PP;

¢ CTC change: fixed-point causal resource, yielding PSPACE in polynomial time;

*hypercomputational change: causal access to supertasks, potentially exceeding Turing
computability.

The phrase “P = NP” is too crude to describe this landscape. A richer map is needed.

33.7 A physical Church-Turing perspective

The Church-Turing thesis concerns what is effectively computable. The extended Church-Turing
thesis, in one form, concerns efficient simulation among reasonable physical computers. Quantum
computation already challenges naive versions of efficient classical simulation. Hypercomputation
would challenge the computability boundary itself.

Thus questions about physical law and complexity are not distractions from computation. They are
questions about which abstract models Nature instantiates.

The discipline is to keep the logical implications conditional on the model.
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Chapter 34 - Cheat Eight: Hide an Infinity in a
Number - Analog and Real Computation

34.1 One real number can contain an impossible amount of information

Digital computation is built from finite strings. An n-bit input contains n bits of explicit information.
A real number, by contrast, may have an infinite binary expansion. If a computational model allows an
arbitrary real constant to be stored exactly and manipulated at unit cost, one register can carry an
unbounded amount of information.

That observation does not make analog computation illegitimate. It makes the resource model
decisive.

34.2 The Blum-Shub-Smale model

Lenore Blum, Mike Shub, and Steve Smale developed a rigorous theory of computation over the real
numbers. In a BSS-style machine, registers can hold real numbers and perform algebraic operations
according to specified rules. The model supports its own notions of decidability, polynomial time,
reductions, and complete problems.

This is valuable mathematics. It allows complexity questions native to continuous and algebraic
domains to be studied without first discretizing everything into bits.

But the meaning of "one step" differs from the ordinary Turing model. Exact arithmetic on arbitrary
reals is taken as primitive.

34.3 Representation changes the problem

Suppose a real number alpha is chosen so that its binary digits encode the answers to an infinite
sequence of decision problems. If a machine can query arbitrary digits of alpha exactly at negligible
cost, the machine effectively possesses an oracle.

The work has not vanished. It has been embedded in the constant.

This is the analog version of a lookup table. The table is compressed into an infinitely precise
parameter.

A physically realizable machine, however, must prepare, maintain, and measure alpha with finite
precision in the presence of noise. Those operations restore a cost that the ideal mathematical model
may deliberately omit.

34.4 Precision as a computational resource

Precision deserves to be listed beside time and space.
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If distinguishing a yes-instance from a no-instance requires resolving two voltages that differ by
2/ {-2/n}, then the number of measurement bits needed is exponential in n even if the analog dynamics
reaches the voltage quickly.

Similarly, a chaotic system can amplify minute initial differences, but exploiting that sensitivity
algorithmically may require exponentially accurate initialization.

The clock can look polynomial while the precision bill is exponential.

34.5 Real-number computation and physics

Physics uses real and complex numbers continuously, yet no experiment supplies infinitely many
exact digits. Measurements have finite resolution. Parameters are estimated. Noise imposes effective
information limits.

This does not mean continuum models are wrong. Differential equations using real variables are
extraordinarily successful. It means a mathematical continuum should not automatically be interpreted
as an infinite-capacity physical memory.

The distinction becomes crucial when computational power depends on exact access to arbitrarily

deep digits.

34.6 Analog neural networks and exotic weights

Related issues arise in theoretical neural networks. If a model allows arbitrary real weights of
infinite precision, those weights can encode noncomputable or enormously complex information.
Restrict weights to computable, rational, or efficiently describable numbers, and the power changes.

Modern machine learning provides a practical version of the same lesson. A trained network can
answer a query quickly because substantial computational work has already been invested in training
and because information has been compressed into parameters.

The online inference time is not the full computational history of the answer.

34.7 Physical constants as advice

Imagine a universe whose fundamental constant contains the bits of a noncomputable set. If a
measuring device could recover arbitrary bits of that constant exactly, physics would provide non-
Turing advice.

This thought experiment exposes a conceptual point: computation is not defined solely by transition
rules. Initial conditions and constants can carry computational power.

A complexity theory of physical computation therefore needs to state which constants are freely
available, how they are specified, and what precision can be accessed at what cost.
34.8 Geometry can hide the same trick

One can encode answers into the exact location of a point, the slope of a line, the area of a region,
the frequency of an oscillator, or the phase of a wave. A geometric representation does not eliminate
information merely because it looks compact.

120



HOW TO CHEAT P VS NP

This is why some proposals involving continuous geometry, topology, or physical trajectories can
accidentally smuggle in nonuniform advice. A single mathematical object may have a short name and
an extremely expensive specification.

34.9 What BSS theory legitimately teaches us

The correct conclusion is not that real-number models are "cheating" in a pejorative sense. They
answer a different question: what does complexity look like when exact real arithmetic is a primitive?

That is exactly the comparative approach advocated by this book. Instead of arguing over which
model is metaphysically "the computer,” we characterize the resource assumptions and compare the
resulting classes.

The model becomes scientifically interesting when its assumptions are explicit.

34.10 The precision ledger

For any analog or continuous proposal, record at least:

enumber of physical degrees of freedom;

edynamic range;

® preparation precision;

®measurement precision;

®sensitivity to noise;

¢ condition number or stability;

etime and energy required to amplify readable distinctions;
edescriptive complexity of any fixed real constants.

A polynomial-time claim that omits those quantities may be counting only the visible part of the
computation.
Sources and further reading

Lenore Blum, Mike Shub, and Steve Smale, "On a Theory of Computation and Complexity over the
Real Numbers" (1989); literature on analog computation, computable analysis, condition and precision
complexity, and real-weight neural computation.
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Chapter 35 - Cheat Nine: Let Matter Enumerate
the Answers - DNA, Optics, and Physical Search

35.1 When an equation becomes an apparatus

Computer science usually represents computation symbolically. Physical computing asks whether
the dynamics of matter itself can implement useful operations more directly.

DNA strands can hybridize. Light waves interfere. Mechanical systems relax. Chemical reactions
explore networks. Spin systems seek low-energy states. These processes can embody mathematical
transformations without executing an obvious sequence of software instructions.

The exciting question is whether embodiment changes complexity or merely relocates resources.

35.2 Adleman's Hamiltonian-path experiment

Leonard Adleman's 1994 experiment is a landmark because it showed that molecular biology could
perform a combinatorial computation. Different DNA sequences encoded vertices and edges of a graph.
Hybridization generated candidate paths in parallel. Laboratory filtering steps removed molecules that
failed required constraints.

For the small instance, the demonstration was ingenious.

For complexity, the important question is scaling. If an exponentially large candidate set is
represented by an exponentially large molecular population, the search has been paid for with matter.
Parallel chemistry lowers sequential time while increasing physical resources.

35.3 The molecule count is part of the algorithm

A test tube feels compact because molecules are tiny. But exponential growth defeats smallness
eventually.

Suppose the number of candidate structures doubles with each additional variable. The amount of
DNA required can quickly exceed laboratory, planetary, and astronomical limits. Error correction,
amplification, purification, and sequencing also scale.

The lesson is not that molecular computing is useless. It may offer extraordinary density, energy
efficiency, storage, and parallelism. The lesson is that asymptotic analysis counts molecules too.
35.4 Optical Fourier transforms and natural linear algebra

Optical propagation can implement Fourier transforms and convolutions with astonishing speed
because wave physics naturally performs linear superposition. Modern optical accelerators exploit
exactly this property for signal processing and machine-learning workloads.
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For certain structured operations, replacing digital multiplication loops with propagation through an
optical system can be a genuine engineering revolution.

Yet an NP-complete solver needs more than fast linear algebra. If the construction requires one
optical path per candidate, exponentially increasing bandwidth, or exponentially fine phase
discrimination, the hard resource has moved.

35.5 Interference is useful only if the answer survives readout

A physical field can contain contributions from many paths simultaneously. Interference can cause
some global features to become large and others to cancel.

This sounds similar to quantum computation, though classical wave systems and quantum
amplitudes differ fundamentally. In either case, the existence of a rich internal state does not guarantee
that a desired discrete answer can be extracted efficiently.

Readout is part of computation.

A proposed optical SAT solver should therefore specify the detector signal for satisfiable and
unsatisfiable instances, the signal-to-noise ratio, and how the required resolution scales with n.

35.6 Energy minimization and physical optimization

Many machines encode an optimization problem into an energy landscape and let a physical system
relax toward a low-energy state. Ising machines, annealers, oscillator networks, and analog optimizers
follow this broad idea.

The dangerous assumption is that "nature seeks the minimum" and therefore finds the global
minimum efficiently. Real systems can become trapped in metastable states. Spectral gaps can shrink.
Relaxation times can grow exponentially. Thermal and quantum fluctuations can help, but no universal
free global optimizer appears.

The difficulty often reappears as equilibration time.

35.7 The block-universe temptation

An even more radical version says that the physical universe already contains its entire history. If a
solution state exists somewhere in spacetime, perhaps computation is merely accessing a pre-existing
fact.

This mixes ontology with algorithmics. A solution's existence in a four-dimensional history does not
by itself provide an observer with a polynomial-time method to obtain the information. The causal path
from input to readable output remains part of the computational model.

The universe may "contain" an answer in the same sense a giant mathematical truth table contains
answers. Access is the issue.

35.8 Physical instantiation versus epistemic access

This distinction deserves a name.
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Instantiation: a physical system occupies or evolves through a state that corresponds to a
mathematical solution.

Access: an observer can prepare the problem, let the system evolve, and extract the correct answer
with bounded resources and controlled error.

A snowflake physically instantiates an enormously detailed geometric object without computing a
compressed digital description of itself for us. A protein folds into a structure without necessarily
providing an efficient algorithm for predicting arbitrary protein folding from sequence.

Nature doing something is not automatically an efficient oracle for us.

35.9 What physical search could still contribute

Even without collapsing NP, nonstandard hardware can matter tremendously. It can improve
constants, energy efficiency, throughput, parallel depth, or performance on structured distributions. It
can create new heuristics and hybrid algorithms. It can expose geometry that inspires classical
algorithms.

The correct comparison is empirical and resource-aware, not dismissive.

A molecular or optical system need not prove P = NP to be transformative.

35.10 The material-resource audit

For matter-based combinatorial computation, ask:

*How many molecules, modes, paths, spins, oscillators, or other degrees of freedom are required?
*How are they initialized?

*How does error probability scale?

*How long does relaxation or filtering take?

*How much energy is dissipated?

¢ What detector resolution is required?

¢ [s the output one bit, a witness, or an approximate objective?

The physical system belongs in the resource ledger from beginning to end.

Sources and further reading

Leonard Adleman's 1994 DNA-computing experiment; literature on molecular computing, optical
computing, Ising machines, analog optimization, and physical limits of computation.
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Chapter 36 - Cheat Ten: Let the Ground State
Know - Adiabatic Computing and Annealing

36.1 Encoding an answer as minimum energy

Optimization problems invite a physical metaphor: assign each candidate solution an energy and
arrange the system so that the best solution is the ground state. Then cool the system or change its
Hamiltonian slowly enough, and perhaps nature will deliver the optimum.

This is one of the most compelling bridges between computational complexity and physics because
the mathematics of energy landscapes can be made precise.

It is also a perfect laboratory for hidden costs.

36.2 The adiabatic theorem

In quantum mechanics, the adiabatic theorem says, under appropriate conditions, that a system
initialized in a ground state can remain near the instantaneous ground state as the Hamiltonian changes
sufficiently slowly.

Adiabatic quantum computation turns this into an algorithmic paradigm. Begin with a Hamiltonian
whose ground state is easy to prepare. Gradually transform it into a problem Hamiltonian whose ground
state encodes the answer.

The obvious hope is that quantum physics will "flow" around combinatorial search.

36.3 The spectral gap is the clock

The catch is the minimum spectral gap between the ground state and excited states along the
evolution. If the gap becomes extremely small, the required adiabatic runtime can become extremely
large.

For hard instances, the gap can carry the difficulty.

This is a beautiful example of complexity displacement: an exponential search tree disappears from
the algorithmic description, and an exponentially small spectral gap appears in the physics.

The difficulty has changed form, not necessarily vanished.

36.4 Equivalence with standard quantum computation

Aharonov, van Dam, Kempe, Landau, Lloyd, and Regev showed that adiabatic quantum
computation is polynomially equivalent to the standard quantum circuit model under appropriate
formulations.
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That result is conceptually important. It says the adiabatic picture is not, by itself, a stronger
computational world than ordinary quantum computation. It is another frame within quantum
computation, capable of simulating and being simulated with polynomial overhead.

Therefore a generic proof that adiabatic computation efficiently solves NP-complete problems
would also represent a major breakthrough about BQP and NP, not an escape from the question through
a mere change of language.

36.5 Quantum annealing versus universal adiabatic computation

Commercial and experimental quantum annealers are related to but not identical with the fully
general adiabatic model. They are designed primarily for optimization landscapes represented by Ising-
like Hamiltonians.

Performance must therefore be judged by empirical scaling, instance structure, noise, control
precision, embedding overhead, and comparison with strong classical heuristics.

An advantage on a useful family of problems can be real even if worst-case NP-complete
complexity remains untouched.

36.6 Classical simulated annealing offers the same caution

Classical simulated annealing uses thermal fluctuations to escape local minima. It can work
spectacularly on some landscapes and slowly on others. Cooling schedules that guarantee convergence
to a global optimum can require impractically long time.

