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Fractals are intricate geometric shapes characterized by self-similarity and 
complex patterns that appear at every scale. They are prevalent in nature, seen in 
phenomena such as the branching of trees, the structure of snowflakes, and the 
formation of coastlines. This paper focuses on three specific fractals: the 
Sierpinski Carpet, the Julia Set, and the Mandelbrot Set, each renowned for its 
unique properties and mathematical significance. We aim to create a three-
dimensional (3D) visualization that captures the intersections of these fractals, 
providing a novel perspective on their spatial relationships. By mapping the 2D 
representations of these fractals onto three adjacent faces of a 3D cube, we 
explore the intricate patterns and interactions that arise. The intersections within 
the cube are color-coded to highlight different levels of overlap, with red 
indicating intersections of all three fractals and green highlighting intersections of 
any two fractals. This study demonstrates the potential of computational 
techniques in visualizing and analyzing complex fractal structures, offering new 
insights into their geometric properties and applications. 
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Abstract 

This paper presents a novel approach to visualizing the intersections of three well-
known fractals: the Sierpinski Carpet, the Julia Set, and the Mandelbrot Set. The 
primary objective is to explore the spatial relationships and intersection patterns 
of these fractals in a three-dimensional (3D) context. Using Python, we generate 
two-dimensional (2D) representations of each fractal and mathematically map 
them onto three adjacent faces of a 3D cube. The intersections within the cube 
are color-coded: red indicates intersections of all three fractals, while green 
indicates intersections of any two fractals. We employ varying levels of 
transparency to enhance the visibility of internal structures within the cube. The 
resulting 3D visualizations, viewed from three different perspectives 
corresponding to each fractal plane, provide unique insights into the intricate 
spatial relationships between these complex structures. This method not only 
offers a powerful tool for mathematical exploration but also demonstrates the 
potential for using computational techniques to visualize and analyze fractal 
intersections in a new and informative way. 

 

Introduction 

Fractals are intricate geometric shapes that can be split into parts, each of which 
is a reduced-scale copy of the whole. This property is known as self-similarity. 
Fractals are found in nature, such as in the branching patterns of trees, the 
structure of snowflakes, and the coastlines of continents. They are not only 
significant in the field of mathematics but also in various scientific disciplines, 
including physics, biology, and computer graphics. The study of fractals has 
provided deep insights into the understanding of complex, chaotic systems and 
natural phenomena. 

This paper focuses on three specific fractals: the Sierpinski Carpet, the Julia Set, 
and the Mandelbrot Set. Each of these fractals has unique properties and 
characteristics that make them fascinating subjects for mathematical exploration. 

• Sierpinski Carpet: Named after the Polish mathematician Wacław 
Sierpiński, this fractal is constructed through an iterative process of 
subdividing a square into smaller squares and removing the central part. 
The process is repeated recursively, leading to a complex pattern with a 
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structure that is self-similar at every scale. The Sierpinski Carpet is a classic 
example of a planar fractal and is often used to illustrate the concept of 
fractal dimension. 

• Julia Set: Discovered by the French mathematician Gaston Julia, the Julia 
Set is defined as the set of complex numbers that do not escape to infinity 
when iterated through a specific complex quadratic polynomial function. 
The resulting patterns can vary widely depending on the initial parameters, 
producing shapes that range from simple to highly intricate. Julia Sets are 
closely related to the Mandelbrot Set and are used to study the dynamics 
of complex systems. 

• Mandelbrot Set: Named after Benoît B. Mandelbrot, the Mandelbrot Set is 
perhaps the most famous fractal. It is defined by the set of complex 

numbers ccc for which the iteratively applied function  
does not diverge to infinity when starting from z0=0. The boundary of the 
Mandelbrot Set exhibits an infinitely intricate, self-similar structure at every 
level of magnification, showcasing the beauty and complexity of fractals. 

The primary objective of this study is to create a three-dimensional (3D) 
visualization that captures the intersections of these three fractals. By mapping 
the 2D representations of the Sierpinski Carpet, Julia Set, and Mandelbrot Set 
onto three adjacent faces of a 3D cube, we can explore the spatial relationships 
between these fractals. The intersections within the cube are color-coded to 
highlight different levels of intersection: red indicates regions where all three 
fractals intersect, while green highlights intersections of any two fractals. 

