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This note gives a compact mathematical rewrite of Wigner’s friend as a contextual gluing
problem. Observer situations are objects of a context category C. Quantum state assignment is
a presheaf Q : C°? - St. Measurements are morphisms producing record-bearing refinements.
Friend-facts are typed witnesses in HoTT. Wigner-state assignments are external judgments in a
different context. Communication forms a common refinement J in which local records may
glue. The obstruction is not to local definiteness but to a context-free Boolean global section
assigning all observer facts before the morphisms that make them comparable. Physical identity
is taken extensionally: equivalent descriptions under admissible context transport represent the
same physical content. Thus the quantum state is not an absolute classical database but a
context-indexed object whose physical meaning is invariant under equivalence, transport, and
gluing.
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1. Context Category

Let C be a category of physical-observational contexts.
An object C € Obj(C) is a tuple:
C:=(H_C,A_C,R_C,1_0Q)

where H_C is the Hilbert space or effective system algebra visible in context C, A_C is the
admissible observable algebra, R_C is the record structure available in C, and I_C is the
interaction history defining C.

A morphism f : C = D is an admissible physical transition, inclusion, measurement, restriction,
communication, coarse-graining, or refinement.

Composition encodes physical concatenation:
C—fD—tE

gof:C>E
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Identity morphisms encode unchanged context:
id C:C>C

For Wigner’s friend, use four basic contexts:

S = prepared microscopic system

F = friend’s post-measurement record context
W = Wigner’s sealed-lab external context

J = joint Wigner-friend communication context

The sealed laboratory boundary is categorical: before communication there is no morphism
carrying the friend’s record into Wigner’s context.

Before communication:

F»W

After communication:

F->)

W=

2. Quantum State Assignment as Presheaf

Let St be a target category of state objects.

For ordinary quantum mechanics one may take St = Conv, the category of convex state spaces.
For HoTT-level formulation one may take St = Type.
Define a quantum-state presheaf:

Q:C°® > st

C~Q(C)

For density operators:

Q(C) := D(H_C)

For pure states:

Q(C) := P(H_C)

where P(H_C) is projective Hilbert space.



For a context morphism f : C = D, the presheaf gives a restriction or re-expression map:
Q(f) : (D) > Q(C)

Equivalently:

f*:Q(D) » Q(C)

Thus a quantum state is not assigned to a bare system but to a system-in-context:
p_CeQ(C)

A compatible global quantum assignment is a natural transformation:

1=Q

Equivalently, it is a family (p_C)_C such that for every f : C - D:

f*(p_D)=p_C

Define also a Boolean classical-fact presheaf:

B:C° - Set

where B(C) is the set of Boolean record-valuations available in C.

A classical global fact table is a global section:

r(B) := Nat(1, B)

The Wigner-friend problem is not the absence of local sections. It is the failure of a context-free
Boolean global section with the same status as all local records.

3. Minimal Wigner-Friend Quantum Model
Let the measured system be:

H_S :=span{|0), | 1)}

Let the initial state be:

|W)_S=al0)+B|1)

with:

aB#0

Let the friend’s ready state be:

[F_*)



Let the friend-record states be:

|F_0)

|F_1)

with:

(F_.O|F_1)=0

The friend measurement is a unitary correlation map:
UF:HSQ®HF->HSQH_F

defined by:

U_F(|0)[F_*}) = [0)|F_0)

U_F([1)[F_*)) = [1)[F_1)

Therefore:

U_F(|G}F_*)) = a|0)[F_O) + B[1)[F_1)

Set:

|W_L):=a|0)|F_0) +B|1)|F_1)

For the friend, after measurement, the context supports a record judgment:
FEr_F:2

with:

r_F=i

i €{0,1}

For Wigner before opening the lab, the context supports an external state judgment:
CWE|W_L):P(H_S® H_F)

The invalid inference is:

I FEr_F=i

therefore:

[Wkr F=i



This is invalid unless a context morphism transports the witness from F to W or from F into a
common refinement J.