The existence of a thermodynamic tendency toward low energy is not a polynomial-time global-
optimization theorem.

This helps demystify the quantum case. Nature's dynamics has its own complexity parameters.

36.7 Tunneling is not magic

Quantum tunneling can pass through barriers rather than climbing over them. This can change
optimization performance when barriers are tall and thin.

But hard landscapes can contain broad barriers, tiny gaps, frustration, or structures for which
tunneling provides little help. Quantum effects alter the geometry of search; they do not automatically
erase worst-case hardness.

The correct scientific program is to identify instance families whose structure matches the physical
advantage.
36.8 The "ground state already exists" fallacy

One sometimes hears that because the ground state mathematically exists, the physical system
merely has to "find" it. That wording hides the entire computational question.

A solution can exist without an efficient path from an easily prepared initial state to that solution.
The path - classical, quantum, thermal, or causal - is the algorithm.
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P versus NP lives precisely in the difference between existence of a witness and efficient
construction of one.

The ground-state metaphor therefore reenacts the original problem rather than dissolving it.

36.9 What survives from the cheat

Adiabatic and annealing approaches survive as major computational paradigms. They provide:

e alternative implementations of quantum algorithms;

e physically motivated heuristics for optimization;

¢ connections between spectral gaps and runtime;

ebridges among statistical mechanics, condensed matter, and complexity;
enew ways to classify hard instance landscapes.

What does not survive is the unqualified inference that minimizing physical energy is automatically

an efficient solution to NP-hard optimization.

36.10 Complexity as a property of the path

The broader lesson is one of the book's most important:

An answer encoded in a final state is not enough. Complexity lives in the path from the given
input to a readable final state.

The same principle applies to CTC fixed points, topological equivalences, block-universe histories,
neural-network attractors, and analog minima.

A computational model must account for how the answer is reached.

Sources and further reading

Edward Farhi and collaborators on quantum adiabatic algorithms; Dorit Aharonov, Wim van Dam,
Julia Kempe, Zeph Landau, Seth Lloyd, and Oded Regev on polynomial equivalence of adiabatic and
standard quantum computation; literature on quantum annealing and spectral-gap complexity.
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Chapter 37 - Cheat Eleven: Equivalence Is Not
Efficiency

37.1 The categorical temptation

Category theory and homotopy type theory are languages of structure, transformation, and
equivalence. They are extraordinarily powerful precisely because they allow us to ignore irrelevant
details and reason at a high level of abstraction. It is therefore tempting to imagine that an NP problem
can be placed in a mathematical setting where it becomes equivalent to a P problem, with the
equivalence doing the work of a computational shortcut.

Several archive papers explored this direction directly. One proposed a presheaf topos in which P-
objects and NP-objects were connected by functors and natural isomorphisms. Another proposed a
function from a type of NP problems to a type of P problems and invoked path equivalence in
homotopy type theory.

The central flaw is simple: an abstract equivalence need not be computationally cheap.

37.2 Isomorphism versus algorithm

Two objects can be isomorphic while the process of finding or evaluating a particular isomorphism
is expensive. Two representations can encode the same mathematical structure while translations
between them have substantial computational cost. A homeomorphism, equivalence of categories, or
type equivalence says something about preserved structure, not automatically about polynomial-time
algorithms.

To use an equivalence in complexity theory, we need an effective version: the maps must be
computable under stated resource bounds, uniformly over input size, and they must preserve enough
information to solve the decision problem.

This is why writing
f: Type NP ->Type P

cannot serve as the proof. If f is a uniform polynomial-time transformation that converts every NP
problem into a polynomial-time solvable form while preserving answers, then the hard work has already
been done. The existence of the notation does not establish the existence of the efficient transformation.

37.3 Toposes and internal logic

A topos has an internal logic that can differ from classical set-theoretic reasoning. This makes topos
theory a powerful tool in geometry and logic. One can construct mathematical universes in which
statements acquire different internal meanings.
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But ordinary P versus NP is defined in a specific external computational framework. Constructing an
internal setting in which two internally defined predicates coincide does not automatically imply that
classical deterministic Turing machines solve NP-complete languages in polynomial time.

A useful project would instead study complexity-aware categorical semantics: categories whose
morphisms carry resource bounds, graded structures that track cost, or functors that preserve
polynomial-time computability. This connects the archive intuition to established work in implicit
computational complexity and resource-sensitive logic.

37.4 Homotopy type theory and paths

Homotopy type theory interprets identity types as path-like structures and equivalences as central
mathematical objects. Univalence allows equivalent types to be treated in a powerful identity-like
manner. None of this implies that constructing witnesses of equivalence is computationally free.

Indeed, type theory can be used in the opposite direction: to make computational cost more explicit.
Restricted type systems, linear logics, and recursion disciplines can characterize complexity classes. In
implicit computational complexity, syntactic or logical restrictions are designed so that every definable
function lies within a resource bound such as polynomial time.

That is a natural salvage route. Instead of asking HoTT to erase complexity, ask whether
homotopical or categorical structure can transport certified resource bounds.

37.5 Resource-indexed equivalence

Suppose we define an equivalence A ~= B together with algorithms witnessing the forward and
inverse maps. We can annotate those maps with costs T_f(n) and T_g(n). Now the equivalence has
computational content.

If both maps have polynomial complexity and the representation sizes remain polynomially related,
then P-like tractability can be transported. If one direction requires exponential time or exponential
output expansion, the equivalence is mathematically valid but complexity-distorting.

This suggests a principle:

For complexity theory, the relevant notion is not bare equivalence but equivalence plus
bounded realizers.

The principle is familiar in spirit across theoretical computer science, but it provides a precise
correction to the archive's categorical arguments.

37.6 Local-to-global reasoning

The topos paper also appealed to sheaf-like local-to-global extension: perhaps local polynomial
solutions can be patched into a global solution. This is a beautiful mathematical motif. But gluing can
itself be the hard problem. Constraint satisfaction often consists precisely in deciding whether locally
compatible pieces admit a globally consistent assignment.

Examples abound. A graph may look colorable on every small neighborhood while global
constraints create an obstruction. Local sections need not glue. When they do glue, finding the
compatible family can be computationally difficult.
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The correct research question is therefore not “can sheaves make NP equal P?” but “which classes of
constraint problems have sheaf or cohomological obstructions that characterize solvability, and what is
the complexity of computing them?” That question connects to real work in contextuality, constraint
satisfaction, and algebraic topology.

37.7 Approximation formulas do not supply exact reductions

One HoTT-oriented paper combined type equivalence with Stirling's approximation, Euler-
Maclaurin summation, and asymptotic expansions. These tools simplify analytic expressions, but they
do not turn factorial-size search spaces into polynomial-time exact algorithms.

Stirling's formula tells us the growth of n! with high relative accuracy. It does not enumerate
permutations or identify the optimal Hamiltonian tour. Euler-Maclaurin connects sums and integrals; it
does not preserve arbitrary discrete satisfiability constraints. Asymptotic expansions describe limiting
behavior; exact decision boundaries may depend on exponentially delicate combinatorial details.

Approximation becomes relevant when the problem itself tolerates approximation or when one can
prove a gap large enough that approximate quantities decide the exact case. That proof must be explicit.

37.8 What survives

The categorical and HoTT papers contribute three durable ideas:

20. Representation matters, but translation cost must be counted.

21. Equivalence can be enriched with computational resource information.

22. Local-to-global structure may expose why some constraint families are tractable and others are
not.

These are much stronger ideas than an unsupported P = NP proof because they generate research
questions that can be formalized and tested.

37.9 A proposed program

A future “homotopical complexity” program might ask:

¢ Can proof-relevant equivalences be graded by time or space cost?

*Which constructions preserve polynomial-time realizability?

¢ Can univalence coexist naturally with explicit resource annotations?

¢ Are there topological invariants of search spaces that predict parameterized or average-case
complexity?

* Can sheaf-theoretic obstructions identify hard global consistency problems while remaining
efficiently computable on tractable subclasses?

This would not begin by assuming P and NP are equivalent. It would begin by studying which
equivalences preserve complexity and why.
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Chapter 38 - Cheat Twelve: Infinite Objects, Finite
Descriptions

38.1 The ICVP intuition

One archive thread proposed a class called Infinite Complexity Verification Problems, or ICVP:
problems whose full generation might require infinitely many steps but whose correct solutions, if
presented, could be verified in polynomial time. A related paper introduced an “Infinite Steps
Verification Problem” using the Sierpinski triangle as a model.

The proposed class definitions do not fit cleanly into standard complexity theory, where inputs and
certificates are finite strings and running time is measured as a function of finite input length. Yet the
intuition behind them is valuable. Many infinite mathematical objects have finite descriptions. The
complexity of producing every detail of an object can differ radically from the complexity of describing
or verifying a generating rule.

38.2 The Sierpinski triangle

The Sierpinski triangle contains structure at arbitrarily fine scales, yet it can be generated by a short
recursive rule or a small set of affine contractions. The infinite object is not stored point by point. It is
specified intensionally.

This illustrates a fundamental distinction:

eextensional size: how many pieces the fully expanded object contains;

e description size: how long the rule defining it is;

e generation cost: how much work is required to materialize a chosen resolution;

everification cost: how much work is required to check a property or a claimed representation.

Conflating these quantities creates false paradoxes. Separating them creates useful complexity
questions.

38.3 Succinct representations

Theoretical computer science already studies succinctly represented objects. A graph with
exponentially many vertices can be described by a Boolean circuit that decides adjacency. A long string
can be generated by a straight-line program or grammar. A repeated structure can be represented by a
small recursive specification.

Succinct representation often makes problems harder, not easier. Operations that are polynomial in
the size of an explicitly listed graph may become exponentially harder when the graph is given by a
compressed circuit description. This is a crucial counterpoint to the intuition that a short description
implies an easy problem.
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The Sierpinski triangle is easy because its recursive structure is simple and highly regular. Arbitrary
succinct structures can encode enormous complexity.

38.4 Verification of infinite claims

Mathematics routinely certifies infinite families with finite proofs. We prove a formula for every
natural number by induction. We prove that a recursively defined set has a property without
enumerating every member. A finite proof can therefore establish a statement about an infinite domain.

This is not a contradiction and does not require a new complexity class by itself. The proof is a finite
object. Its validity can be checked under a formal proof system. The deeper question is how long such
proofs must be and how hard they are to find.

Proof complexity studies exactly this tension. Some tautologies may have short proofs in one proof
system and require long proofs in another. The analogy with NP is immediate: a certificate is a proof
object whose validity is easy to check.

38.5 Infinity versus undecidability

“Requires infinitely many steps” can mean several different things. It may mean an algorithm never
terminates because the output is literally infinite. It may mean a decision procedure is undecidable. It
may mean an iterative approximation converges only in the limit. It may mean the problem domain is
infinite although every instance is finite.

These cases must be separated. Computability theory, descriptive set theory, computable analysis,
and proof theory provide different frameworks for them. Calling all of them “infinite complexity” blurs
distinctions that matter more than the shared word infinite.

38.6 Fractals as a pedagogical bridge

The fractal papers are therefore best used pedagogically. They make visible a phenomenon that
appears throughout computer science: compressed rule versus expanded object.

A grammar can generate an exponentially long string. A circuit can describe an exponential truth
table. A recurrence can specify an infinite sequence. A finite automaton can characterize infinitely
many strings. A theorem can quantify over infinitely many cases.

In each case, the key complexity question depends on which representation is input and what output
or decision is required.

38.7 The danger of checking a pattern instead of the object

Suppose someone hands us a finite patch of a purported Sierpinski triangle. We can check whether
the patch obeys the expected recursion at the displayed scales. But this does not prove that an unseen
infinite object obeys the rule unless the object is itself represented by a formal generator whose
semantics we trust.

Verification always verifies a finite representation, proof, or program. The statement being certified
may quantify over infinity, but the finite certificate must be connected to that statement by a sound
formal system.
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This observation dissolves much of the apparent mystery of “infinite generation but finite
verification.” The mystery becomes proof theory.

38.8 A salvage: description-relative complexity

A stronger program would compare the complexity of the same mathematical object under different
representations. Let x be an object and E_1(x), E_2(x) two encodings. A problem may be easy on
explicit encodings and hard on succinct encodings, or vice versa.

This is directly relevant to the larger theme of computational relativity. Encoding is part of the
computational frame. However, encodings are not arbitrary: to compare classes meaningfully,
translations between encodings should be computable with controlled overhead.

38.9 From ICVP to established questions

The archive's ICVP idea can be decomposed into established and productive areas:

esuccinct data structures;

e proof complexity;

¢ computable analysis;

einfinite-state systems;

e*model checking;

e descriptive complexity;

¢ hypercomputation, when genuinely non-Turing physical resources are proposed.

This is another example of salvage by sharpening. The original new class need not survive for the
underlying intuitions to generate a coherent research map.

133



HOW TO CHEAT P VS NP

Chapter 39 - Cheat Thirteen: Oracles, Advice, and
Hidden Work

39.1 The fastest algorithm can be a disguised database

One of the easiest ways to “solve” a hard problem quickly is to move the hard work outside the
measured interval. Precompute answers, encode them into a table, then answer each query by lookup.
For a fixed finite universe this can be extraordinarily effective. It is also a standard engineering
technique.