Through this 3D visualization, we aim to provide unique insights into the complex 
interactions between these fractals. This method not only serves as a powerful 
tool for mathematical exploration but also demonstrates the potential of 
computational techniques in visualizing and analyzing fractal intersections in a 
new and informative way. By examining these intersections from different 
perspectives, we hope to uncover new patterns and properties that can further 
our understanding of fractal geometry and its applications in various fields. 
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Methods 

This section details the mathematical properties of the Sierpinski Carpet, Julia Set, 
and Mandelbrot Set, and describes the computational approach used to generate 
each fractal, create a 3D cube to represent their intersections, and assign colors 
and transparency to visualize different levels of intersection. 

Mathematical Properties of Each Fractal 

Sierpinski Carpet 

The Sierpinski Carpet is constructed through an iterative process that involves 
subdividing a square into smaller squares and removing the central part. The 
process can be described as follows: 

1. Start with a solid square. 
2. Divide the square into 9 equal smaller squares in a 3x3 grid. 
3. Remove the central square, leaving 8 smaller squares. 
4. Repeat the process recursively for each of the 8 remaining squares. 

 

Julia Set 

 

The Julia Set is typically visualized by coloring the points that remain bounded 
after a certain number of iterations. 
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Mandelbrot Set 

 

Computational Approach 

Generating Each Fractal Using Python 

To generate the fractals, we used Python and the NumPy library. Each fractal was 
created using iterative or recursive methods to define their respective sets. 

 

Creating a 3D Cube to Represent the Intersections 

To represent the intersections of the fractals, we mapped the 2D representations 
of each fractal onto three adjacent faces of a 3D cube. The cube was created with 
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dimensions matching the size of the fractal images. We then populated the cube 
based on the intersection rules: 

1. Cube Initialization: A 3D NumPy array was initialized to represent the cube. 
Each element in the array corresponds to a voxel in the cube, initialized 
with RGBA (red, green, blue, alpha) values. 

2. Mapping Fractals to Cube Faces: 
o Sierpinski Carpet: Mapped to the xy-plane (base of the cube). 
o Julia Set: Mapped to the xz-plane. 
o Mandelbrot Set: Mapped to the yz-plane. 

3. Intersection Rules: 
o A voxel is colored red with higher opacity (alpha = 0.5) if all three 

fractals intersect at that point. 
o A voxel is colored green with high transparency (alpha = 0.1) if any 

two fractals intersect at that point. 

Assigning Colors and Transparency 

To visualize the different levels of intersection within the cube, we assigned colors 
and transparency based on the number of intersecting fractals at each voxel: 

• Red Color: Indicates the intersection of all three fractals. These voxels are 
assigned an RGBA value of [1, 0, 0, 0.5], representing red color with an 
opacity of 0.5. 

• Green Color: Indicates the intersection of any two fractals. These voxels are 
assigned an RGBA value of [0, 1, 0, 0.1], representing green color with high 
transparency (opacity of 0.1). 

This color-coding and transparency scheme allow us to differentiate between 
various levels of intersections, making it easier to analyze the internal structure of 
the fractal intersections within the cube. 

The following Python code snippet was used to generate the fractals and create 
the 3D cube visualization: 

python 
Copy code 
import numpy as np 
import matplotlib.pyplot as plt 



7 
 

 
def sierpinski_carpet(order, size): 
    def recursive_carpet(n): 
        if n == 0: 
            return np.ones((1, 1)) 
        else: 
            smaller_carpet = recursive_carpet(n - 1) 
            carpet = np.ones((3**n, 3**n)) 
            for i in range(3): 
                for j in range(3): 
                    if i == 1 and j == 1: 
                        carpet[i * 3**(n - 1):(i + 1) * 3**(n - 1), j * 3**(n - 1):(j + 1) * 3**(n - 
1)] = 0 
                    else: 
                        carpet[i * 3**(n - 1):(i + 1) * 3**(n - 1), j * 3**(n - 1):(j + 1) * 3**(n - 
1)] = smaller_carpet 
            return carpet 
 
    max_size = 3**order 
    carpet = recursive_carpet(order) 
    if max_size > size: 
        carpet = carpet[:size, :size] 
    # Invert the colors to ensure white fractal on black background 
    carpet = 1 - carpet 
    return carpet 
 