4. Measurement as Morphism

A projective measurement with outcomes i € {0,1} has projectors:
P_i:= [i)i|

The associated ideal instrument is:

|_i(p) :=P_ipP_i

The probability of outcome i is:

p_i :=Tr(l_i(p))

The conditional state is:

p_i:=1_i(p) / Tr(I_i(p))

Categorically, measurement is a morphism:
m:S->F

It creates a record-bearing context.

Define a record presheaf:

R:C°° - Type

with:

R(F)=2

and:

r_F €R(F)

The friend’s fact is an inhabited type:
Saw_F(i)

with witness:

p_i:Saw_F(i)

Before communication, Wigner has no such witness:

W i p_i:Saw_F(i)



Instead Wigner has:

[ WE|W_L)y:P(H_L)
where:
HL:=HSQ®HF

Measurement therefore produces local facthood in F, not immediate global Boolean facthood in
W.

5. Communication as Pullback-Like Refinement
Let J be the joint context after Wigner opens the lab.
There are comparison maps:

mF:J>F

TW:J>W

Schematic pullback-like square:

JSF

N \%
W->1L

Here L denotes the laboratory event-context.
Communication is a physical morphism, not semantic magic.
Let Wigner’s ready state be:

[W_*)

Let Wigner’s record states be:

|W_0)

|W_1)

with:

(W_0|W_1)=0

The communication unitary satisfies:
U_W([i)|F_i)|W_¥)) = [i}|F_i}|W_i)

Therefore:



U_W(|W_L)|W_*)) = a|0)|F_0)|W_0) + B|1}|F_1)|W_1)
Set:

|W_J):=a|0)|F_O)|W_0) + B|1)|F_1)|W_1)

In a record-conditioned context:

r F=i

r W=i

The shared record condition is:

n_F*(r_F) = m_W*(r_W)

inside:

R(J)

A public fact is therefore not primitive in R(F) or R(W) alone. It is an invariant in the common
refinement J.

6. HOTT Encoding

Contexts are typing environments.
Friend context:

r_F

Wigner context:

r_w

Joint context:

r_J

The friend’s fact is a typed judgment:
FEr_F:2

The proposition that the friend saw outcome i is a type:
Saw(F,i) : U

The friend’s evidence is an inhabitant:

I_FFp_i:Saw(Fi)



Wigner’s external quantum description is a different judgment:
IWHEFW L:LabState

where:

LabState = P(H_L)

There is no judgmental equality:

Saw(F,i) = LabState

Thus the apparent contradiction is produced by type erasure.
Communication extends context:

rCWaar_J

and transports the friend witness:

transport_F-=>J(p_i) : Saw_J(F,i)

Wigner’s new witness is:

g_i : Heard_J(W,F,i)

Define the consistency type:

Consistent_J(i) := Saw_J(F,i) x Heard_J(W,Fi) x (r_F =r_W)
A shared fact is an inhabitant:

c_i : Consistent_J(i)

7. Univalence and Physical Identity

Let A and B be two state-description types.

Univalence asserts:

(A=B)-> (A=B)

Physical use:

equivalent descriptions count as identical physical content.
For quantum states, global phase equivalence is:

| W) ~ eMNiB} )

The physical pure state is:



[1b)] € P(H)

where:

P(H) == {|) # 0}/ Cx

Gauge equivalence is schematically:

A~A+dA

Basis equivalence is:

[b) ~ Ulb)

when U preserves the full observable structure.
Thus physical identity is not syntactic identity:
V=9

but equivalence-invariant identity:

b =_phys ¢

In Wigner’s friend:

r FzW_L

The friend’s record and Wigner’s state are not syntactically identical.

They may nevertheless belong to one coherent physical diagram if there exists admissible
transport and gluing:

(r_F, W_L, r_W) € Glue(FW,J)

8. No Natural Branch Selector

Let P(H) be projective Hilbert space with:

dimH2>2

A context-free deterministic branch selector would be a map:
b:P(H)>2

natural under unitary equivalence:

b([Uy]) = b([w])

for all:



U € U(H)
But U(H) acts transitively on P(H).