Complexity theory is designed to prevent this trick from masquerading as a uniform algorithm for
arbitrarily large inputs. If the table grows exponentially with input length, its construction and
description size matter.

This chapter develops a general idea that recurs throughout the archive: hidden work.

39.2 Oracles make hidden power explicit

An oracle machine is admirably honest. It says: the machine may ask a special black box a question
and receive the answer in one step. We can then study exactly how much power the oracle adds.

If the oracle decides SAT, then P with a SAT oracle can solve every NP problem efficiently through
reductions. This does not show P = NP. The SAT oracle is the added resource.

Oracle notation is a model for how speculative physical claims should be presented. If a wormhole,
boundary condition, analog device, or AI module effectively answers a hard subproblem, treat it as an
oracle and analyze the augmented class.

39.3 Advice and nonuniformity

Adpvice classes make another hidden resource explicit. In P/poly, a polynomial-time machine
receives an advice string depending only on input length n. Equivalently, the computation may be
represented by a polynomial-size circuit family with one circuit for each n, without requiring a single
efficient procedure to generate all circuits.

This can encode information that a uniform algorithm would have to compute. The distinction
between uniform and nonuniform computation is therefore not bureaucratic. It controls whether a
family of solutions has a common algorithmic explanation.

A proposed geometric construction can accidentally become nonuniform if it requires a custom
object for every input size whose construction is not efficient.
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39.4 Analog precision as advice

An analog number with infinitely many digits can encode infinitely many discrete answers. If a
physical model allows exact preparation and measurement of arbitrary real numbers, one can bury
noncomputable or exponentially large advice in the digits.

This is a classic source of misleading hypercomputation. The arithmetic operation may look simple
while the precision resource is unbounded.

A fair model must account for the number of reliable bits of precision required as input size grows.
If distinguishing yes from no requires measuring a quantity to 2/A{-2/n} precision, the apparent
constant-time analog computation contains an exponential or worse resource in its measurement
resolution.

39.5 Geometry as a storage medium

The same issue can arise in spatial constructions. Imagine building a physical maze whose unique
exit encodes the satisfying assignment of a formula. Sending a particle through the maze may produce
the answer quickly. But constructing the maze may require solving the formula or using exponential
material.

The physical object is then an advice string in geometric form.

This observation is especially relevant to category-theoretic or topological proposals. A space with
the desired global property may exist, but if constructing it from the instance is hard, the topology has
not removed the computation.

39.6 Boundary conditions and global solutions

Boundary-value formulations often make a solution appear “simultaneous.” A physical field settles
into a state satisfying global constraints. Does the field solve an NP-complete problem?

Possibly, if the physical dynamics can be initialized and read out with polynomial resources and
provably converges to the exact solution for every instance. But the analysis must include convergence
time, precision, metastability, energy landscape barriers, and construction of the boundary conditions.

Otherwise the hard instance may simply have been encoded into a difficult-to-prepare physical state.

39.7 Training data as computational advice

Machine learning adds a modern form of hidden work. A trained model may answer difficult queries
in milliseconds after consuming enormous datasets and compute during training. For practical purposes
this is a triumph. For complexity theory the question is different: does there exist a uniform polynomial
procedure including the relevant preprocessing, or has the model received distribution-specific advice?

A fixed neural network can be treated as part of an algorithm description. A family of larger
networks trained separately for each n can resemble a nonuniform circuit family. Whether training itself
is efficient matters if the claim concerns uniform computation.

This analogy does not diminish Al It clarifies the resource.
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39.8 The “answer from the future” as advice

Temporal feedback proposals can also be described in advice language if they merely assume a
correct answer appears. The reason Deutsch CTC computation is more interesting is that the feedback is
constrained by a precise fixed-point law, enabling a complexity characterization. The answer is not
arbitrary advice; it is selected by a formal causal-consistency rule.

This distinction separates a story from a model.

39.9 Preprocessing/query tradeoffs

Data structures routinely trade preprocessing for query time. A database may take hours to index and
then answer searches instantly. Complexity theory has rich models for such tradeoffs.

The same discipline should be applied to unconventional solvers. If a method maps an instance into
a large topological, quantum, or analog object before a fast final measurement, the map construction is
part of the algorithm unless the model explicitly grants it for free.

39.10 A hidden-work ledger

For any apparent shortcut, list:

einstance preprocessing;
emodel construction;
etraining;

e advice size;

eoracle queries;

e state preparation;

e precision;
®hardware scaling;

® convergence;
ereadout;

e verification.

The sum may reveal where the combinatorial explosion moved.

39.11 When hiding work is legitimate

There are contexts where preprocessing or advice is exactly the object of study. Cryptographic
hardware, compiled optimization, database indexing, and learned inference all benefit from moving
computation offline. The correct conclusion is then an online/offline tradeoff, not a uniform worst-case
collapse.

Likewise, oracle and advice classes are legitimate complexity classes. Hidden work becomes a
problem only when it is omitted from the claim.

136



HOW TO CHEAT P VS NP

39.12 The conservation heuristic revisited

The archive repeatedly discovered fast final steps. The reconstruction asks what was required to
make those steps possible. Often the missing resource was not time but representation, prior
information, physical law, or global consistency.

This is why the “hidden-resource” heuristic is so effective: difficulty rarely disappears silently. It is
transferred, traded, or made primitive.
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Chapter 40 - Cheat Fourteen: Approximation,
Heuristics, and the Exactness Boundary

40.1 The practical world is full of good-enough answers

Much of applied computation succeeds without exact solutions. Weather forecasts are probabilistic.
Protein structures are approximate physical models. Logistics systems accept near-optimal routes.
Machine learning optimizes nonconvex objectives without certificates of global optimality. Scientific
inference lives with noise.

P versus NP, by contrast, is exact. SAT asks whether there exists a satisfying assignment, not
whether a neural network thinks the formula is probably satisfiable. This exactness boundary explains
why approximation formulas can be scientifically useful while irrelevant to a classical proof.

40.2 Approximation of values versus approximation of decisions

Suppose we approximate a quantity F(x) within error epsilon. If the decision problem asks whether
F(x) is positive and every valid instance satisfies either F(x) >= 1 or F(x) <= -1, then epsilon < 1 may
suffice to decide exactly. This is a gap.

Without a guaranteed gap, approximation can fail near the boundary. An exponentially small
difference may determine the yes/no answer. A polynomial-time numerical approximation is then
insufficient unless its precision scales accordingly.

The missing gap is a common failure in attempts to use asymptotic formulas to decide combinatorial
problems.

40.3 Stirling's formula as an example

Stirling's approximation gives exquisite estimates of factorial growth. It can tell us that the
permutation space of n objects has roughly sqrt(2 pi n)(n/e)"n elements. It cannot identify which
permutation minimizes a traveling-salesperson tour.

The combinatorial hardness lies in the arrangement-dependent objective, not merely in the count of
arrangements. Compressing the formula for the count does not compress the search.

This is a general warning: describing the size of a search space is different from navigating it.

40.4 Continuous relaxations

Integer and combinatorial optimization problems are often relaxed into continuous ones. Linear
programming relaxations, semidefinite programming, spectral methods, and convex surrogates can
yield strong bounds or approximate solutions.
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Sometimes the relaxation is exact on a special class of instances. Then a hard general problem
becomes tractable under a structural promise. This is a valuable theorem, but the promise is part of the
problem definition.

The most productive salvage from an approximation-based P versus NP attempt may therefore be
the discovery of a tractable subclass.

40.5 Heuristics and phase transitions

Random SAT instances display phase-transition-like behavior as clause density varies. Modern SAT
solvers exploit clause learning, preprocessing, symmetry, and heuristics to solve enormous practical
formulas. Their success coexists with NP-completeness because worst-case formulas can be very
different from typical industrial or random instances.

This is a reminder that empirical runtime landscapes deserve study. A problem can be worst-case
hard and practically easy over a useful distribution.

40.6 Average-case complexity

Average-case complexity asks how algorithms perform under a distribution of inputs. Cryptography
particularly depends on average-case hardness: randomly generated keys should be hard to break, not
merely one adversarial key in a remote corner of input space.

A human or Al solver may exploit a rich prior over naturally occurring instances. Such a solver can
be spectacularly successful without contradicting worst-case lower bounds.

The phrase “intelligence reduces complexity” should therefore often be translated into “intelligence
changes the effective input distribution and representation.”

40.7 Parameterized complexity

Parameterized complexity offers another way to make hard problems tractable. Instead of measuring
only n, we measure a structural parameter k: treewidth, solution size, number of variables of a certain
type, or another feature. An algorithm running f(k)n”\c can be practical when k is small even if f is
exponential.

This formalizes a common expert strategy: identify the true source of difficulty and isolate it in a
small parameter.

Many speculative cross-disciplinary ideas might be reframed productively as proposals for useful

parameters rather than universal collapses.

40.8 Machine learning as heuristic search

A learned model can guide branch-and-bound, propose SAT assignments, rank proof steps, or
predict promising decompositions. The verifier can remain exact even when the generator is heuristic.

This generate-and-check architecture is one of the most promising practical consequences of the NP
viewpoint. It does not require P = NP. It exploits the fact that checking can be cheaper than discovering.
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The same pattern appears in Al-assisted mathematics: language models propose lemmas or proof
steps, proof assistants verify them.

40.9 Error must be part of the class

Randomized and quantum complexity classes explicitly incorporate bounded error. Approximation
schemes explicitly state their guarantees. Heuristics often do not. When a speculative solver is tested
only on successful cases, the missing failure probability becomes a hidden resource.

A proper claim must state whether the algorithm is exact, Monte Carlo, Las Vegas, approximation-

preserving, heuristic, or distribution-specific.

40.10 Exactness as the final gate

Many failed P = NP approaches get close to something useful because they reduce a difficult exact
problem to an efficiently computable approximate surrogate. The last missing step is a proof that the
surrogate preserves the decision boundary for all instances.

That last step is not a technicality. It is often the whole problem.
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Chapter 41 - Cheat Fifteen: The P = NP Human
and the Psychology of Shortcuts

41.1 A different kind of archive paper

One paper in the archive imagined “The P=NP Human”: a person or intelligence capable of
extraordinary problem solving as though hard search had collapsed into immediate insight. Another, A
War of Wits, moved between satire, human-AlI dialogue, speculative proof ideas, and eventual
declarations of success.

These texts are not evidence about complexity classes. They are evidence about how minds reason
around impossible-seeming search spaces.

That makes them useful for a book about failed proofs.

41.2 Human intuition is not worst-case complexity

Experts often solve problems without explicit brute-force search. A chess grandmaster does not
enumerate the complete game tree. A mathematician does not mechanically test every possible proof. A
chemist recognizes a plausible synthesis route. A radiologist sees a pattern in an image.

Such performance can feel like a collapse of search complexity. But several mechanisms are at
work: learned priors, structured problem distributions, hierarchical representations, analogical transfer,
approximation, and willingness to accept probabilistic or incomplete answers.

Worst-case NP-complete instances are constructed precisely to defeat simple appeals to typical
structure. Human expertise demonstrates that real-world distributions matter. It does not show that
arbitrary instances become polynomial-time solvable.

41.3 Heuristics and certificates

A heuristic can generate candidate solutions quickly on many instances. If the problem lies in NP,
candidates can then be checked efficiently. This creates an attractive workflow: intuition proposes,
verification disposes.

Modern Al intensifies this pattern. A model may generate a proof sketch, program, molecule,
schedule, or assignment that would be hard to find by systematic search. A deterministic checker then
verifies the result.

This is computationally important even if worst-case complexity remains unchanged. It suggests a
practical division of labor between generative systems and formal verifiers.
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41.4 Centaur intelligence

Human-AI collaboration creates a composite search process that can traverse conceptual space
differently from either partner alone. The archive's proliferation of P versus NP ideas is an example.
The advantage is breadth: physics, topology, logic, and computation can be connected quickly. The risk
is also breadth: analogies can outrun definitions.

A disciplined centaur system therefore needs two modes:

egenerative mode, where speculative connections are welcomed;
everification mode, where every claim is translated into formal definitions and tested against known
results.

Confusing the modes produces persuasive nonsense. Separating them can produce genuine research.

41.5 The seduction gradient

Failed proof narratives often move through a recognizable sequence:

23. a correct observation;

24. an evocative analogy;

25. arepresentation change;

26. an uncounted resource;

27. a statement that resembles the desired conclusion;
28. a declaration that the problem is solved.

For example: “quantum states represent many alternatives” is correct. “Therefore all alternatives are
computed in parallel” is a loose analogy. “Therefore the satisfying assignment is already present”
changes the meaning of accessible information. “Measurement returns it” hides the amplification cost.
“Thus SAT is solved in one step” reaches the desired conclusion without the missing resource analysis.

Learning to recognize this gradient is valuable beyond P versus NP. It is a general skill in Al-
assisted science.

41.6 Creativity without self-deception

The solution is not to suppress speculation. Many breakthroughs begin as analogies that would look
irresponsible if stated as theorems. The solution is to label the epistemic stage.

A useful vocabulary is:

*metaphor;

® conjecture;

*toy model;

¢ conditional theorem;
eempirical observation;
¢ formal theorem;

e physical hypothesis.

The archive often moved too quickly between these categories. The revised book keeps them
explicit.
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41.7 Could intelligence make NP easy in practice?