def julia_set(width, height, zoom, cX, cY, moveX, moveY, maxIter): 
    x = np.linspace(-1.5, 1.5, width) * zoom + moveX 
    y = np.linspace(-1.5, 1.5, height) * zoom + moveY 
    Z = x + y[:, None] * 1j 
    C = np.full(Z.shape, complex(cX, cY)) 
    M = np.zeros(Z.shape, dtype=int) 
    for i in range(maxIter): 
        mask = np.abs(Z) <= 10 
        Z[mask] = Z[mask] * Z[mask] + C[mask] 
        M[mask] = i 
    return M == maxIter - 1 
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def mandelbrot_set(width, height, zoom, moveX, moveY, maxIter): 
    x = np.linspace(-2.5, 1.5, width) * zoom + moveX 
    y = np.linspace(-2.0, 2.0, height) * zoom + moveY 
    C = x + y[:, None] * 1j 
    Z = np.zeros(C.shape, dtype=complex) 
    M = np.zeros(C.shape, dtype=int) 
    for i in range(maxIter): 
        mask = np.abs(Z) <= 10 
        Z[mask] = Z[mask] * Z[mask] + C[mask] 
        M[mask] = i 
    return M == maxIter - 1 
 
def create_cube(size): 
    sierpinski = sierpinski_carpet(order=4, size=size) 
    julia = julia_set(size, size, 1, -0.7, 0.27015, 0, 0, 32) 
    mandelbrot = mandelbrot_set(size, size, 1, 0, 0, 32) 
 
    # Ensure all arrays are the same size 
    sierpinski = sierpinski[:size, :size] 
    julia = julia[:size, :size] 
    mandelbrot = mandelbrot[:size, :size] 
 
    cube = np.zeros((size, size, size, 4), dtype=float)  # RGBA 
 
    for x in range(size): 
        for y in range(size): 
            for z in range(size): 
                if x < sierpinski.shape[0] and y < sierpinski.shape[1] and z < julia.shape[1] 
and y < mandelbrot.shape[0] 
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Results 

This section presents the three perspectives of the 3D visualization of fractal 
intersections, labeled accordingly, and provides an analysis of the intersection 
patterns observed in the 3D visualizations. 

 

From the perspective of the Sierpinski Carpet plane, we observe the following: 

• The Sierpinski Carpet's self-similar, recursive structure is evident in the base 
plane of the 3D cube. 

• Green and red regions highlight areas where the Sierpinski Carpet 
intersects with the Julia Set and Mandelbrot Set. 

• The dense, green grid-like pattern indicates the frequent intersections of 
the Sierpinski Carpet with the other two fractals at this level of detail. 
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Fom the perspective of the Julia Set plane, we observe the following: 

• The Julia Set's complex, fractal boundary is clearly visible in the 3D 
visualization, mapped onto the vertical plane. 

• Green and red regions indicate intersections with the Sierpinski Carpet and 
Mandelbrot Set. 

• The intersecting patterns form intricate structures, showcasing the Julia 
Set's sensitivity to initial conditions and the complex dynamics within the 
3D space. 

 

 

 



11 
 

 

From the perspective of the Mandelbrot Set plane, we observe the following: 

• The Mandelbrot Set's characteristic cardioid and bulbous structures are 
mapped onto the side plane of the 3D cube. 

• Green and red regions illustrate intersections with the Sierpinski Carpet and 
Julia Set. 

• The patterns formed at these intersections highlight the self-similar nature 
of the Mandelbrot Set and its relationship with the other fractals. 
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Analysis of Intersection Patterns 

The 3D visualizations reveal several interesting intersection patterns between the 
Sierpinski Carpet, Julia Set, and Mandelbrot Set: 

1. Dense Intersection Regions: The green regions, representing intersections 
of any two fractals, are densely populated, indicating frequent overlaps 
between the fractals. These regions are particularly dense in areas 
corresponding to the intricate boundaries of the fractals. 

2. High-Density Core: The red regions, representing intersections of all three 
fractals, form a high-density core within the 3D cube. This core is 
concentrated in specific areas where the recursive and self-similar 
structures of the fractals align. These regions are less frequent but more 
significant in terms of their mathematical and geometric properties. 

3. Transparency and Depth: The use of transparency in the green regions 
allows for a clear visualization of the depth and internal structure of the 
intersections. This approach helps to differentiate between surface-level 
and deeper intersections within the cube. 