Therefore b must be constant.

If:

b([0]) =0
and:
b([1]) =1

then b is nonconstant.

Contradiction.

Hence there is no basis-free natural deterministic branch selector.
A branch becomes selectable only after extra structure is supplied:
(H, {10}, 11)}, R_F, m)

That extra structure is contextual.

Thus local record selection is allowed:

r'Frr_ F:2

but context-free selection is not:

FbW_L):2

without a context supplying the record basis and witness.

9. Classical Global Sections and Contextual Obstruction

Let M be a measurement cover.

Let:

V: M - Set

assign to each measurement context M the set of admissible Boolean valuations:

V(M) :={v. M: M- {0,1}}
For an orthogonal resolution:

SiPi=I

10



a valuation must satisfy:

S iv(Pi)=1

A global valuation is:

vET(V)

where:

r(V) := Nat(1,V)

Quantum contextuality is the obstruction:
rv)=90

for sufficiently rich quantum measurement covers.

Wigner’s friend is an observer-record version of the same structural failure.

Local friend valuation:

v_F € V(F)

External Wigner state assignment:

W_LeQW)

Joint record valuation after communication:

v_J e V()

The forbidden move is to assume that there exists:
v_global € T(V)

such that:

v_global| F=v_F

v_global|_ W=v_W

v_global| J=v_J

prior to the morphisms that define these restrictions.
Categorical moral:

local sections need not determine a global classical section.

11



10. Relational Gluing Theorem

Let C_WF be the Wigner-friend context diagram with objects:

FWJ L

and morphisms:

J>F

J>W

F>L

W->1L

Let:

R:C_WF°? = Type

be the record presheaf.

Let:

r_F € R(F)

r_W € R(W)

be local record candidates.

They glue over J iff:

n_F*(r_F) = m_W*(r_W)

in:

R(J)

Define:

Glue_J(r_F,r_W) := (m_F*(r_F) = m_W*(r_W))
When this type is inhabited, a shared fact exists.
Equivalently, shared facthood is:

2 {r_J:RU)}(r_J=m_F*(r_F)) x (r_J =m_W*(r_W))
If:

Glue J(r Fr W)=

12



then no shared fact exists without adding a disturbance, error, memory revision, record erasure,

deception, or other physical morphism explaining the mismatch.
11. Formal Thesis

The raw universal-state thesis says:

Reality = W_univ

The equivalence-first thesis says:

Reality = [Q, R, C, transport, glue] =

More explicitly:

R_phys := EqClass({p_C, r_C, f*, n*, Glue} CE€C)
under admissible physical equivalence:

=~ phys

Thus p_C is not absolute reality.

Rather:

p_CeQ(C)

is a local section of a context-indexed quantum-state presheaf.
A fact is not:

r:2

simpliciter.

A factis:

[ Crr_C:R(C)

A public fact is not primitive.

A public fact is an inhabited gluing type:
Glue_J(r_Fr_W)

A failed classical global section is not a logical disaster.
It is quantum contextuality expressed as:

rv)=9
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12. Compact Conclusion

Wigner’s friend is not a contradiction between two facts.
It is a typing error plus a gluing problem.

The friend has:

FrErF=i:2

Wigner has:

r'WrW_L:P(H_L)

Before communication there is no required judgment:
' WEr F=i:2

After communication there may be:

rJrFrlJ=i:2

with:

r_J=mn_F*(r_F) = m_W*(r_W)

The quantum state is therefore not a classical container of observer-independent facts.

It is a context-indexed section whose physical content is determined by admissible morphisms,
typed witnesses, equivalences, and gluing.

Final form:

Quantum reality = equivalence class of gluable state-record diagrams.

Equivalently:

Reality = [state assignments + records + context morphisms + witnesses + gluing] =
And:

Wigner’s friend = obstruction to replacing that diagram by one Boolean global section.
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