Even if P |= NP, powerful intelligence may transform practical problem solving. It can discover
structure, learn distributions, invent parameterizations, compress representations, and choose better
algorithms. Many hard instances encountered in nature may occupy special subclasses.

The interesting question is not whether a superintelligence “is P = NP.” The interesting question is
how its priors and representations reshape the instance distributions it faces.

This connects computational complexity with learning theory and algorithm selection rather than
collapsing one into the other.

41.8 The archive as a scientific object

Viewed retrospectively, the collection of exploratory P versus NP papers is itself a dataset of human-
Al mathematical cognition. It records recurrent attractors: relativity, quantum parallelism, local-to-
global gluing, type equivalence, self-similarity, and causal feedback.

Why do these ideas recur? Because each attacks a different apparent source of combinatorial
explosion: time, branching, representation, global consistency, infinite detail, and iteration.

The archive therefore maps not the solution to P versus NP but the psychology of possible
shortcuts. That is worth preserving.
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Part lll - Where the Difficulty Goes
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Chapter 42 - The Landscape of Tiny Programs

42.1 Ruliology as empirical mathematics

Stephen Wolfram's ruliological approach treats spaces of simple programs as empirical landscapes.
Rather than choosing a famous algorithm and proving a theorem about it, one enumerates many small
rules or machines, runs them under standardized conditions, and studies the resulting distribution of
functions, runtimes, halting behaviors, and equivalence classes.

The archive's 2026 paper Against Clean Separation responded to this program by asking whether
runtime irregularity and computational irreducibility undermine the expectation of a clean P versus NP
separation.

The provocative part of that argument should be retained. The conclusion should be softened.

42.2 Tiny machines can be wild

Small computational systems can exhibit long transients, irregular halting times, and sudden
transitions from simple to complex behavior. Busy Beaver phenomena show that maximum halting time
among machines of a given size eventually grows faster than every computable function. Cellular
automata with tiny rules can support universal computation.

The lesson is that program size is not a reliable proxy for behavioral simplicity.

This matters psychologically. P versus NP is often drawn as a clean Venn diagram, but the
individual programs inhabiting complexity classes can have messy finite-size behavior. A polynomial-
time algorithm can look terrible on small instances. An exponential-time algorithm can look benign
until a threshold. Runtime curves can spike.

42.3 Asymptotic classes survive runtime chaos

None of that makes P or NP ill-defined. Complexity classes are defined asymptotically. A function
either has a polynomial bound under the specified model or it does not, regardless of whether finite
runtimes oscillate wildly.

Empirical irregularity can make the asymptotic law difficult to infer from data. It can make proof
discovery hard. It can produce undecidable questions about arbitrary program behavior. But it does not
dissolve the formal definition.

The distinction is between epistemic difficulty and ontological ambiguity. We may be unable to
recognize a program's asymptotic behavior from finite evidence even when that behavior is
mathematically well-defined.

42.4 Enumeration as a lower-bound laboratory

Finite machine enumeration can nevertheless produce exact results. If we enumerate every machine
up to a specified size, we can prove that no machine in that bounded universe computes a target
function faster than some limit. Such a result is a genuine lower bound under explicit constraints.
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The challenge is scaling. To say something about P versus NP, one needs a family of bounds that
grows with input size and survives increasing machine size under a uniform model.

Ruliology may therefore be most useful as a conjecture engine and a laboratory for discovering
structural invariants that later admit proof.

42.5 Empirical complexity distributions

Traditional complexity theory often asks worst-case membership questions: is language L in class
C? Ruliology invites distributional questions across program space:

*How common are polynomial-time versus superpolynomial behaviors among small machines?
*How many distinct programs compute the same function?

*How are runtimes distributed among equivalent implementations?

¢ What structural features correlate with long halting times?

*How stable are these distributions under changes in encoding?

These are not replacements for P versus NP. They form an empirical science of computation
adjacent to it.

42.6 Representation sensitivity

One striking phenomenon in program enumeration is that the same function can be computed by
machines with dramatically different runtimes. This reinforces a basic point: complexity is a property of
the best algorithm for a problem under a model, not of an arbitrary implementation.

To prove a lower bound, one must rule out all sufficiently efficient algorithms in the model.
Discovering one terrible implementation says almost nothing. Discovering that every machine up to a
large finite size is terrible says more, but still leaves open larger or structurally different algorithms.

42.7 The archive's ontological claim

Against Clean Separation suggested that the inability to find tidy runtime laws might mean P versus
NP is not merely hard but somehow ontologically resistant to formal separation. This is a stimulating
philosophical speculation, but the available evidence does not justify it.

Known independence phenomena in logic remind us that a precise mathematical statement can be
undecidable in a particular axiom system. It is conceivable that P versus NP has unexpected logical
status, but runtime chaos in small machines is not a proof of such independence.

The safer claim is more interesting than it first appears: the space of algorithms may be
empirically rugged enough that discovering the right invariant for a proof is exceptionally
difficult.

42.8 Ruliology and Al-assisted mathematics

Large language models and program synthesis systems create a new context for empirical
exploration. Instead of enumerating only all tiny programs, we can sample semantically rich programs,
mutate proofs, search for invariants, and test conjectures over large computational spaces.
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This does not replace proof. It changes the search process. An Al system can act as a microscope
over program space, while formal verification supplies the final epistemic standard.

The archive itself is an example of this new regime: many speculative ideas were generated rapidly
across disciplines. The lesson is that generation must be paired with aggressive theorem-checking and
model auditing.

42.9 A productive synthesis

The best role for ruliology in this book is therefore methodological. It tells us to study computation
not only from definitions downward but also from program behavior upward.

Complexity theory provides the asymptotic categories. Empirical program science explores the
terrain that inhabits them. The two approaches can inform one another without being confused.
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Chapter 43 - Proof Complexity: The Verification
Gap Made Concrete

43.1 NP as a theory of short witnesses

The intuitive heart of NP is the certificate. If a yes-instance has a short witness and a deterministic
verifier can check that witness quickly, the problem lies in NP. This makes P versus NP a question
about whether short verifiable witnesses can always be found efficiently.

Proof complexity studies a closely related phenomenon inside formal logic: how long must proofs be
in a chosen proof system, and how hard is it to find them?

This field provides a natural bridge between the archive's interest in verification and the rigorous
complexity literature.

43.2 Cook-Reckhow proof systems

A propositional proof system can be viewed as a polynomial-time computable function whose range
is the set of tautologies. A proof is a string mapped to a tautology. The proof is efficiently checkable
because the mapping is polynomial-time.

If every tautology had a polynomial-size proof in some sufficiently strong polynomial-time
verifiable proof system, major complexity consequences would follow. Proof length therefore connects
directly to NP versus coNP and to lower-bound questions.

This is a more precise setting for asking whether verification can be easy while discovery remains
hard.

43.3 Short proof does not imply easy proof search

Even when a short proof exists, finding it may be hard. A proof assistant can verify a Lean or Coq
proof quickly while a human spends months discovering the argument. The certificate/exploration
distinction appears in pure mathematics exactly as it does in SAT.

Al-assisted theorem proving exploits this asymmetry. Generators search a huge space of possible
proof steps; the kernel checks only the final derivation.

The “P=NP Human” becomes less mystical in this language: an extraordinary mathematician may be
an unusually strong proof-search heuristic operating over structured domains.
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43.4 Lower bounds on proof systems

Proof complexity seeks explicit families of tautologies requiring large proofs in particular systems.
Strong lower bounds are difficult and often mirror circuit lower-bound challenges. Different proof
systems correspond to different reasoning resources.

This provides another example of computational worlds. Give the prover stronger inference rules
and some proof families shrink dramatically. The statement remains the same; the proof system
changes.

The analogy to machine models is close enough to be useful but not identical. A “proof world” has
its own primitive inference operations and resource measure, usually proof length or size.

43.5 Automated reasoning and SAT solvers

Modern SAT solvers can be interpreted through proof complexity. Conflict-driven clause learning
corresponds to generating resolution-like proofs of unsatisfiability. Solver performance is therefore
connected to the size and structure of proofs in underlying systems.

This perspective converts empirical solver behavior into mathematical objects. A difficult
unsatisfiable formula may force a long proof in a restricted proof system even if another system has a
short proof.

Such structure could be investigated by the empirical program-space methods discussed earlier.

43.6 Verification under changed foundations

The archive's topos and HoTT papers implicitly changed the logical foundation in which statements
were represented. Proof complexity suggests the right question: how does the proof system affect proof
length and proof search?

Instead of asking whether changing foundations makes NP equal P, we can ask whether a resource-
aware type theory admits shorter certificates for particular classes of problems and whether those
certificates translate efficiently back to classical proofs.

This is a concrete, measurable question.

43.7 Certificates from physics

Suppose a physical experiment outputs a candidate solution to a hard problem. If the solution is an
NP witness, we can check it classically. The physical device then acts as a proof generator.

This offers a clean interface between unconventional physical computation and conventional
verification. We do not have to trust the internal physics if the output is independently checkable. For
no-instances the situation can be harder because NP certificates are one-sided.

A future exotic solver could therefore be scientifically useful before its entire internal computational
model is understood, provided it consistently produces verifiable witnesses.
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43.8 Interactive and probabilistic proofs

Complexity theory has discovered that verification itself can be transformed by interaction and
randomness. Interactive proofs allow a polynomial-time verifier to be convinced of statements in
PSPACE through interaction with an all-powerful prover. Probabilistically checkable proofs allow
global correctness to be tested by reading only a few bits of a specially encoded proof.

These results are reminders that “verification” is not a single immutable operation. Change the
protocol, and the class of efficiently verifiable statements can expand dramatically.

Again, the right language is model-dependent complexity, not a universal collapse.

43.9 The epistemology of a certificate

A certificate is more than a computational convenience. It separates trust in discovery from trust in
verification. This is increasingly important in Al-generated science. A model may be opaque,
stochastic, or trained on vast data, yet its mathematical outputs can be checked by a small trusted
kernel.

The architecture resembles NP at a philosophical level: generation may be difficult and mysterious;
verification can be simple and transparent.

43.10 A research direction from the archive

The archive's recurring fascination with “easy checking versus hard finding” could be rebuilt around
proof complexity and formal verification. Questions include:

*Which classes of Al-generated mathematical objects admit small independently checkable
certificates?

¢ Can resource-aware type theories compress proof search without hiding exponential work?

¢ Can empirical enumeration identify families that separate proof systems?

*How do physical or quantum generators interface with classical certificate checking?

This program is narrower than proving P = NP and far more experimentally accessible.
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Chapter 44 - Energy, Entropy, and the
Thermodynamic Ledger

44.1 Computation is physical

Every actual computer dissipates heat, occupies volume, and manipulates physical degrees of
freedom. Complexity theory abstracts away most of these facts, but exotic computing proposals often
make physical efficiency central. It is therefore useful to add energy and entropy to the resource ledger.

44.2 Landauer's principle

Landauer's principle links logically irreversible erasure of information with a minimum
thermodynamic cost proportional to temperature. The principle does not say that every logical operation
must dissipate a fixed minimum energy. Reversible computation can, in principle, reduce dissipation
associated with erasure.

The important conceptual point is that logical architecture and thermodynamic cost are related but

not identical.

44.3 Reversible computing does not solve hard search

One might hope that if computation can be made thermodynamically reversible, combinatorial
explosion disappears. It does not. A reversible simulation can preserve information while carrying out
the same logical search with additional bookkeeping.

Energy efficiency and computational complexity are separate axes.

A solver can use little energy per step and still require exponentially many steps.

44.4 Space-time-energy tradeoffs

Physical devices face coupled constraints. More parallel hardware uses more space and often more
total energy. Faster clocks increase power density. Lower error rates require redundancy or cooling.
Long-distance communication consumes energy and introduces delay.

Thus a proposed "constant-time" physical algorithm can be physically extravagant even when its
elapsed time is small.

44.5 Entropy as hidden work

A physical search process may generate a broad distribution of candidate states and then filter, cool,
or dissipate unwanted alternatives. The reduction of uncertainty has thermodynamic consequences.
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In molecular computing, chemical separation discards enormous numbers of incorrect candidates. In
annealing, heat is removed. In measurement, macroscopic records are created.

The entropy flow is part of the physical story even when abstract complexity theory does not count it
directly.

44.6 Error correction is a resource

Real computers are noisy. Reliable computation requires error detection, correction, redundancy, or
fault tolerance.

Quantum computing makes this particularly visible: physical error rates, code overhead, syndrome
extraction, and fault-tolerant gate synthesis can multiply resource demands dramatically.

A complexity claim based on ideal gates can remain mathematically correct while engineering
feasibility depends on error-correction overhead.

44.7 Energy does not replace asymptotics

It would be tempting to define a new class by saying a problem is easy if it uses polynomial energy.
But energy depends on physical implementation, temperature, reversibility, and architecture. A careful
physical complexity theory may need several coupled resource bounds.

The right conclusion is not to replace time complexity with thermodynamics. It is to recognize that
physical computation lives in a multidimensional resource space.

44.8 The thermodynamic audit

For a physical shortcut, ask:

etotal energy, not only power;

¢ cooling and reset costs;

e entropy exported to the environment;

eredundancy needed for reliability;

eenergy cost of initialization and readout;

ewhether parallel speedup is purchased with proportional hardware and energy.