4. Complex Geometric Structures: The intersections form complex geometric 
structures that highlight the intricate nature of fractal boundaries. The 
interplay between the different fractals results in unique patterns that are 
not visible in their 2D representations alone. 

The visualizations provide valuable insights into the spatial relationships and 
intersection patterns of the Sierpinski Carpet, Julia Set, and Mandelbrot Set. By 
examining these intersections from different perspectives, we gain a deeper 
understanding of the complex dynamics and geometric properties of these 
fractals. This method demonstrates the potential of 3D visualizations in exploring 
and analyzing fractal structures and their interactions. 

 

Discussion 

This section interprets the visualized intersections of the three fractals, explores 
the potential mathematical implications and insights derived from these 
visualizations, and discusses the applications of this technique in other fields of 
study. 
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Interpretation of the Visualized Intersections 

The 3D visualizations of the intersections between the Sierpinski Carpet, Julia Set, 
and Mandelbrot Set reveal intricate and complex patterns that are not 
immediately apparent from their 2D representations. The use of color-coding and 
transparency to indicate the intersections of the fractals enhances our ability to 
analyze and understand these patterns. 

Red Regions (Intersections of All Three Fractals) 

The red regions, where all three fractals intersect, are relatively sparse but highly 
significant. These intersections form the core of the visualizations and highlight 
areas where the self-similar and recursive properties of the fractals align 
perfectly. This core can be interpreted as a point of maximal complexity and self-
similarity, where the iterative processes defining each fractal converge. The 
sparsity of these regions underscores the uniqueness of such perfect alignments. 

Green Regions (Intersections of Any Two Fractals) 

The green regions, indicating intersections of any two fractals, are more abundant 
and form intricate grid-like structures within the cube. These regions demonstrate 
the frequent overlaps between the fractals' complex boundaries. The high 
transparency used in these regions allows for a clear visualization of the internal 
depth and layering of the intersections. These patterns suggest a robust 
interaction between the fractals, indicating that the recursive and iterative 
processes governing their formations share common characteristics. 

Transparency and Depth 

The use of varying transparency levels provides depth to the visualizations, 
making it easier to distinguish between surface-level intersections and those 
deeper within the cube. This depth perception is crucial for understanding the 
hierarchical nature of fractal intersections and the multi-dimensional complexity 
of the structures formed. 

Potential Mathematical Implications and Insights 

The 3D visualizations of fractal intersections offer several potential mathematical 
implications and insights: 
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Fractal Geometry and Dimensionality 

The visualizations highlight the fractal dimensions of the Sierpinski Carpet, Julia 
Set, and Mandelbrot Set. By examining the intersections, we can gain a deeper 
understanding of how fractal dimensions manifest in three-dimensional space. 
This exploration can lead to new methods for calculating and interpreting fractal 
dimensions in higher dimensions. 

Complex Dynamics and Iterative Processes 

The intricate patterns formed by the intersections provide insights into the 
complex dynamics and iterative processes governing fractal formation. By 
analyzing these patterns, we can develop a better understanding of the stability 
and behavior of these processes. This knowledge can be applied to study other 
complex systems that exhibit similar iterative behavior. 

Self-Similarity and Recursive Structures 

The red regions, representing perfect alignments of all three fractals, highlight the 
significance of self-similarity and recursive structures in fractal geometry. These 
intersections can serve as a basis for exploring new recursive algorithms and their 
applications in various fields, such as computer graphics and data compression. 

Applications of This Visualization Technique in Other Fields of Study 

The technique of visualizing fractal intersections in 3D has several potential 
applications in other fields of study: 

Physics and Material Science 

In physics and material science, fractal structures are often observed in natural 
phenomena, such as the growth of crystals, the distribution of galaxies, and the 
formation of porous materials. The visualization technique can be used to study 
these structures and their interactions, leading to new insights into the underlying 
physical processes. 
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Biology and Medicine 

Fractal patterns are prevalent in biological systems, from the branching of blood 
vessels and respiratory systems to the structure of neural networks. The 
visualization technique can be applied to analyze these patterns and their 
interactions, potentially aiding in the development of new diagnostic tools and 
treatment methods. 

Computer Graphics and Animation 

In computer graphics and animation, fractal algorithms are used to generate 
realistic landscapes, textures, and special effects. The 3D visualization technique 
can enhance the realism and complexity of these generated structures, providing 
new tools for artists and animators. 

Environmental Science 

Fractal analysis is used in environmental science to study the distribution and 
patterns of natural phenomena, such as the shape of coastlines, the distribution 
of vegetation, and the structure of clouds. The visualization technique can help 
researchers explore these patterns in greater detail, leading to improved models 
for predicting environmental changes. 

Data Analysis and Visualization 

The technique can also be applied to data analysis and visualization, particularly 
for data sets that exhibit complex, multi-dimensional relationships. By visualizing 
these relationships as fractal intersections, analysts can gain new insights into the 
structure and behavior of the data. 

In summary, the 3D visualization of fractal intersections offers a powerful tool for 
exploring and understanding complex geometric structures. By interpreting the 
visualized intersections, examining their mathematical implications, and applying 
the technique to various fields of study, we can unlock new insights and 
applications for fractal geometry. 
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Conclusion 

Summary of the Findings 

In this study, we developed a novel approach to visualizing the intersections of 
three well-known fractals: the Sierpinski Carpet, the Julia Set, and the Mandelbrot 
Set. By mapping the 2D representations of these fractals onto three adjacent 
faces of a 3D cube and assigning color-coded intersections, we were able to 
explore their spatial relationships in a new and informative way. 

The key findings from our visualizations include: 

• Complex Intersection Patterns: The 3D visualizations revealed intricate 
patterns where the fractals intersect. These patterns highlight the dense 
overlap of fractal boundaries and the unique core regions where all three 
fractals align. 

• Self-Similarity and Recursion: The visualizations underscored the 
significance of self-similarity and recursive structures in fractal geometry. 
The red regions, representing intersections of all three fractals, marked 
points of maximal complexity and self-similarity. 

• Depth and Transparency: The use of transparency allowed for the 
visualization of depth within the 3D cube, differentiating between surface-
level and deeper intersections. This approach provided a clearer 
understanding of the hierarchical nature of the fractal intersections. 

Overall, the visualizations offered valuable insights into the complex dynamics 
and geometric properties of the fractals, demonstrating the potential of 
computational techniques in fractal analysis. 

Future Work and Potential Improvements to the Visualization 

While our approach successfully visualized the intersections of the Sierpinski 
Carpet, Julia Set, and Mandelbrot Set, there are several areas for future work and 
potential improvements: 

1. Higher Resolution Visualizations 

Increasing the resolution of the fractal visualizations can provide more detailed 
and accurate representations of the intersections. This improvement would allow 
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for a finer analysis of the intricate patterns and potentially uncover new insights 
into the fractal structures. 

2. Additional Fractals 

Expanding the study to include additional fractals could provide a broader 
understanding of fractal intersections. By incorporating other well-known fractals, 
such as the Dragon Curve or the Cantor Set, we can explore new patterns and 
relationships in the 3D space. 

3. Interactive Visualization Tools 

Developing interactive visualization tools would enhance the exploration of 
fractal intersections. Tools that allow users to rotate, zoom, and manipulate the 
3D visualizations in real-time would provide a more immersive and informative 
experience. 

4. Enhanced Color and Transparency Schemes 

Refining the color and transparency schemes can improve the clarity and 
interpretability of the visualizations. Experimenting with different color palettes, 
opacity levels, and shading techniques can help highlight specific features and 
intersections more effectively. 

5. Analytical Methods for Intersection Patterns 

Incorporating analytical methods to quantify and analyze the intersection 
patterns observed in the visualizations can provide deeper insights. Techniques 
such as fractal dimension analysis, statistical analysis, and pattern recognition 
algorithms can help quantify the complexity and characteristics of the 
intersections. 

6. Application to Real-World Data 

Applying the visualization technique to real-world data sets that exhibit fractal 
properties can demonstrate its practical utility. For example, visualizing the 
intersections of fractal patterns in natural phenomena, biological systems, or 
complex networks can provide valuable insights for researchers in various fields. 
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7. Parallel and Distributed Computing 

Implementing parallel and distributed computing techniques can significantly 
reduce the computation time required for generating high-resolution fractal 
visualizations. Leveraging the power of modern computing architectures can 
enable the handling of larger data sets and more complex calculations. 

In conclusion, the 3D visualization of fractal intersections provides a powerful tool 
for exploring and understanding the complex spatial relationships between 
fractals. By summarizing our findings and outlining future work, we hope to 
inspire further research and development in this area, leading to new discoveries 
and applications in fractal geometry and beyond.  
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