A physically credible computational world needs a thermodynamic ledger as well as an algorithmic
one.
Sources and further reading

Rolf Landauer on the physical principle of information erasure; Charles Bennett on reversible
computation; modern literature on thermodynamics of computation, fault tolerance, and physical limits
of information processing.
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Chapter 45 - Information Has to Get Out: Readout,
Communication, and Causal Access

45.1 The forgotten final step

Many speculative computers devote enormous attention to how a solution is represented internally
and almost none to how the answer reaches the user.

But a computation is not operationally complete until a readable output can be distinguished with the
required confidence.

Readout can be the bottleneck.

45.2 Amplitude is not a classical answer

A quantum state may contain amplitudes associated with exponentially many basis states. An optical
field may contain contributions from many paths. An analog voltage may depend on all candidate
configurations.

The internal representation can therefore look exponentially rich.

Yet a classical observer receives a finite measurement record. If the desired answer affects that
record only through an exponentially small probability or signal difference, repeated sampling or
exponentially fine measurement may be required.

The information bottleneck restores the cost.

45.3 Communication complexity

Communication complexity isolates a related phenomenon. Two parties may each possess large
inputs and unlimited local computation, yet determining a joint function can require substantial
communication.

This teaches that local computational power does not eliminate the cost of bringing distributed
information together.

For giant parallel or relativistic machines, communication should therefore be treated as a first-class
resource.
45.4 Relativity turns bandwidth into geometry

Signals cannot propagate faster than light in ordinary relativity. A distributed computer therefore has
causal cones. The deeper the physical extent of the device, the longer some information aggregation
paths must be.
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A proposal using astronomical parallelism may encounter a communication diameter even if every
local processor is infinitely fast.

The geometry of the machine becomes part of its computational depth.

45.5 CTCs are different because access itself changes

Closed timelike curves are computationally radical precisely because they alter causal access.
Information can participate in a consistency loop involving what would ordinarily be future states.

The resource is not merely rapid communication. It is a new causal relation.

That is why CTC models belong in the "world change" category rather than the engineering
category.

45.6 The block-universe fallacy revisited

If all events in spacetime form a four-dimensional block, then the future answer is part of the block.
But an observer at the input event cannot simply read arbitrary future data unless the causal structure
permits it.

Ontology does not imply communication.

A book in a sealed room "contains" its final page before we read it. That does not give a reader on
page one a constant-time channel to page 300.

45.7 Certificates as communication

An NP witness can be viewed as a message from a powerful prover to a limited verifier. The witness
is valuable because it compresses the information needed to establish a yes answer into polynomial
length.

This connects communication, proof, and complexity. If a physical device claims to solve a hard
problem, what message does it output? How many bits? Is the witness independently checkable? Does
the message itself require exponential precision?

These questions turn metaphysical claims into information theory.

45.8 The readout audit

Every unconventional solver should state:

e output alphabet and bit length;

e probability of correct output;

enumber of measurements or repetitions;

esignal separation between yes and no instances;

e communication distance and bandwidth;

ewhether a full witness or only a decision bit is returned,;
everification cost of the returned object.

If the solver's internal state is magnificent but its answer cannot be extracted efficiently, the
computation has not crossed the intended barrier for an external user.
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45.9 Information access as the unifying constraint

Across quantum, analog, optical, relativistic, and block-universe proposals, a recurring distinction
appears:

The world may instantiate more information than an observer can efficiently access.

That sentence is one of the cleanest ways to understand why many physical intuitions about "parallel
universes of possibilities" fail to become algorithms.

Sources and further reading

Communication complexity, quantum measurement and accessible information, distributed
computing, causal structure in relativity, and the certificate viewpoint of NP.

155



HOW TO CHEAT P VS NP

Chapter 46 - The Complexity Displacement
Principle

46.1 After twenty cheats, a pattern emerges

By this point the book has tried to escape hard computation through clocks, processors,
superpositions, postselection, nonlinear dynamics, causal loops, infinite spacetime, analog constants,
molecular parallelism, energy minimization, equivalence, approximation, advice, and learned heuristics.

The mechanisms differ. The accounting failure often does not.
A computational burden that disappears from one column reappears in another.
This motivates a unifying heuristic:

Complexity Displacement Principle. When a broadly hard computational task appears to become
easy because the computational model has been altered, identify whether the missing difficulty has been
displaced into another resource, into nonuniform information, or into a stronger law governing the
machine.

The principle is intentionally not stated as a universal theorem. There are real algorithmic
breakthroughs that reduce complexity by exploiting structure without paying an equivalent exponential
cost elsewhere. The principle is a diagnostic for generic miracles.

46.2 Displacement into hardware

The cleanest example is exhaustive parallelism.

Sequential time: exponential.

Parallel time: small.

Number of processors: exponential.

Nothing mysterious occurred. The search tree was spatialized.

DNA computing can realize the same trade in molecules. Optical systems can realize it in paths or
modes. Massive analog arrays can realize it in components.

The hardware bill is the computation in another coordinate.

46.3 Displacement into preprocessing

A precomputed table makes later queries trivial. The online algorithm is constant time, but the
offline stage may be exponential.
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Database indexes, compiled knowledge bases, memoized search, and trained models all exploit
legitimate preprocessing. Complexity theory has rich models for these tradeoffs.

The mistake occurs only when online latency is presented as total computational cost.

For Al systems this point becomes especially interesting. A model can answer a difficult-looking
query almost instantly after consuming vast training data and computation. Whether that
precomputation contains a useful general algorithm, memorized advice, distributional regularities, or
some mixture is itself a scientific question.

46.4 Displacement into precision

Analog computation can execute a small number of smooth operations while requiring exponentially
many meaningful bits in a parameter or measurement.

A difference of 2A{-2/n} is mathematically nonzero. Physically discriminating it is another matter.
The runtime graph may look polynomial only because precision is treated as free.

This is the continuous counterpart of hiding an exponential advice string inside a real number.

46.5 Displacement into probability

Postselection gives a particularly elegant example. Ordinary sampling may require exponential effort
to witness an exponentially unlikely branch. Postselection says: condition on that branch anyway.

The probability cost is removed from the model by assumption.
What remains is a dramatically stronger complexity class: PostBQP = PP.

The miracle is genuine within the altered model, and its price is explicit.

46.6 Displacement into causal law

Deutsch-style CTC computation does not accelerate gates by a large constant. It changes the global
consistency rule for histories.

The machine is no longer a one-way causal process receiving an input and generating an output
through forward time. A state on the chronology-violating register must be a fixed point of the induced
evolution.

The computational resource is therefore partly the existence of a global causal consistency condition
supplied by spacetime.

Aaronson and Watrous show just how powerful that condition is: polynomial-time computation with
such CTCs captures PSPACE.

The displaced difficulty lives in the causal structure of the world.

46.7 Displacement into dynamics

Nonlinear quantum mechanics moves the cost into the law of state evolution. Exponentially tiny
distinctions can be amplified efficiently because the dynamics are granted a capability unavailable to
linear quantum theory.
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Adiabatic computing offers a subtler case. The search description may disappear into a smoothly
changing Hamiltonian, while hard instances express themselves through small spectral gaps and long
adiabatic runtimes.

Different dynamics expose different coordinates of hardness.

46.8 Displacement into initial conditions and boundary conditions

A system can be made to "solve" a problem if its initial state already encodes the answer. A
boundary-value formulation can similarly conceal computational work in globally specified constraints.

This is particularly tempting in block-universe reasoning. If the entire spacetime history is fixed, the
future answer exists as part of the global solution. But the computational question for an embedded
observer is how the answer becomes causally accessible from the supplied input.

Existence in a global mathematical object is not the same as efficient local access.

46.9 Displacement into representation

A short symbolic description can denote an exponentially large object. A fractal generator denotes
infinite detail. A Boolean circuit can represent an exponentially large truth table. A grammar can
generate an enormous string. A tensor network can compactly describe a state that would be huge if
expanded naively.

Compression can be real and algorithmically valuable. But operations on the compressed
representation may themselves be hard.

Representation changes the location of the complexity, not automatically its existence.

46.10 Displacement into proof or advice

An NP certificate makes verification easy because the difficult witness is supplied as input. Advice
classes formalize a related idea: the machine receives an auxiliary string depending on input length.

A message from the future, an oracle answer, a pretrained lookup structure, or an infinitely precise
constant can function as advice if it carries problem-specific information into the computation.

The phrase "the answer is given" should always trigger a question about who paid to give it.

46.11 When difficulty really is reduced

The displacement principle must not become a doctrine that forbids algorithmic progress. Fast
Fourier transforms, primality testing, interior-point methods, matching algorithms, and countless other
breakthroughs genuinely reduce the resources needed to solve important problems.

What distinguishes them is that the improvement can be stated inside the original resource model.
The algorithm uses fewer operations without requiring an exponential new resource that the model had
previously excluded.

A true shortcut is not suspicious because it is surprising. It is credible because the ledger closes.
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46.12 A proposed resource vector

For interdisciplinary claims, it is useful to describe a computation by a vector rather than one
runtime:

K=(T,S,H,P,E,B, A,C,R)
where the coordinates may represent time T, memory or spatial size S, hardware count H, precision

P, energy E, communication bandwidth B, advice or precomputation A, causal resources C, and error or
reliability R.

The exact vector is application-dependent. The conceptual point is that polynomial time in one
coordinate may coexist with exponential growth in another.

A computational world is defined partly by which coordinates are counted and which primitives are
free.

46.13 Displacement as a research program

This principle suggests concrete work rather than merely philosophical commentary.
For each nonstandard computational model:

29. define the machine precisely;

30. specify the resource vector;

31. identify simulations to and from standard models;

32. characterize complete problems where possible;

33. measure the cost of initialization and readout;

34. identify precision and reliability scaling;

35. separate uniform algorithms from nonuniform information;

36. distinguish physical realizability from mathematical definition.

The result is a comparative science of computational worlds.

46.14 The strongest version of the idea

The most provocative hypothesis would say that no physically realizable generic NP shortcut can
make every relevant resource polynomial without effectively changing the law of computation or
exploiting hidden nonuniform information.

That statement is far beyond what this book proves. It would need careful definitions of physical
resources and realizability, and might be false under sufficiently exotic physics.

But as a research question it is more productive than another loose claim that a clock, a topology, or
a quantum metaphor has solved P versus NP.
46.15 The question behind the principle

Each time we encounter a miracle, we now ask:

*What became cheap?
*What became expensive?
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¢ What information was supplied from outside?
*What physical law was strengthened?

*What was removed from the resource accounting?

That is the discipline that turns the archive from a collection of failed proofs into a map of

computational possibility.

Sources and further reading

The principle proposed here is synthetic rather than a standard named theorem. It draws on
established ideas from time-space tradeoffs, parallel complexity, nonuniform complexity, advice
classes, precision complexity, physical computation, quantum complexity, and preprocessing/query

tradeoffs.

Complexity displacement: the missing cost often reappears in another coordinate

Hargl search / verification|gap

2.
Hardware Precision Probability Dynamics Causality
& space & advice & postselection & spectral gap § boundary conditiorls

Diagnostic heuristic, not a universal theorem.

Figure 9. The Complexity Displacement Principle: difficulty that vanishes from one coordinate often reappears in
another.
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A computational claim needs more than a stopwatch

Advice /

Time Memory Hardware Precision Energy Bandwidth preprocessing

Causality Error

K=(T,S, H P E B, A C R)

A speedup in one coordinate can be purchased by growth in another.

Figure 10. A resource ledger for interdisciplinary computational claims.
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Chapter 47 - A Framework for Comparing
Computational Worlds

47.1 The need for a reference frame

After examining false shortcuts and genuinely stronger models, we can state the organizing
framework directly. A complexity claim should be understood relative to a tuple describing the
computational world.

Let a computational world W contain at least:

¢a problem family or language L;

ean encoding E of instances;

¢ a machine model M;

ea set O of primitive operations or oracles;

*a resource measure R;

*a uniformity convention U;

ewhen relevant, a causal or physical structure C.

We can write schematically:
K=K@L|E,M,O,R,U,C).
This notation is not intended to replace standard complexity classes. It is a bookkeeping discipline.

Ordinary P suppresses many arguments because conventions are fixed. The arguments reappear when
we compare unconventional models.

47.2 Invariance under polynomial simulation

Suppose two machine models M1 and M2 simulate one another with at most polynomial overhead,
and their encodings translate with polynomial cost and polynomial size distortion. Then polynomial-
time tractability is invariant between them. They belong, for the purpose of P, to the same
computational frame.

This is analogous to coordinate invariance in physics: different descriptions can refer to the same
underlying structure when transformations between them preserve the relevant quantities.

The analogy must not be pushed too literally. Computational relativity is a conceptual framework,
not a spacetime theory. But the discipline of invariants is shared.

47.3 Frame changes versus world changes

We can now distinguish two categories.
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A frame change alters representation or implementation while preserving efficient mutual
simulation. Examples include changing programming language, moving between standard reasonable
classical machines, or using a different polynomially related encoding.

A world change adds a computational resource that cannot be efficiently simulated under the
baseline assumptions. Examples include quantum interference if BQP is strictly larger than P, free
postselection, a PSPACE oracle, Deutsch CTCs, or hypercomputational causal structures.

The mistake behind many failed P versus NP proofs is to perform a world change and report it as if
it were merely a frame change.

47.4 Resource vectors

Real physical computation uses multiple resources. We can represent cost as a vector rather than a
scalar:

R(n) = (T(n), S(n), H(n), E(n), P(n), ...),
where T is logical time or depth, S memory, H hardware size, E energy, P precision, and additional
coordinates may measure communication or spacetime volume.

An algorithm can trade one resource for another. Massive parallelism can reduce depth while
increasing hardware. Analog encoding can reduce step count while demanding exponential precision.
Precomputation can reduce query time while increasing advice size.

Calling such a trade a “speedup” without naming the resource vector is incomplete.

47.5 The hidden-resource theorem, informally

Many proposed shortcuts fit an informal conservation principle:

If a hard search appears to vanish, look for the complexity in preprocessing, representation
size, precision, hardware, probability, advice, oracle power, or causal structure.

This is not a mathematical theorem. It is a research heuristic. The CTC and postselection examples
show that complexity can indeed vanish from one coordinate when the world grants a stronger
primitive. The point is to identify where it went.

47.6 The World-Change Test

The framework can be operationalized as a six-step audit:

37. State the baseline machine model.

38. State the encoding and uniformity condition.

39. Name the resource being bounded.

40. Identify the proposed new operation or physical effect.

41. Compute or bound the simulation overhead back to the baseline.
42. Only then compare complexity classes.
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The World-Change Test

1. State the baseline machine model

2. State the encoding and uniformity condition

3. Name the resource being bounded

4. ldentify the proposed new operation or physical effect

5. Compute simulation overhead back to the baseline

6. Only then compare complexity classes

O-O-O-0-0-6

A shortcut that cannot survive this test is not evidence about classical P versus NP.

Figure 5. The World-Change Test used throughout the book to audit unconventional computational shortcuts.

A proposed P versus NP proof that cannot pass this audit is not ready to be called a complexity
result.

47.7 Examples under the test
Faster processor: operation set unchanged; constant-factor time improvement; frame change.

Relativistic clock: coordinate or proper time changes; logical transition structure unchanged unless
causal access changes; normally a frame/physical timing change, not a class collapse.

Quantum computer: new state space and operations; no known polynomial classical simulation;
world change leading to BQP.

Postselection: new primitive that removes rarity cost; world change leading to PP.
Deutsch CTC: fixed-point causal resource; world change leading to PSPACE in polynomial time.

Succinct encoding: may be a representation change, but if translation to explicit form is
exponential, complexity can change dramatically; requires careful encoding-relative analysis.

Topos equivalence: mathematical relation only; no complexity conclusion until effective maps and
resource bounds are supplied.
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47.8 Observer dependence without subjectivity

The word relativity can be misunderstood as saying “complexity depends on who is looking.” That
is not the intended claim. Once a world W is specified, statements such as “algorithm A uses at most
n/\3 steps” are objective mathematical statements.

Different observers or descriptions may choose different coordinates, but invariant quantities can be

compared. The point is that a change in the actual computational resources changes the question being
asked.

This is closer to dimensional analysis than to subjectivism. One cannot compare “ten” to “ten”
meaningfully without knowing whether the units are seconds, meters, or joules. Likewise, “polynomial”
must be attached to a resource in a model.

47.9 Complexity as law-relative

Physical computation adds one final layer. If the laws of physics determine which operations are
realizable, then the efficient computability of a task may depend on physical law. Quantum mechanics
already supplies an example in which the physically natural model differs from classical probability.

Thus there are two legitimate questions:

43. What can abstract machines compute under a specified formal model?
44. Which of those models does our universe physically realize?

Complexity theory answers the first. Physics informs the second. Computational relativity sits at the
interface, insisting that the two not be conflated.

47.10 What is new here

None of the ingredients is individually new: complexity classes are always model-dependent;
simulation overhead matters; resource theories are standard; physical Church-Turing questions are well
established. The contribution of this framework is synthetic. It uses these ideas as a systematic audit for
interdisciplinary P versus NP claims.

That synthesis is what allows the archive to be rebuilt rather than discarded.
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Part IV - The Archive as a Laboratory
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Chapter 48 - What Survived the Failed Proofs

48.1 A salvage matrix

We can now return to the archive and classify the major threads by what failed and what remains.

Relativistic time dilation

Failed claim: differing elapsed times collapse exponential logical complexity.

Survives: distinction between logical steps and physical time; need for coordinate-independent
physical resource measures; relativistic distributed computation; causal complexity.
Quantum superposition and entanglement

Failed claim: exponentially many amplitudes imply an exponentially large accessible classical
answer set.

Survives: altered machine model BQP; query complexity; structured speedups; questions about
hypothetical nonlinear or postselected quantum rules.
Hybrid classical-quantum algorithms
Failed claim: practical heuristic improvement is evidence for a worst-case class collapse.
Survives: benchmarking on structured instances; parameterized and approximation performance;
hybrid search as an engineering program.
Topos and HoTT equivalence
Failed claim: abstract equivalence between problem objects gives a polynomial-time solver.
Survives: resource-aware semantics; complexity-preserving equivalence; local-to-global obstruction
theory; implicit computational complexity.
Approximation formulas

Failed claim: asymptotic simplification of expressions removes discrete combinatorial hardness.
Survives: approximation algorithms where problem definitions allow error; gap methods; analytic
bounds on structured instances.
ICVP and fractal verification

Failed claim: infinite generation plus finite checking automatically defines a new class neighboring
P and NP.

Survives: succinct descriptions; proof complexity; infinite-state systems; computable analysis;
distinction among object size, description size, generation cost, and verification cost.

Closed timelike curves
Overstated claim: CTCs prove ordinary P = NP.

Survives strongly: augmented CTC computation has a rigorous complexity characterization;
Deutsch-style CTC access yields PSPACE power in polynomial time.
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Ruliology
Overstated claim: runtime chaos suggests P versus NP may not have a clean formal answer.

Survives: empirical program-space science; exact bounded-machine lower bounds; runtime
distributions; conjecture generation; computational irreducibility as a guide to discovery difficulty.

48.2 The unexpected unity

These threads look diverse, but each modifies one coordinate of the computational world:

erelativity modifies time and causality;

¢ quantum theory modifies state evolution;

e category theory modifies representation and equivalence;

e fractals modify description length;

eruliology modifies the method of studying program space;
¢ Al modifies the search process for algorithms and proofs.

The archive repeatedly asked the same hidden question: which parts of computational difficulty
are invariant under a change of viewpoint?

That is the book's unifying discovery.

48.3 A revised research agenda

A rigorous continuation of the work would avoid direct P = NP claims unless a complete classical
proof is obtained. Instead it could pursue several narrower programs.
Program A: Relativistic physical complexity

Define invariant resource measures for computation embedded in spacetime. Study causal depth,
signal constraints, spacetime volume, and tradeoffs among logical operations, energy, and proper time.
Program B: Resource-sensitive equivalence

Develop categorical or type-theoretic structures in which morphisms and equivalences carry explicit
complexity annotations. Connect to implicit computational complexity and certified compilation.
Program C: Empirical complexity observatory

Enumerate small machines or structured program families, measure runtime distributions, identify
invariants, and use formal methods to convert empirical patterns into theorems.
Program D: Conditional physics-to-complexity maps

For hypothetical physical operations, characterize the resulting complexity class. Postselection and
CTCs serve as prototypes.
Program E: Human-Al proof ecology

Study how generative models create speculative mathematical shortcuts, which failure modes recur,
and how automated theorem checking can act as an epistemic firewall.
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48.4 The value of correcting the record

There is a temptation to abandon a line of work once its central claim fails. In interdisciplinary
research, that can waste the most interesting material. The correct response is often to weaken the
conclusion and strengthen the definitions.

A paper that says “relativity proves P = NP” is wrong. A paper that precisely distinguishes logical
depth, proper time, coordinate time, causal access, and spacetime resource usage may be valuable.

A paper that says “HoTT turns NP into P” is unsupported. A paper that asks which equivalences
preserve polynomial realizability could be worthwhile.

A paper that says “CTCs make P = NP” is imprecise. A paper explaining why CTC-augmented
polynomial time equals PSPACE is both correct and profound.

Salvage is not cosmetic. It changes the scientific object.

48.5 From a collection to a book

The archive had breadth but lacked a stable center. The stable center is now visible: not a proof, but
a comparative theory of computational worlds.

This shift also resolves a narrative problem. A book containing six incompatible “proofs” of P = NP
would read as a sequence of overclaims. A book showing why each route fails differently, and how
some routes become correct after the model is made explicit, becomes a coherent intellectual journey.

Failure is the connective tissue.
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Chapter 49 - From Speculation to an Experimental
Research Program

49.1 Why build experiments if the target is a theorem?

P versus NP is a mathematical problem, but computation is also an empirical object. We can run
algorithms, enumerate small machines, benchmark solvers, formalize reductions, and test whether
proposed invariants survive changes of encoding. Experiments cannot replace an asymptotic proof, but
they can rapidly destroy bad conjectures and reveal structure worth proving.

The archive often jumped directly from intuition to conclusion. A better workflow inserts a long
experimental middle.

49.2 Experiment 1: the relativistic resource ledger

Take a family of classical algorithms with known step complexity. Embed an abstract event graph
for the computation into different relativistic trajectories. Record logical operation count, causal depth,
proper time along processor worldlines, coordinate time for external observers, signal distance, and
total spacetime volume.

The expected result is that clock variables change while logical transition count remains invariant
under mere reparameterization. The experiment would make visually explicit where a physical speedup
is and is not occurring.

The project could then introduce altered causal structures and observe which invariants break.

49.3 Experiment 2: representation distortion

Choose a set of graph problems and encode the same instances in multiple formats: adjacency
matrix, adjacency list, compressed grammar, Boolean circuit, geometric embedding, and categorical
data structure. Measure the cost of translating among representations and solving in each.

The goal is not to discover that encoding matters - that is known - but to build a concrete
“complexity distortion atlas.” A representation is harmless only when translations preserve polynomial
size and computational overhead.

This would directly test the intuition behind the topos and HoTT papers.

49.4 Experiment 3: bounded program universes

Enumerate small Turing machines, register machines, cellular automata, or expression languages.
For each, record computed functions, halting behavior, runtime distributions, and minimal program size
for selected tasks.
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Then study how empirical lower bounds change as the machine universe expands. Which apparent
invariants survive? Which disappear when one additional state or instruction is allowed?

This is the ruliological program with an explicit focus on the danger of extrapolating finite lower
bounds.

49.5 Experiment 4: proof-system landscapes

Generate families of SAT and tautology instances with known structure. Compare proof lengths or
solver traces across resolution, cutting-plane variants, algebraic systems, and modern solver
architectures where traces can be extracted.

An Al system can search for instance families that maximize separation between proof systems.
Formal checkers can verify every proof trace.

This turns “verification versus discovery” into a measurable laboratory.

49.6 Experiment 5: heuristic generators with exact verifiers

Use several generators - random search, classical heuristics, language models, reinforcement
learning, quantum-inspired methods - to propose witnesses for NP problems. Keep the verifier fixed
and exact.

Measure success probability, time to witness, generalization across distributions, and scaling. The
objective is practical: characterize how much learned structure reduces search on natural instance
distributions.

No claim about P = NP is needed. The result would be an empirical theory of witness generation.

49.7 Experiment 6: postselection simulation

On small quantum circuits, explicitly simulate postselection and compare it with ordinary sampling.
Track the probability mass of the selected branch and the number of ordinary repetitions needed to
observe it.

This makes the hidden resource of postselection tangible. The formal equality PostBQP = PP is
asymptotic, but small simulations can teach why conditioning on rare events is computationally
powerful.

49.8 Experiment 7: CTC fixed-point circuits

Implement finite classical stochastic and quantum-channel models inspired by Deutsch CTCs.
Compute their fixed points numerically for small instances. Examine cases with unique and multiple
fixed points. Test circuit constructions where all fixed points encode the same decision bit.

The point is not to simulate time travel physically. It is to understand the fixed-point resource and
the design constraints behind rigorous CTC algorithms.

49.9 Formal verification as the firewall

Every mathematical experiment should terminate in a machine-checkable artifact where possible: a
proof certificate, exhaustive enumeration log, verified reduction, or independently reproducible code.
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This is especially important in Al-assisted research. Generative systems can propose thousands of
ideas faster than humans can audit them. A formal or computational firewall prevents confidence from
scaling faster than correctness.

49.10 Negative results as releases

A research culture obsessed with breakthroughs tends to hide failed hypotheses. For a program like
this, negative results are central outputs. “Lorentz time dilation does not alter step complexity under
model X” is useful. “This HoTT equivalence requires an exponential realizer” is useful. “The invariant
observed for all 3-state machines fails at 4 states” is useful.

Publishing such results builds the map that future conjectures must respect.

49.11 A versioned research program

The archive would benefit from a versioned computational package rather than isolated papers
making escalating claims. Each release could include:

¢ formal definitions;

eexecutable experiments;

e proof obligations;

e known counterexamples;

¢ claim-status table;

ereproducible figures;

e links to literature establishing neighboring results.

The package would distinguish theorem, conjecture, empirical observation, and speculative
extension at the file level.

49.12 The point of the program

The goal would no longer be “announce P = NP.” It would be to build a comparative observatory of
computational worlds.

If that program eventually produced a classical P versus NP insight, it would be welcome. If it did
not, the work could still yield publishable results in physical complexity, resource-sensitive semantics,
empirical program science, proof complexity, and Al-assisted verification.

That is a healthier definition of success.
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Chapter 50 - The Twenty Cheats: A Ledger of
What Each One Buys

50.1 A field guide rather than a verdict

The point of the preceding chapters has not been to ridicule unconventional ideas. It has been to sort
them. Some are ordinary engineering speedups. Some are changes of representation. Some are altered
computational models with rigorous complexity characterizations. Some are speculative physical
possibilities. Some simply assume the hard step.

A concise ledger helps keep these categories distinct.

50.2 Cheat 1: Run the clock faster
Move: Increase gate rate or exploit a favorable elapsed-time frame.
What it buys: Less wall-clock time.
Hidden or shifted cost: Hardware, energy, relativistic trajectory, or unchanged logical step count.

Classical P versus NP: Unchanged by clock rescaling alone.

50.3 Cheat 2: Use exponentially many processors

Move: Check candidate solutions simultaneously.
What it buys: Low parallel depth.
Cost: Exponential hardware/work.

Verdict: A legitimate time-space trade, not a polynomial-work algorithm.

50.4 Cheat 3: Use ordinary quantum superposition

Move: Represent many computational alternatives coherently.
What it buys: BQP and genuine structured speedups.

Cost/limit: Measurement and interference constraints; generic unstructured search gains only a
quadratic query speedup.

Verdict: Powerful, but no known NP collapse.

50.5 Cheat 4: Make quantum mechanics nonlinear

Move: Allow nonlinear state evolution.
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What it buys: In idealized Abrams-Lloyd models, polynomial-time solution of NP-complete and #P
problems.

Cost: A new physical law plus demanding control assumptions.

Verdict: A genuine stronger world, not classical P = NP.

50.6 Cheat 5: Postselect
Move: Condition on a desired measurement outcome regardless of how unlikely it is.
What it buys: PostBQP = PP.
Cost: Exponentially rare branches are treated as freely available.

Verdict: One of the cleanest demonstrations that an operational axiom has a complexity signature.

50.7 Cheat 6: Send information around a closed timelike curve
Move: Impose causal self-consistency on a register interacting with its past.
What it buys: In the Deutsch/Aaronson-Watrous model, polynomial-time power equals PSPACE.
Cost: Exotic causal structure and fixed-point physics.

Verdict: Strong, rigorous conditional result.

50.8 Cheat 7: Let an observer receive the result of an infinite computation

Move: Use Malament-Hogarth-type spacetime structure so an infinite worldline lies in the causal
past of a finite observer event.

What it buys: In idealized proposals, access to hypercomputational behavior.
Cost: Extremely exotic spacetime and unresolved physical realizability.

Verdict: Crosses the computability boundary in the model, far beyond P versus NP.

50.9 Cheat 8: Hide answers in a real number
Move: Store infinite or enormous information in exact real-valued parameters.
What it buys: Powerful analog models or oracle-like behavior.
Cost: Precision, preparation, measurement, or nonuniform constants.

Verdict: Legitimate when precision assumptions are explicit.

50.10 Cheat 9: Let matter enumerate possibilities

Move: Use DNA molecules, optical modes, spins, or other physical degrees of freedom to represent
candidates.

What it buys: Massive physical parallelism.

Cost: Matter, modes, bandwidth, energy, filtering, and readout.
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Verdict: Potentially excellent hardware; exponential representation remains exponential if
candidates scale that way.

50.11 Cheat 10: Put the answer in a ground state
Move: Encode the optimization target as minimum energy and evolve toward it.
What it buys: Adiabatic/annealing algorithms and powerful heuristics.
Cost: Spectral gap, equilibration time, noise, control.

Verdict: The path to the ground state remains the computation.

50.12 Cheat 11: Approximate the answer
Move: Relax exactness.
What it buys: Polynomial algorithms for many useful variants.
Cost: The problem specification changes; some approximation factors remain hard.

Verdict: Often the best practical strategy, not a proof of exact P = NP.

50.13 Cheat 12: Compress the representation
Move: Describe an enormous or infinite object succinctly.
What it buys: Storage and conceptual compression.
Cost: Operations on the compressed representation may be hard; expansion may be exponential.

Verdict: Description length and computational effort must be separated.

50.14 Cheat 13: Quotient by equivalence

Move: Identify many states or problems as equivalent using algebra, category theory, topology, or
HoTT.

What it buys: Structural simplification when equivalence is efficiently computable and preserves
the decision.

Cost: Constructing the quotient or equivalence can itself be hard.

Verdict: Promising mathematics only when resource bounds travel with the equivalence.

50.15 Cheat 14: Glue local solutions into a global one

Move: Use sheaf-like or local-to-global reasoning.
What it buys: Powerful methods when local compatibility controls global structure.
Cost: Global consistency can encode the original hard constraint problem.

Verdict: The gluing theorem needs complexity bounds, not merely existence.

50.16 Cheat 15: Give the machine an oracle

Move: Add a black box answering a hard subproblem in one step.
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What it buys: Exactly the power defined by the oracle world.
Cost: The hard computation is outsourced by definition.

Verdict: Essential theoretical tool, not an implementation claim unless the oracle is physically

realized.

50.17 Cheat 16: Give the machine advice

Move: Supply an input-length-dependent auxiliary string or custom circuit.
What it buys: Nonuniform computational power.
Cost: The advice may encode enormous precomputed work.

Verdict: Legitimate complexity model; not uniform P unless the advice is efficiently generated.

50.18 Cheat 17: Train before the query arrives

Move: Perform huge offline computation to create a model that answers quickly online.
What it buys: Low inference latency and distribution-specific generalization.
Cost: Training compute, data, parameters, and lack of worst-case guarantees.

Verdict: A major practical paradigm, best analyzed as preprocessing plus heuristic search.

50.19 Cheat 18: Use human or Al intuition

Move: Recognize patterns rather than enumerate possibilities.
What it buys: Excellent solutions on structured instances and discovery of new algorithms.
Cost: No automatic worst-case polynomial guarantee; intuition can fail adversarially.

Verdict: Possibly transformative for practice and theorem discovery, but complexity claims still

require proof.

50.20 Cheat 19: Change the observer or the encoding

Move: Measure difficulty in another coordinate system, frame, or representation.
What it buys: Sometimes dramatic simplification.
Cost: Translation between frames may carry the hardness.

Verdict: If both directions are polynomial, the change is usually a complexity frame change rather

than a new world.

50.21 Cheat 20: Assume global consistency

Move: Declare that only self-consistent solutions or histories are physically allowed.
What it buys: Constraint satisfaction can become a fixed-point problem.

Cost: The global consistency law may itself be the computational resource.
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Verdict: Powerful when formalized, dangerous when the existence of the desired fixed point is
simply assumed.

50.22 The most important comparison
The cheats fall into four families.
Engineering trades move cost among ordinary resources: clocks, processors, memory, bandwidth.
Representation trades move cost among encodings, preprocessing, precision, and advice.
Algorithmic breakthroughs exploit genuine structure while remaining inside the original model.

World changes add new primitives or physical laws: postselection, nonlinearity, CTCs,
hypercomputational spacetime.

Confusion comes from describing all four with the same sentence: "the problem became easy."

50.23 The final ledger question

For every future proposal, the book recommends a single first response:
Show me the resource ledger.

If all relevant resources remain polynomial inside the standard model, we may have a genuine P =
NP candidate.

If one resource is exponential, we have a tradeoff.
If an oracle or advice string carries the answer, we have nonuniform information.

If a new physical primitive changes the accessible class, we have discovered a different
computational world.

All of those outcomes can be scientifically interesting. Only the first resolves the classical problem.
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Chapter 51 - The Question Remains

51.1 Returning to the original world

After quantum computers, postselection, closed timelike curves, hypercomputational spacetime,
toposes, homotopies, fractals, and empirical program universes, we return to the ordinary classical
question.

P versus NP asks about deterministic polynomial-time computation and nondeterministic
polynomial-time verification under standard uniform models. None of the exotic worlds changes the
answer by definition. They change neighboring questions.

This return is important because interdisciplinary imagination can create the illusion that the
classical problem has been dissolved. It has not.

51.2 What a genuine proof of P = NP would require

A proof of P = NP could proceed by giving a deterministic polynomial-time algorithm for an NP-
complete problem such as SAT. The algorithm would need to be explicit enough to analyze, uniform
across input sizes, exact on all instances, and bounded by a polynomial number of standard
computational steps.

It could use unexpected mathematics. It could be geometric, algebraic, analytic, categorical, or
physically inspired. But by the end, the proof must compile down to the classical definition.

No oracle can be hidden. No exponential advice can be preloaded. No exponentially precise real
number can encode the answers. No CTC can supply a fixed point unless the theorem being claimed is
explicitly about CTC computation.

51.3 What a genuine proof of P != NP would require

A separation is in some ways harder to imagine because it must rule out every possible polynomial-
time algorithm. Circuit lower bounds, proof complexity, pseudorandomness, algebraic complexity,
communication complexity, and other areas provide partial progress and connections.

A successful proof must evade known barriers or exploit structure outside them. It cannot simply
observe that known algorithms are exponential. It must prove that no polynomial algorithm exists.

This universal quantification over algorithms is part of why P != NP is so difficult.

51.4 The role of unconventional mathematics

The failure of earlier unconventional proposals does not imply that unconventional mathematics is
irrelevant. Complexity theory has repeatedly been transformed by ideas imported from algebra,
geometry, probability, information theory, and logic.
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The correct standard is translation. An external theory becomes relevant when it yields a precise
statement about circuits, reductions, algorithms, proof systems, or simulations with controlled
resources.

Category theory could matter. Homotopy theory could matter. Physics could matter. But the bridge
has to carry complexity bounds, not just analogies.

51.5 What computational relativity contributes

The framework of computational relativity does not solve P versus NP. It contributes a discipline for
discussing nearby worlds without confusion.

Its central claims are modest:

45. Complexity statements are relative to explicit models and resources.

46. Polynomially equivalent descriptions should be treated as the same frame for P-like questions.
47. Stronger primitives create new worlds and should receive new class labels.

48. Physical time and logical step complexity must not be conflated.

49. Equivalence without efficient realization does not preserve complexity.

50. A shortcut should be audited for hidden resources.

These principles are simple enough to be obvious after they are stated. Their value lies in applying
them consistently.

51.6 The deeper philosophical question

Why does P versus NP attract so many physical and metaphysical reinterpretations? Because it sits
at a fault line between existence and construction. NP says, in effect, that a short witness can exist and
be recognized. P asks whether that witness can always be produced efficiently.

That gap echoes across mathematics and science: knowing that a solution exists versus finding it;
defining an object versus constructing it; local consistency versus global realization; a state being
allowed versus a process reaching it.

The archive repeatedly tried to collapse this gap using a new ontology: spacetime, quantum state,
topological equivalence, fractal recursion, self-consistency. The classical problem resists because its
resource accounting is unforgiving.

51.7 A final inversion

At the beginning of the archive, the question was: “Can one of these exotic ideas prove P = NP?”

After the reconstruction, the better question is: “What does each exotic idea teach us about which
aspects of complexity are invariant?”

That inversion turns a set of failed proofs into a research program.

Classical P versus NP remains open. But the attempt to escape it has revealed a larger landscape: a
family of computational worlds separated by the resources their laws make available.

The unresolved problem remains at the center, not as an embarrassment, but as a fixed star by which
the surrounding worlds can be navigated.
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Appendix A - Audit of the P versus NP Archive

This appendix records the principal archive threads reviewed in preparing the book and the
disposition adopted here. The purpose is not to assign blame to exploratory drafts. Many were
deliberately speculative or Al-assisted. The purpose is to preserve useful ideas while preventing a later
reader from mistaking old titles for validated results.

A.1 Constructing a Topos in Which P Equals NP (2024)

Original direction: Define P-like and NP-like objects in a presheaf topos, construct functors and
natural isomorphisms, and use local-to-global extension to collapse the distinction.

Primary issue: The efficient construction of the maps is assumed rather than proved. Internal
equivalence in a chosen categorical universe does not establish a deterministic polynomial-time
algorithm for classical SAT. Local-to-global gluing can itself encode hard global consistency.

Salvage: Complexity-aware category theory, graded morphisms, resource-sensitive equivalence, and
sheaf-theoretic analysis of constraint systems.

A.2 Transforming NP-Complete Problems into Polynomial-Time Solutions Using HoTT
and Mathematical Approximations (2024)

Original direction: Use path equivalence in HoTT together with Stirling approximation, Euler-
Maclaurin, and asymptotic expansions to transform NP-complete problems into polynomial form.

Primary issue: A function from NP problems to P problems is essentially the desired conclusion
unless its efficient construction is demonstrated. Analytic approximations do not preserve exact
satisfiability or optimization decisions automatically.

Salvage: Study resource-bounded realizers for equivalences; identify special structured instances
where topology or approximation yields exact certificates or gap guarantees.

A.3 A Theoretical Framework for P=NP Using Relativistic Time-Iterative Duality (2024)

Original direction: Use relativistic differences in elapsed time to reinterpret the iteration count of
computation.

Primary issue: Changing proper or coordinate time does not by itself reduce the number of logical
transitions executed by the algorithm. Input-dependent hardware or gate-rate scaling is an additional
resource.

Salvage: Relativistic resource accounting and causal-depth measures.

A.4 Exploring P=NP through Relativistic Quantum Computing with Photonic Qubits
(2024)

Original direction: Combine light-speed propagation, relativistic effects, and quantum information
to compress computational difficulty.
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Primary issue: Propagation speed and quantum state evolution do not supply a general polynomial-
time algorithm for NP-complete problems. The accessible-information and measurement costs remain.

Salvage: Physically grounded models of distributed quantum computation with explicit

communication and gate resources.

A.5 Relativistic and Quantum Photonic Computing (2024 variants)

Original direction: Practical and theoretical frameworks for solving P=NP with photonic or
relativistic hardware.

Primary issue: Hardware speedups and physical implementation advantages do not change
asymptotic class membership unless a new computational primitive is identified.

Salvage: Engineering analysis and conditional complexity under explicit nonstandard primitives.

A.6 In-Flight Quantum Computation with Superposition and Entangled Steps:
Transforming NP Complexity to O(1) (2024)

Original direction: Treat entangled or superposed computational steps as simultaneous evaluation
of a large search space.

Primary issue: Quantum superposition does not make all branch information classically accessible
in constant time. Measurement and amplification costs cannot be omitted.

Salvage: Query-complexity analysis; investigate special problems with global quantum observables

that reveal useful properties efficiently.

A.7 Quantum Mechanics and the Resolution of P=NP: A Simplified Thought
Experiment (2024)
Original direction: Use quantum parallelism to illustrate a collapse of search and verification.

Primary issue: The thought experiment overidentifies coherent state evolution with extractable
solution information.

Salvage: Pedagogical contrast between BQP, NP, Grover search, and postselection.

A.8 A Nonconventional Quantum Approach to Proving P=NP (2024)

Original direction: Combine speculative quantum mechanisms with future computing architectures.

Primary issue: Conditional physical assumptions are not separated sharply enough from the
classical conclusion.

Salvage: Recast as a catalog of altered quantum axioms and ask what complexity class each would
imply.

A.9 Hybrid Classical-Quantum Algorithms for P=NP (2024)

Original direction: Use hybrid computation to reduce complexity of NP problems.
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Primary issue: Practical improvement, heuristic success, and approximation do not establish a
worst-case polynomial exact algorithm.

Salvage: Benchmark structured instances and specify approximation or parameterized guarantees.

A.10 Temporal Feedback Mechanisms in Quantum Circuits: A Formal Proof of P=NP
(2024)
Original direction: Use temporal feedback to force computational consistency.

Primary issue: If temporal feedback is an extra primitive, the conclusion is about an augmented
model. The title's “formal proof” language overstates the result.

Salvage: Connect directly to formal CTC models and the Aaronson-Watrous PSPACE
characterization.

A.11 Quantum Computational Temporal Paradox (QCTP) (2024)

Original direction: Resolve search by time-loop feedback.
Primary issue: Needs an explicit fixed-point model and analysis of all allowed fixed points.

Salvage: A useful narrative precursor to rigorous Deutsch-CTC complexity.

A.12 P = NP Under Closed Timelike Curve Conditions (2025)

Original direction: Conditional claim that CTC self-consistency changes the iteration structure for
SAT-like search.

Primary issue: The simplified “only valid solutions are fixed points” story is not universally
automatic; circuit design and fixed-point multiplicity matter. “P = NP” should not be read as a collapse
of the ordinary classes.

Salvage: Strong. Reframe around the established result that polynomial-time computation with
Deutsch CTCs has PSPACE power.

A.13 Computational Complexity Theory and Computational Reality (2025)

Original direction: Separate abstract complexity from physical computing possibilities across
quantum theory, relativity, wormholes, and CTCs.

Primary issue: Some early physical examples overstate what time dilation changes, and some
cryptographic statements need nuance.

Salvage: Very strong. This paper supplies the conceptual bridge for the book: computational model
versus physical realization, and logical steps versus elapsed time.

A.14 Invariant Metrics for Evaluating Computational Complexity in Relativistic
Contexts (2024)

Original direction: Define ICE and ECC to make complexity invariant across relativistic frames.
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Primary issue: Logical operation count need not transform as a naive time coordinate does.
Complexity class should not vary merely because observers use different clocks.

Salvage: The need for coordinate-independent physical resource measures is legitimate. Replace
naive Lorentz scaling with causal graphs and explicit physical operations.

A.15P v NP v ICVP (2024)

Original direction: Introduce a class of problems requiring potentially infinite solution processes
but polynomially verifiable answers.

Primary issue: Standard NP is defined over finite inputs and finite polynomial certificates. Genuine
infinite computation belongs to other frameworks. Several examples do not support the claimed
classification.

Salvage: Succinct representations, proof complexity, infinite-state systems, hypercomputation, and
computable analysis.

A.16 Fractals and Finite Verification: P=ISVP (2024)

Original direction: Use the Sierpinski triangle to illustrate infinite generation with finite
verification.

Primary issue: A finitely described recursive object does not require a new complexity class;
verifying a finite generator is different from verifying every point of an explicitly given infinite object.

Salvage: Excellent teaching example for description length versus expanded size.

A.17 Against Clean Separation: Ruliology, Runtime Chaos, and the Unprovability of P
vs NP (2026)

Original direction: Use empirical irregularity of small programs to question whether P versus NP
admits a clean formal separation.

Primary issue: Runtime irregularity does not make the formal definitions ambiguous and does not
establish independence or unprovability.

Salvage: Strong. Empirical program-space science may reveal invariants, lower bounds in bounded
universes, and reasons finite data misleads asymptotic inference.

A.18 The P=NP Human (2024)

Original direction: Imagine extraordinary intelligence operating as though hard search becomes
easy.

Primary issue: Human or Al performance on structured distributions does not define worst-case
classical complexity.

Salvage: Heuristics, learned priors, search-versus-verification workflows, and the psychology of
mathematical discovery.
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A.19 A War of Wits: Uncovering Six Groundbreaking Solutions to P=NP (2024)

Original direction: Narrative and partly satirical progression through multiple supposed P=NP
solutions.

Primary issue: Not a technical proof source; later sections slide from suggestive analogy to claimed
theorem.

Salvage: Valuable meta-narrative about the seduction gradient in human-AlI speculative reasoning.

A.20 Original 2011 P=NP Amazon PDF

The available Drive text extraction for this file was unusable, returning only a short numeric
fragment. It has therefore not been substantively audited here. The file should be treated as an archival
precursor until a clean text or scan can be recovered and reviewed.

184



HOW TO CHEAT P VS NP

Appendix B - The World-Change Checklist

Use this checklist before describing any unconventional method as a result about computational
complexity.
B.1 Baseline

State the exact baseline: deterministic Turing machine, randomized machine, quantum circuit, RAM
model, communication protocol, analog computer, or another formal model.

B.2 Input

State how instances are encoded. Give the input size parameter. If the representation is compressed
or geometric, state how its description length scales.

B.3 Output

State whether the task is decision, search, counting, sampling, optimization, approximation,
prediction, or verification.

B.4 Uniformity

Explain how the solver for size n is generated. Rule out exponential lookup tables or advice unless
the model explicitly permits them.

B.5 Primitive operations

List every operation treated as one step. If an operation solves a hard subproblem, identify it as an
oracle or augmented primitive rather than hiding it in notation.

B.6 Resource measure

State what is being bounded: logical steps, circuit size, circuit depth, memory, oracle queries,
communication, energy, hardware, precision, probability of success, proper time, coordinate time, or
spacetime volume.

B.7 Error model

For probabilistic or quantum algorithms, state the success probability and amplification cost. Do not
treat exponentially rare success as free.

B.8 Preprocessing

Count instance-independent and instance-dependent preprocessing. If preprocessing creates an
exponentially large data structure, the online query time alone is not the full complexity story.
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B.9 Physical assumptions

For physical models, state the idealizations: noise-free gates, infinite precision, negative energy,
CTC access, postselection, superluminal signaling, infinite acceleration, or exotic spacetime geometry.

B.10 Simulation

Ask whether the augmented model can be simulated by the baseline with polynomial overhead. If
yes, polynomial-time tractability is preserved. If no, you have changed computational worlds.

B.11 Existing class

Before naming a new complexity class, check whether the model already corresponds to BQP, PP,
PSPACE, classes with advice, parameterized classes, succinct representations, interactive proofs, proof
complexity, or computable-analysis frameworks.

B.12 Claim language

¥ < » «

Use “proves” only for a formal derivation. Use “suggests,” “models,” “conditional on,” “thought

experiment,” or “conjectures” when appropriate.
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Appendix C - A Short Guide to the Complexity
Landscape

C.1pP

Decision problems solvable by a deterministic classical algorithm in polynomial time.

C.2NP

Decision problems whose yes-instances have polynomial-size certificates verifiable in deterministic
polynomial time. P is contained in NP.

C.3 coNP

Languages whose complements are in NP. Whether NP = coNP is open. If P = NP, then P = NP =
coNP.

C.4 NP-complete

Problems in NP to which every NP problem reduces in polynomial time. A polynomial-time
algorithm for one NP-complete problem implies P = NP.

C.5BQP

Problems solvable by a uniform polynomial-size quantum circuit family with bounded error. P is
contained in BQP. Whether NP is contained in BQP is unknown.

C.6 PP

Probabilistic polynomial time with acceptance probability greater than one half for yes-instances. PP
contains NP and BQP. PostBQP = PP.

C.7 PSPACE

Problems solvable using polynomial memory, with possibly exponential time. P, NP, BQP, and PP
are contained in PSPACE. Polynomial-time Deutsch-CTC computation equals PSPACE under the
Aaronson-Watrous model.

C.8 EXP

Problems solvable in deterministic exponential time. PSPACE is contained in EXP.

C.9 Nonuniform classes

P/poly allows a polynomial-size advice string or circuit family for each input length. Nonuniformity
is powerful because information can be embedded separately for each n. It is therefore not
interchangeable with ordinary P.
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C.10 Query complexity

Measures the number of calls to a black-box function, abstracting away internal computation.
Quantum query complexity can show large speedups while full time complexity requires additional
analysis.

C.11 Parameterized complexity

Studies running time as a function of input size n and an additional parameter k. A problem that is
hard in general may be fixed-parameter tractable for small k.

C.12 Approximation complexity

Studies how efficiently near-optimal solutions can be found. NP-hard optimization problems may
admit strong approximations even when exact optimization remains hard.

C.13 Proof complexity

Studies the size of proofs in formal systems. It connects the easy-verification intuition behind NP
with the difficulty of generating short certificates.

C.14 Computability versus complexity

Computability asks whether an algorithm exists at all. Complexity asks how many resources an
algorithm uses. Hypercomputation proposals cross the computability boundary, not merely a
polynomial/exponential boundary.
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Glossary

Advice. Nonuniform information supplied to a machine as a function of input length rather than
computed uniformly from the input.

Algebrization. A barrier showing that many algebraic extensions of relativizing techniques remain
insufficient for central complexity separations.

BQP. Bounded-error quantum polynomial time.

Certificate. A finite witness whose validity can be checked efficiently for an NP yes-instance.
Circuit complexity. Study of the minimum circuit size or depth needed to compute functions.
Closed timelike curve (CTC). A timelike path in spacetime that returns to its causal past.

Computational relativity. The bookkeeping framework used in this book: compare complexity
only after specifying model, encoding, primitive operations, resources, uniformity, and when relevant
causal structure.

Deutsch CTC. A quantum model of CTC interaction in which the chronology-violating subsystem
satisfies a self-consistency fixed-point condition.

Encoding. The finite representation of a problem instance supplied to a computational model.
Hypercomputation. Hypothetical computation exceeding ordinary Turing computability.

Implicit computational complexity. The study of programming or logical formalisms whose
syntactic restrictions guarantee specified complexity bounds.

Malament-Hogarth spacetime. An idealized relativistic spacetime permitting an infinite-proper-
time worldline within the causal past of an event reachable by another observer in finite proper time.

Natural proofs. A broad family of circuit lower-bound techniques limited, under cryptographic
assumptions, in their ability to prove strong general circuit lower bounds.

NP-complete. Problems in NP at least as hard as every NP problem under polynomial-time
reductions.

Oracle. A black-box operation that answers membership in a chosen language in one query step.
P. Deterministic polynomial time.

Postselection. Conditioning a computation on a chosen nonzero-probability measurement outcome
as though it had occurred.

PP. Probabilistic polynomial time with a greater-than-one-half acceptance threshold.
PSPACE. Problems solvable with polynomial memory.

Reduction. An efficient transformation that converts instances of one problem into instances of
another while preserving the relevant answer.

Relativization. Analysis of complexity classes when machines are given access to an oracle; also
the property of a proof technique that continues to hold under arbitrary oracle extension.
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Resource measure. The quantity being bounded in a complexity analysis, such as time, space,
circuit size, depth, queries, communication, energy, or precision.

Ruliology. Empirical study of spaces of computational rules or small programs through systematic
enumeration and behavioral analysis.

Succinct representation. A compressed description that may denote an exponentially larger explicit
object.

Uniformity. A requirement ensuring that algorithms or circuit families across input sizes are
generated by a single effective procedure rather than arbitrary per-size advice.
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About This Book

This edition was rebuilt from a broad archive of exploratory papers rather than assembled by
concatenation. Claims were reclassified into established results, conditional models, conjectures,
thought experiments, and failed proof strategies. The classical P versus NP problem remains
unresolved. The objective of the reconstruction is to preserve the creative range of the original work
while making the boundaries between theorem and speculation explicit.
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